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Abstract

Given a closed triangular mesh, we construct a smooth free{form surface which is
described as a collection of rational tensor{product and triangular surface patches.
The surface is obtained by a special manifold surface construction, which proceeds
by blending together geometry functions for each vertex. The transition functions
between the charts, which are associated with the vertices of the mesh, are obtained
via subchart parameterization.

Keywords. Manifold surface, geometric continuity, smooth free-formrational sur-
face, arbitrary topological genus.

1 Introduction

Methods for representing closed surfaces of arbitrary topology by surfaces with
explicitly available parametric representations (i.e., no subdivision surfaces)
are a classical topic in Computer Aided Geometric Design. The existing tech-
niques can roughly be organized in two groups: patch{based methods and
manifold-type constructions.

The patch{based methods exploit the concept of geometric continuity in order
to build smooth surfaces by joining polynomial or rational surface patches
with various degrees of geometric continuity. A survey of this concept { with
a particular focus on constructive realizations { has been given by Peters
(2002a). Here we list only a few representative references.

Email addresses:f giovanni.dellavecchia|bert.juettler g@jku.at
(Giovanni Della Vecchia, Bert J•uttler), mskim@cse.snu.ac.kr (Myung-Soo Kim).
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Reif (1998) introduced topologically unrestricted rational B-splines (TURBS)
which use singularly parameterized surfaces in order to deal with situations
where three or more than four quadrilateral surface patchesmeet in a com-
mon point. Prautzsch (1997) avoids the use of singular points by composing
the parameterization of the geometry at extraordinary points with piecewise
polynomial reparameterizations of the parameter domain. Peters (2002b) de-
scribes a construction of curvature continuous free-form surfaces of degree
which uses tensor-product patches of degree (3,5), which can be generalized
to a Gs construction of degree (s+1; d+2s� 2), where d controls the 
exibility
at extraordinary points.

The patch{based constructions are able to generate smooth free-form surfaces
of relatively low degree. Typically they require a special treatment for \ex-
traordinary" points, i.e., points where other than four quadrangular or other
than six triangular patches meet.

The manifold{type constructions are based on a di�erent paradigm, which
is taken from di�erential geometry. The surface is covered with overlapping
charts, and transition functions are de�ned between them within the over-
lapping regions. The transition functions have to possess the same order of
smoothness as the �nal surface. Also, the transition functions have to satisfy
the cocycle condition in regions where more than two charts overlap.

As a conceptual advantage, the manifold framework providesa natural way
for splitting the modeling problem into smaller and simplersubproblems. Due
to the overlapping charts, there is a smooth transition between the di�er-
ent pieces. Also, the manifold framework makes it particularly simple to de-
�ne auxiliary linear spaces of scalar and vector{valued �elds on the surface,
since the construction works independently of the dimension of the embedding
space. This is useful for surface �tting and for applications involving partial
di�erential equations on surfaces.

If the charts and the transition functions are known, then two di�erent tech-
niques can be used to de�ne the manifold. The �rst one relies on the control-
point paradigm, by de�ning locally supported blending functions on the mani-
fold. The second is a blending approach, which proceeds by de�ning geometry
functions for each chart and blending them together via in
uence functions.

Grimm and Hughes (1995) were the �rst who presented a constructive mani-
fold surface construction. The desired surface is speci�edusing a sketch mesh
where all vertices have valence four. Charts are created foreach element of
the mesh (vertices, edges, faces) and the transition functions are created by
blending projective mappings. The construction is based onthe control point
paradigm.

An alternative manifold construction has been presented byCotrina-Navau
and Pla-Garcia (2000). They �rst use subdivision to isolatethe extraordi-
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nary vertices. The charts are created via the characteristic map of the vertex.
Cotrina-Navau et al. (2002) present a theoretical approachand describe sev-
eral realizations of a generic scheme.

Ying and Zorin (2004) presented a novel construction for creating manifold
surfaces from quadrangular meshes. The charts, which are associated with the
vertices of the mesh are specialn-gons with curved boundaries. The tran-
sition functions are chosen from a particular class of holomorphic functions
(involving complex-valued roots) which have the property to contain both a
function and its inverse function. The manifold surface is then obtained via
blending, yielding a C1 smooth surface with explicit non{singular param-
eterizations. Combined with displacement mappings, Yoon (2006) has used
manifold splines of this type for modeling complex free-form objects.

In an unpublished technical report, Wagner et al. (2003) describe a C2 con-
struction with piecewise polynomial patches.

The manifold splines of Gu et al. (2005, 2007) are based on an a�ne atlas
which is computed from a given triangular meshes. It requires the introduction
of holes in this mesh (and the associated surface), in order to guarantee the
existence of the atlas. The holes are then dealt with by traditional hole{�lling
techniques.

Another variant of manifold surfaces uses a simple base manifold to parameter-
ize all closed smooth surfaces of a given genus. Any smooth surface with that
genus can then be obtained as an embedding of this base manifold. Wallner
and Pottmann (1997) construct such a base manifold by considering equiva-
lence classes of points in the hyperbolic, elliptic or Euclidean plane with re-
spect to certain discrete subgroups of the corresponding motion group. Grimm
(2002, 2004) describes a construction which is based on embedded manifolds.
Clearly, if this approach is adopted, then modi�cations of the topological genus
(\adding handles") imply changes of the parameterization manifold.

