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Abstract— We describe Gauss-Newton type methods for fitting simultaneous optimization of an approximating spline eurv
implicitly defined curves and surfaces to given unorganizediata and of its parameterization. Methods from the field of optima
points. The methods can deal with general error functions, &ch control have been used in [ABO1]

as approximations to the/; or £., norm of the vector of residuals. Th thod of d dist inimizati hich
Depending on the definition of the residuals, we distinguish € method of squared distance minimization, wnich uses

between direct and data—based methods. In addition, we show & Modified quadratic approximation of the signed distance
that these methods can either be seen as (discrete) iterativ function of curves and surfaces, was presented in [PLO3].

methods, where an update of the unknown shape parameters |t has later been extended to scattered data approximation
is computed in each step, or as continuous evolution process [P*+05], [WPLO6] and it was compared with the Gauss—newton

that generate a time—dependent family of curves or surfaces ¢ techni f | t 1) dist inimizati
which converges towards the final result. ype technique ol norma (OI‘ angen) IStance minimizatio

It is shown that the data—based methods — which are less Of [BI0O]. _ o ' _ _
costly, as they work without the need of computing the closes ~ The choice of a good initial solution is of outmost im-

points — can efficiently deal with error functions that are acapted portance for the success of the optimization. Geometyicall
to noisy and uncertain data. In addition, we observe that the matiyated optimization strategiesTB5], [WPLO6] replace the
interpretation as evolution process allows to deal with thdssues . .. . o . .
I ) " . initial solution by an initial curve or surface. It is tempgi to
of regularization and with additional constraints. . - . - ;
view the intermediate results of an iterative (Gauss—Newto
type) optimization method as a time—dependent curve or sur-
I. INTRODUCTION face which adapts itself to the unorganized point datz0p,

The next section summarizes the literature on GausMPLOG]' This is related to the concept of active curves and

Newton—type techniques for parametric curve and Surfaggrfaces, which are used for image and video segmentation in

fitting. We then consider implicit representations and {ecﬁjomputer Vision [BI0O].

niques of robust fitting, before describing the content dral t n our' pfeV'OPS work [AS‘JO?]'. [AJ07c] we cong@ered
contributions of this paper. geometric evolution processes driving a curve (and sifgikar

surface) towards given point cloud data, where the evalutio
is governed by a differential equation. [AJO7a] discusses
A. Gauss-Newton-type techniques for parametric curve agfl processes in a more abstract setting and shows that the
surface fitting result is independent of the choice of the particular gedmet
Fitting a curve or surface to a given set of unorganizeepresentation.
points (e.g., laser range data) is an important problem in
various fields, including geometric modeling and comput&- Fitting of implicitly defined curves and surfaces
vision. Many techniques have been developed for curves andmplicit representations of curves and surfaces [VGF02]
surfaces which are described my parametric represensatioffer various advantages for curve and surface fitting. Thetm
(NURBS curves and surfaces). Due to the influence of th@portant ones are the non-existence of the parametanizati
parameterization, the fitting problem then leads to a noeali problem, repairing capabilities of incomplete data andpém
optimization problem. Different approaches for dealinghwi operations of shape editing.
the effects of this non—linearity have been developed. Different representations of implicitly defined curves and
[RF89] presents a general optimization—based approachstoface have been used. Besides polynomials, these raprese
B-spline curve and surface fitting. The optimization of theations include discretized level sets [OF02], [ZOF01plac
parameterization has been studied in [SM91]. A simple -altespline functions [RE99], [JFO2] and scalar fields defined by
nating method, which switches between fitting and optimizaadial basis functions [€01], [OBS04].
tion of the parameterization (parameter correction) isdesd Several computational techniques for approximating unor-
in [HL96]. [SKH98] presents a Gauss—Newton methods f@anized point cloud data by implicitly defined curves and



surfaces exist. The fitting of conic sections to scatterad da The Gauss—Newton method fér orthogonal distance re-

is discussed in [Sam82]. [Pra87] uses a simple linear ngression is studied in [Wat01]. [ASW04] use thg and /.,
malization in order to avoid the trivial solution (the nullfor fitting parametric curves and surfaces. The case of géner
scalar field). In [Tau91l], a data—dependent normalizat®n 4, norms is described in [AWO04]. In a recent manuscript
introduced, which gives results that are independent of tf&J0O7b], we study the relation between Gauss—Newton—type
choice of the coordinate system. The fitting is formulated asethods for approximation with respect to general norne-lik
a non-linear least—squares problem that leads to a gerestalifunctions and the technique of iteratively re—weightedstea

eigenvalue problem. squares, which is a classical tool in the field of robust stiat
Discretized Level set evolution for surface reconstruci® [Hub81], by extending the observations in [MNIRT04] to the
presented in [ZOF01]. case of vector-valued residuals.

Different techniques for the case of orientable point cloud
data, where each point can be equipped with a normal vectBr
are described in [JUt00], [@1], [JFO2]. These techniques use
off—surface points or simultaneous approximation of mint In the present paper describe Gauss-Newton type methods
and normals in order to avoid the trivial solution. for fitting implicitly defined curves and surfaces to given

[YDCO5] have used active implicit B-spline curves fojunorganized data points. Here we extend the results cangern
fitting unorganized point clouds, by extending the considgr parametric curves and surfaces to the implicit case. Ashanot
the geometric distance minimization in the case of impyicit "ew contribution, the methods can deal with general error
defined curves using a trust-region algorithm. functions, such as approximations to the or /., norm of

The evolution of T-spline level sets is proposed in [YFJSoehe vector of residuals.

[YJO7]. The use of T-splines, which were presented on We consider two different possible definitions of the residu
[SZBNO3], makes it possible to adapt the distribution of thals. This leads to two classes of methods, which will be dalle
degrees of freedom to the given geometric data. The firstrpagéect methodsand data—based methodsespectively.

proposes to use a distance field constraint that completelyBoth methods can be seen as (discrete) iterative methods,
avoids the use of frequent re-initialization steps. A tégha Where an update of the unknown shape parameters is computed
that is capable of dealing with various constraints such #keach step. Alternatively they can be identified with con-

convexity, area/volume and range constraints are destiibe tinuous evolution processes which generate a time—depénde
the forthcoming publication [FED8]. family of curves or surfaces. We show that both viewpoints

are equivalent.

The data—based methods are less costly, as they work
without the need of computing the closest points. They can
Most fitting techniques for curves and surfaces are basgfficiently deal with error functions that are adapted tosgoi
on variants of least-squares approximation, i.e., thegiden ang uncertain data. The interpretation as evolution psces

the £, norm of the vector of residuals (which may be definegjiows to deal with the issues of regularization and with
in different ways, depending in the representation). H®wev gqditional constraints.
this may not be the optimal approach in many situations, asthe remainder of the paper is organized as follows. In
one tacitly assumes a Gaussian distribution of the errdr thge second section we recall some basics about least-square
may be present in the data. fitting for implicit curves. We mention exemplarily three
Often, this implicit assumption concerning the error is NQlyisting methods for curve fitting that base on a least-sgar
justified. In the presence of outliers (data with large grorypproximation. In the third section we generalize the least
these may destroy the quality of the approximation, sine thsqyares technique and provide some theoretical resuttoSe
influence grows quadratically with the distance to the cunve 4 js dedicated to the discussion of the method and presents

surface. If the data are very precise, then it is more ap@tr several examples. Finally, in Section 5, we conclude thigpa
to minimize the maximum deviation between the model and

the data. Obviously, it is important to adjust the norm oalief
to the problem.

As an alternative, one may use other norms, suclf,as
norms of the vector of residuals or approximations thereof. First we recall the description of implicitly defined curves
So far, this has been done mostly for curves and surfaces thatl surfaces. Then we formulate two approaches to the fitting
are defined by parametric representations. [Wat77] dexrilproblem: thedirect distance minimizatiomnd thealgebraic
two methods for discreté, approximation. [J(it98] uses lineardistance minimizationFinally we summarize the evolution—
programming for approximaté, and approximaté., fitting based approach to fitting, where the result is obtained via an
of parametric curves. evolution process.

" Contributions and outline

C. Robust fitting — other norms

II. FITTING BY IMPLICITLY DEFINED CURVES AND
SURFACES



A. Implicitly defined curves and surfaces The minimization of the squares of the geometric distances

Consider the problem of fitting an implicitly defined planafi = IR;ll, where
. . ‘ p .
curve or surface to a given point _sépj}Fl,,M c RY, R, = p; - S, )
where the dimensiod satisfiesd = 2 in the curve case and
d = 3 in the curve of surfaces. More precisely, we considégads to the least-squares problem

hypersurfaces in dimension two or three. For the sake of M M

brevity, we will almost always refer simply to surfaces. Z Rf = Z df — msin (10)
The surface is described as the zero-set af“asmooth j=1 j=1

bivariate or trivariate functiorf, : R? — R, i.e. Due to the non-linearity, an iterative approach is used beeso

this problem. Starting with an initial surface, one comgute

for each data point — the associated closest points. Sutiysgjt

We assume that the scalar fiefd is described by a vector these points in 10 one obtains a least-squares problem for
the shape parametessthat can be solved using Newton or

F = {x € QCRYf(x) = 0}. @)

s = (o100 8m) ' @) Newton-like techniques.
of m shape parametersvheres € R™. We assume thaf; Note that the solution of (10) is not unigue since all func-
is twice differentiable with respect to the shape paramseter tions Af(z,y) with A € R\{0} possess the same zero contour
The gradients with respect to ands will be denoted by (2). In order to avoid this ambiguity, suitable regulariaat

9 0 terms have to be incorporated.

Vx = (8_331’8_3:2) ®3) For instance, if additional normal vector information is

and available (that is, if the given data are orientable in thesse
v, — (i i) @) that each point can be equipped with a normal vector), then

s 0s1” " 0sy”’ one may use this information to define additional terms in

respectively. the objective function that measure the deviation between

as a bivariate polynomial of a given degree In the case On€ may use data-dependent regularization functionals as i
d = 2, one may e.g. choose the bivariate Bernstein-Bézigau91], or one may simply constrain the values of some

basis with respect to a suitable domain triangld BC c R2, coefficients, such as the constant term [Pra87]. In addition
in order to avoid unwanted oscillations, one may add regu-

fs(x) = Z bijk %,!k,u’:vjwk, (5) larization terms which are based on the thin plate energy, se
i+j+k=n M [JFO2].

where (u, v, w) are the barycentric coordinates of the point
x € R? with respect to the domain triangle. In this caseg. Algebraic distance minimization
the vector of shape parameters is simply the collection lof al
coefficientsb ;..

Example 2:More generally,
defined surfaces where

A pointx lies on an implicitly defined surface if its algebraic
ider implic distance to the surface is zero, i.¢(x) = 0. For points in
one may consider Implicit Yihe vicinity of the surface the function value is also expdct

to be close to zero. This gives raise to the idea of using
N

s(x) = iPi(X), 6 M
j=1

where the basis functiong can be chosen, e.g., as radial basis

functions [CT01], tensor—product splines or subsets thereithich minimizes the squared algebraic distances to all data

[JFO2] or T-splines [YJSFO06]. points.
Clearly, this problem has the trivial solutiofy(x) = 0

which is not useful. Again, additional constraints have & b
introduced in order to exclude this unwanted solution, bee t

When f|tt|ng a surface to a given set of data, one minimiz%cussion in the previous section and Section IV-A.
certain distances from the data points to the surface. These

distances can be measured in different ways.

The geometric distance from a data pajtto the surface . .
is given by its (minimal) Euclidean distance to the surface, N the case of curves, [ASJ07] proposed a geometrically
motivated approach to the fitting problem, which can be

d; = min||p; — pj|| (7)  extended to surfaces. The approximation process is irgghr
subject tofs(pj) = 0. (8) as a continuous evolution process that drives an initigaser

B. Direct distance minimization

D. Surface fitting via an evolution process



towards the target, which is specified by the data points. tonsidering the objective function

particular, the closest points of the data points on the eurv M
are attracted by the associated data points. F = ZN(Hpj — p;?||) — min (14)
Assuming that the shape parameterdepend on a time— j=1
like parametet, the normal velocity of a point on the surface subject tofs(pj) = 0. (15)
'S Ve fT oS . The functionN (x) replaces the usud@h norm. It is assumed
Vo= ||vaSH2 fs - ||fos|‘zvsfssa (12) 1o satisfy the following definition of a norm-like functiomf(
[AJO7Db]):

wheres is the time derivative oé. The velocity of the closest Definition 3: AC? function N(z) : R* — R* is said to
points in normal direction shall be equal to their distanze E) oo : ¥ -
e norm-like if there existse € R™ such that the derivative
the data point. As this requirement cannot be fulfilled fdr al - tisfies
points simultaneously, we formulate this as the least smjar N'(@) = zw(z) for z € (0,6 (16)
problem ’
M o ) where the associatedeight function w(x) is positive. If the
Z((Rj —Vv")n;)” — min. (13)  weight functionw(z) can smoothly be extended such that
=t w(z)) : [0,e] — [c,C] with ¢,C € R*, then we will call
The shape parametes$ = s(t + i) for the updated surface jt positive and bounded.
can now be found via an explicit Euler step = s-+hs where The norm-like functions
0 < h <1is a given step size.
Again, in order to avoid a convergence to the trivial solatio
fs =0, suitable regularization terms have to be added. Sggs associated with the weight functions
Section IV-A for a detailed discussion.

N(z) = 2P a7)

w(x) = paP~ 2. (18)

E. Computation of closest points For1 < p < 2, the weight functions are positive, but not

Note that both for the direct distance minimization and tH&PUnded. In the cage > 2 (including /) the weight functions
evolution approach, the closest point of each data pointdag?'® Poth positive and bounded.
be computed. See [AJO5] for a robust method for closest point! "€ Norm-like function
computation. Although the computation of a single closest N(z) =1 — exp(—2?) (19)
point requires only the solution of a non-linear system af tw . .
or three unknowns, the overall effort may be quite substhntihas the weight function
First, t_he systems are in general non-linear_ and can not pe w(z) = 2exp(—a?) (20)
solved directly. Second, the number of data points can ke qui
high, and the closest points need to be computed in each s can be used as an alternative to th@orm. The weight
of the iterative method and in each time-step of the evatutidunction is positive and bounded.
process. 2) A Gauss—Newton—type metholit order to cope with
Consequently, it is desirable to avoid te computation @fie non-linearity of (14), we apply an iterative technique,

closest points, and this will be achieved by the use of poinfaore precisely a Gauss-Newton-type method. Consequently,
based approximation techniques. we need the gradient and the Hessian of the objective functio

First we consider the gradient

IIl. EXTENSION TO GENERALIZATION NORM-LIKE M T

, R
FUNCTIONS VF =Y N ||R‘||)||R ”V sR;

Jj=1
We generalize the direct and the algebraic distance mini- RT

M
mization from the last section to the case of general norm— Zw IR;1) I\RjI\mVs(—pj).
like functions of the residuals. These general functiotuite j=1

approximations of thé, and the/;n fty norm of the vector of 114 gradientvs(
residuals. They are particularly well suited for data coitey £l
outliers, and for highly accurate date data, respectively.

—p§) can be computed from the condition
pj) = 0, which implies

vsfs(p;) + vxfs(p;?)vspj =0 (21)
A. Generalized direct distance minimization and hence

1) The generalized fitting problem and norm-like functions: Vsfs(p§) Vi fs(P§) Yot = 0 22)
We extend the exact geometric distance minimization by IV fs@HI - IVxfs@l sPj =




Note that for a regular surface point, i.¥.xfs(p§) # 0, Consequently]: vanishes in the limit agR;|| — 0fors — s
the residualR; is parallel to the gradienVxfs(p§). Con- sincew’ is bounded andVx fs(p;)|| > 0. The third part can

sequently, we have that be bounded by
%Slgmvxfs(pJ)R]) — J' . (23) 3= |wJ| || J”( ||VXfSH H f H HVXfSHB || s xfs“)
Hvxfs(pj)” HRJH . A X
o _ Again, this part vanishes due to the boundedness of all
Combining (22) and (23) yields involved derivatives ang|Vy fs|| > 0. O
T £5(pS) Summing up, the simplified and the exact Hessian coincide
sJs J

sign(Vx fs(Pj)R;)-  (24) in the limit of a zero-residual case.

—_Vi(—pf) = ———L
R P ool esidual case. |
Now we use the simplified Hessian in order to build the

Summing up, the gradient of the objective function is system
VoA (o) HiAs+VFT =0 (32)
VF = Z (IR, NIR, Hmﬁgn(vxfs(pj) i) which leads to
(25) ~, Vsfd Vsl a3
Note that the functiorfs and its gradient are evaluated at thez J Hvfo” | Vs fsll (33)
pointp$. We keep this fact in mind and suppress the argumen S
from now on. In particular, we use the abbreviation + ZWJHR H ||V f I\Slgr‘(v <JsRj) =
w; = w(|[Ry|)- (26) : _ .
3) Relation to surface evolutionAs all functions and
In this sense the Hessian is gradients are evaluated at points of the surface, we widrref
to (33) as thesurface—based Gauss-Newton-type metford
Hp = V(VFT) (27) minimizing general functions of the residuals in the case of
Vefl  Vsfs implicitly defined surfaces.
= Z wi || R || AN (28)  Pproposition 5: The surface—based Gauss-Newton-type
method in the sense ¢B3) gives exactly the same system of
i Vafd Vsfs (29) equations as a weighted version of the surface evolyti@&)
[V fsll [V fs]| . Proof. The system (33) can be interpreted as the minimum
VsVsfs  Vsfs VxfsVsVxfs condition of
+ w;||R; - (30)
SN A

.
xfs v fs vxfs .

The computation of the exact Hessian (27) might be veva, wj <(R A A ||fos|\AS Vsl ) AT

costly or even impossible, if no second order derivatives af~"

available. For this reason — adopting the paradigm of Gaus4/th the setting

Newton methods — we consider a simplified Hessian, where N Vil Vefs
the first and the last part of the expansion (27) are omitted, Vo= IIfosH IIfosH
M and
Vofd  Vsfs Vs fs
Hip =) wjr="r (31) = VxS
VLl Vsl YTVl
we get

The following result justifies the choice of this simplifitat.
Proposition 4: Lets be a minimizer of(14) such that ij ) 'n;)? — min, (34)
fs(pj) = 0 and ||V« fs(p;)|| > 0 for all data pointsp;. As
Assume thaifs(x) € C* is bounded for allk € @ C R* and  which is the Welghted version of equation (13) that governs
that w is a positive and bounded weight function. Then the surface evolution. 0]
Note that the weights in (34) depend on the residuals. Hence
(34) cannot be minimized directly. Most often, such protdem
>t are solved via re-weighting, i.e. during the iteration s
that the derivatives of;(x) of all orders are bounded as well.the \yeights are computed from the residuals of the previous
Now we consider the three terms in (27) separately. For tEFep Thus, replacing the usuél norm by a general norm
first term we obtain like function N(z) increases the computational costs only
Vefd  Vsfs Vs fsl|? marginally. The additional effort lies solely in the comatibn
VYA A |V fs||2~  of the additional weights that have to be incorporated.

lim Hp = Hj.
Proof: First we note that the boundednessfofx) implies

nswim |

gl ]| (LN



In the statistics community, this weighting technique is Proposition 6:Let s be a minimizer of (37) such that
known as lIteratively-Reweighted Least-Squares (IRLSg s¢s(p;) = 0 and ||V fs(p;)|| > 0. Assume thatfs(x) is
[Hub81], [MNIRTO4]. Also [Tau91] has used this (iterative)oounded for allx € © c R? and thatw is a positive and
re-weighting procedure in order to refine the result obthindounded weight function. Then
from the (direct) eigenvector fit applied to the algebraic

distances. lim Hr = HF.

The proof is similar to the one of Proposition 4.

Now we can formulate the system for the update vedtsr

B. Minimizing an approximate distance
. - . HyAs +VF*T =0
1) The generalized fitting problem for Sampson distances:

As pointed out in Section II-E, the closest point computatiowhich leads to

for methods relying on the exact distance can be quite costly M
. : i ) : Vsf Vsfs fsVsfs
This is particularly true as it may be needed many times durin W As + Z wjr=— =0 (39)
feuary i e A AN A A e R N A
the evolution / iteration process. J= J

For this reason we consider an approximation instead ofNote that equation (39) has the same shape as (33).
the exact geometric distance. In the following we discuss tiNevertheless, the difference is significant. No closeshtpoi
use of the Sampson distance [Sam82], which is also knowncggnputation is needed since all functions and derivatives a
Taubin distance [Tau91]. It is the gradient—weighted algieb evaluated at the data points. Therefore we call (88a—based

error, Gauss-Newton-type method
ds = [fs(Pj)l (35 Figure 1 shows a first example of a data—based Gauss—
[V f(P))ll Newton-type method for/; approximation. We will see
With this, the objective function for exact distance minishortly that it is equivalent to an evolution process.
mization transforms into 3) Relation to surface evolutionNow we can proceed
M similar to Proposition 5 and obtain the following result.
F = Z N( /s _Is\Pj)T )| —S ) s min. (36) Proposition 7: The data—based Gauss-Newton-type method
”fos (p;) (39) is equivalent to a weighted evolution, where the error

distances are measured with the Sampson distance and the
velocities are applied at the data points.

Proof. Formulating a weighted evolution according to (13),
where the residuals are computed via the Sampson distance,
yields

In contrast to the direct distance minimization, the gratiie
and functions are now evaluated at the data points.

2) A Gauss—Newton—-type metho#igain we skip the argu-
ments in the following discussion. The gradient of (36) is

= S|y SIO0a)VaSs Sl VxfsVaVnts
Ve ZN S e e B (el + T VXfT> ~ min.
(37) =1 [V fs]| [V fs]| [V fsl| s
The second term vanishes for zero-residual problems. @mitt
it yields an approximate gradient,

(40)
The necessary condition for a stationary point of this mini-
mization problem is now given by (39) where we renafe

M into s. O

* |fS| vaSfS
VF* = . 38
2 D Vel %8)

IV. DISCUSSION AND EXAMPLES

The Hessian of (37) is . . . .
(37) We compare direct methods and iterative (evolution-based)

Hp =V(VF*T) = methods and describe the use of regularization by the distan

M . field constraint. Next we analyze the differences between
SVS S S S vS S S vx svsvx S .
= Z r J=Vsl < g/ )Vsfs _ 1fslVS / > surface—based and data—based methods. Finally we adaeess t

=W 2 3
j=1 IV sl IV fsll IVl use of general norm-like functions.
vsfsT vsfs
+w
[V fsll [[Vxfs]] A. Direct methods vs. iterative methods and evolution, tegu
I VsVsfs 2stsVstfs) larization by distance field constraint
[V fsl? [V fsll*

_ _ o _ ~ Many direct techniques, such as Taubin’s method [Tau91],
Again, we consider a simplified version of the exact Hessiagiovide the result after single step (though an iterativéhg
may be needed in order to solve the generalized eigenvalue
* v fs v fS .
Hp = Z W (CAANCAA] problem). On the one hand this seems to be an advantage,
SRS since no iterations and therefor no convergence analysis is

M
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Fig. 1. Initial value (left), an intermediate step (centar)d the final result (right) of a data—based Gauss—Newtpe—yethod (or equivalently: of an

evolution process) fofa—approximation.

needed. On the other hand, once the result is computedvé allow all points that have a small Sampson distance or

can no longer be influenced. lterative methods provide théernatively, a small absolute function value.

flexibility to adjust certain parameters — such as regugdion

parameters — during the approximation. B. Surface—based evolution vs. data—based iteration of evo
An example — which compares Taubin’s method andan |,tion

approximation by evolution — is shown in Figure 2. It can be

. . . As shown earlier, the Gauss-Newton approach to exact
seen that the latter technique gives the correct resultlewhi,. S .
L distance minimization led to surface—based evolution gssc
Taubin’s fit has some problems.

. . . . . On the other hand, the approximate distance minimization
The interpretation of an iteration as discrete steps of g ) .
. . o . . (based on the Sampson distance) can be interpreted as a data—
continuous evolution offers even more flexibility. This i

. . o ased evolution process. Figure 3 shows a comparison of the
especially true for the choice of the regularization parnse P g P

. . ) ) two evolution methods.
We use the technique dfstance field constraipthich was In the first (surface—based) approach, the velocities édott
proposed in [YJSFO06]. As the underlying idea, in each ste PP '

L : . frows) are directly prescribed at the closest points wheh
the level set function is to be pushed towards a signed ahetargm the)surface Tﬁuz the closest points — ar?d consequentl
function. This can be achieved by adding the term j b 9 y

the curve / surfacg¢ = 0 — is pushed towards the data points.
/(iHvxfs(x)” [ Vafs(®)] = 1)%dx — min  (41) The magnitude of the movement is derived from the Euclidean
dt distance from a data point to its associated closest point.
to the objective function. Using the data—based approach, the velocities are applied t
The interpretation of this regularization term is as foliow the data points. The geometric interpretation is now sight
If the norm of the gradient in a point equals 1 then its tim@ifferent. We do not move the surface directly, but instewal t
derivative is zero, hence it shall remain unchanged. Otiserwforces are applied to a certain level set surfgce- ¢ that
the norm of the gradient is modified such that it gets closBasses through the data point. The magnitude of the velocity
to 1. Clearly this condition avoids the zero solution for thé given by the Sampson distance from the data point to the
level set function. surface. In the sketch these velocities are representetey t
Since the integration over the domain of interest might shed arrows.
complicated, we adopt the following approach. We disceetiz AS an obvious difference between the data—based and the

(41) by applying it to a number of points; in the domain of Surface—based evolution, no closest points are needetidor t
interest. This leads to first technique. When considering the computational costs,

d this is a powerful argument to favor the approximate distanc
Z(E”vxfs(xi)n + [ Vafs(x:)[| = 1)> - min.  (42) minimization. Moreover, this method can handle a specific
g class of topology changes more easily as demonstrated in the
Theoretically, the distance field constraint can be impdsead next example which is shown in Figure 4.
very dense grid of points in the domain of interest. However, On the other hand, the surface—based technique act directly
a unit gradient field exists only in some neighborhood of then the true geometric distance errors, and not on an approxi-
zero contour, bounded by the evolute of the curve or by timeation. Consequently, one may expect that the results are mo
focal surfaces of the surface. reliable. The choice of the most appropriate method depends
Since this neighborhood is unknown we use the followingn the application background.
strategy. We sample a number of points on a regular grid and~ollowing our experiences, the data—based method is able
choose those points that are close to the curve or surfate.cope with such situations as in Figure 4 better than the
In order to avoid the time consuming distance computatiGurface—based approach. Using the latter method, thaliniti



@
Fig. 2. The figures show 50 points which where sampled fromrametric curve and perturbed withFig. 3. Comparison of data—based and surface—
randomly generated error. The left picture (a) shows/arfit obtained with the data—based evolutiorbased evolution. Velocities at data points are shown
technique combined with the regularization technique efadice field constraint, see text for details. Ims dashed arrows. Velocity at surface points are
the second picture (b), the same point cloud is approximaiéd Taubin’s method. shown as dotted arrows.

X
(©)

Fig. 4. We consider a point cloud that consists of two neste@d. As an initial value we choose a closed curve that aestall data points. During the
evolution process fof, approximation of the Sampson distances , the curve shrintisitimatches the outer part of the points (b). Simultaredgua second
branch of the curve emerges inside the outer loop, whichtigdfito the second part of the point cloud (c).

surface converges in the beginning towards the outer loopafsthe ¢, approximation has additional near—singular points.
expected. But then it does not stop at the boundary butThis confirms the theoretically expected higher robustrodss
pulled inside the point cloud as it is attracted be the innér approximation with respect to outliers.

points too. Finally we present an example comparing approxintate
The data—based method seems to be more approprigie;ng approximaté.., see Figure 6. While the first one uses
to deal with this kind of topology changes. However, thiggain the weight function which is obtained from (19), thet la
flexibility causes also problems, since unwanted branches my,e used, approximation for a relatively large value pf
appear during the evolution.

. . Starting from the initial position shown in the top left
Summing up, for simple shapes one may choose the . . S .
. . . corner, we obtain three different approximations. The fgur
surface—based evolution since it is not so vulnerable to ugl
wanted topology changes. If one needs more flexibility ireord

to fit complicated shapes, the data—based evolution is mord e norm of the residuals is shown in the three plots on
appropriate. But one has to use more rigorous regularizati$'® right-hand side. One may clearly see that the approgimat
techniques in order to guarantee a stable evolution. ¢ approximation produces the smallest maximum distance
error (0.4 vs. 0.52 and 0.62 for tlfge and the approximaté
approximation).

so shows the residual vectors.

C. Robust fitting via general norm-like functions

Finally we demonstrate the advantages of using generap” the other hand, one of the data points can again be seen
norm—like functions. as an outlier, and the approximateignores this point. More

Figure 5 compares the results of data—bagedand ¢, precisely, if the sum of the residuals can be decreased at the
where one of the data has been moved away, thereby creafif§ense of one of them, then theapproximation will do it.
an outlier. Summing up by using the various approximation methods,
The approximate/; approximation (which uses the normdifferent assumptions or experiences concerning the error
like function (19)) simply ignores the outlier, while thestdt distribution can be taken into account.



Fig. 5. Approximation of a data set with an outlier, via ddased/s evolution (a) and via data—based approximétesvolution (b).
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V. CONCLUSION If the residuals are chosen to be the geometric distances

from the data point to the curve, then one obtains a weighted

We investigated several methods for fitting implicit CUIVES, cion of the evolution method introduced by [ASJ07], but

to a given data set. More precisely, we generalized the usyl |

G Newton techni ; least imiati 3w for the case of implicitly defined curves and surfaces. In
auss-ewton technique for a least-squares approxim yonthis setting the evolution is obtained by assigning to ¢erta
replacing the/s norm of the vector of residuals vector by a . . . . .

. . . ) ) 2 “curve points a given velocity. The curve points are simply th
norm-like functionN (z). In particular, this norm like function

N closest points on the curve and the velocities are obtaied f
can be chosen as an approximation of theor /.,. Each

hoi id tain advant q di th the distances from these points to their associated dartdspoi
choice provides certain advantages, depending on he ety technique has been called ttieect approach.

distribution.
All methods can be equipped with two equivalent interpre- Alternatively, one can replace the exact geometric diganc
tations. One may either see them as discrete iterative methd®Y SCMe approximate distance. When choosing the Sampson

or as evolution processes, where the evolution of a shajgt@nce, the obtained Gauss-Newton-type technique syield

is governed by a differential equation. We prefer the Iattégai“ a method that can be interpreted as an evolution. But in

framework, as it allows to introduce additional constrajntCONtrast to the previous method the velocities are assighed
such as the distance field constraint (see Section IV-A aHif data points, and the method has been calledate-based
[YFJS06]) as well as range, volume and convexity conssainf®-

see [FF308]. Clearly, the latter method does not need closest point



computations, which is an advantage. On the other hand, gpeos]
may feel more comfortable with the the direct method, as it
works with the real distances, and not with approximationsp (3

The aim of this paper was to analyze the different methods
from a theoretical point of view, and to illustrate the theby
a few simple but representative examples. Future work gill
devoted to the practical exploitation of these observatiora
framework for 3D object reconstruction, similar to the rdésu
in [YJO7].
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