This paper presents a construction of rational blending manifolds from a given
triangular mesh. The charts are chosen as unit circles, and they are associated
with the vertices of the mesh. The edges and faces of the mesh correspond to
overlapping regions of two and three charts, respectively.The general layout
is shown in Fig. 1.

We de�ne the transition functions between the charts by parameterizing the
subcharts over common parameter domains. In this way we are not restricted
to the use of special classes of transition functions, such as special holomorphic
functions as used by Ying and Zorin (2004). The manifold surface is obtained
following the blending approach, where the in
uence functions can be obtained
by taking suitable powers of the equation of the unit circle.As a �rst example,
Fig.2 shows a manifold surface describing a double torus.
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Fig. 1. A triangular mesh and the associated chart layout. The blue and red
regions correspond to overlapping regions of two and three charts, respectively.

Fig. 2. A triangular mesh describing a double torus (left) and the associated
smooth blending manifold surface (right). The colors indicate the chart layout.

The remainder of this paper is organized as follows. Section2 introduces the
notion of blending manifolds which are associated with triangular meshes.
Section 3 presents a particular construction for rational blending manifolds.
Section 4 presents several examples that illustrate the in
uence of the shape
parameters and demonstrate the smoothness of the surfaces.Finally in Section
5 we conclude this paper.
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2 Blending manifolds associated with triangular meshes

Given a triangular mesh, we de�ne the notion of an associatedparameterized
atlas. We then use this manifold structure and additional geometry functions
and in
uence functions for each chart to de�ne a blending manifold surface.
This surface can achieve an arbitrary order of smoothness.

2.1 Charts and subcharts

We consider a given triangular meshM in R3, where mV is the number of
vertices, mF is the number of faces andmE is the number of edges. Let

V = f i : i = 1; : : : ; mV g: (1)

be theset of vertex indices . The mesh is assumed to describe the boundary
of a compact set. The faces and vertices of the mesh are oriented by outward-
pointing normals. We use the meshM to de�ne the charts and the transition
functions of the manifold. More precisely, we de�ne achart for eachvertex of
the mesh.

For the i -th vertex of the mesh, we denote the surrounding vertices incounter-
clockwise order byn(i; 1); : : : ; n(i; v (i )), wherev(i ) is the valence of the vertex.
The second index ofn is counted modulov(i ), i.e. n(i; j ) = n(i; j + v(i )). For
each vertex, let

N (i ) = [ n(i; 1); : : : ; n(i; v (i ))] ; i 2 V (2)

be the ordered list of neighboring vertices. In addition to the setV of vertex
indices, we de�ne theset of edge indices

E = ff i; n (i; r )g : i 2 V; r = 1; : : : ; v(i )g: (3)

and the set of face indices

F = f f i; n (i; r ); n(i; r + 1) g : i = 1; : : : ; mV ; r = 1; : : : ; v(i )g: (4)

Remark 1 Any edge indexe 2 E is a set containing two vertex indices, i.e.,
e = f i; j g = f j; i g. Similarly, any face indexf 2 F is a set containing three
vertex indices,f = f i; j; k g = f j; k; i g = : : : = f k; j; i g.

We de�ne a system of chartsC i and subchartsC i
j ; C i

jk � C i which can be
associated with the given triangular mesh. The generic layout of subcharts is
shown in Fig. 3, left.
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Fig. 3. Left: A chart C i with edge and face subcharts. Right: The boundary
conditions for edge subchart parameterizations.

Remark 2 Throughout this paper, Cs refers to the orders of smoothness.
We say that a function isCs smooth if it is s-times continuously di�erentiable.
The symbolsC i , C i

j and C i
jk are used to denote the charts and subcharts of

the atlas.

De�nition 3 A set f C i : i 2 Vg of compact, simply connected subsetsC i of
R2 with Cs smooth boundaries will be called asystem of charts associated
with the triangular meshM . For each chartC i we de�nev(i ) edge subcharts
C i

n(i;r ) and v(i ) face subcharts C i
n(i;r );n(i;r +1) , where r = 1; : : : ; v(i ). The

boundaries@Cin(i;r ) and @Cin(i;r );n(i;r +1) of the edge and face subcharts consist
of four and threeCs smooth boundary arcs, respectively, where the tangents at
the vertices of the subcharts1 are assumed to be di�erent. Let

�C i = C i n

0

@
[

r =1 ;::;v (i )

C i
n(i;r ) [

[

r =1 ;::;v (i )

C i
n(i;r ); n(i;r +1)

1

A (5)

be the remaining orinnermost part of C i .

For any r , let k = n(i; r ) , l = n(i; r � 1) and j = n(i; r + 1) . The edge
subcharts and face subcharts satisfy the following conditions.

(i) The subchart C i
jk shares one boundary arc withC i

j and one withC i
k . The

remaining boundary arc is contained in@Ci .
(ii) The subchart C i

k shares one boundary arc withC i
jk , one with C i

kl and one
with �C i . The remaining boundary arc is contained in@Ci .

(iii) The union of the three boundary arcs( �C i \ C i
k) [ (C i

j \ C i
jk ) [ (C i

l \ C i
kl )

is a Cs smooth curve.

The face subcharts are triangular regions that correspond to the overlap of
three charts. The edge subcharts, along with the two neighboring face sub-
charts, de�ne biangular regions that correspond to the overlap of two charts.

1 They should not to be confused with the mesh vertices.
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2.2 Parameterization of subcharts

First we de�ne edge subchart parameterizations. Their domain is the unit
square, which will be denoted by� = [0; 1]2: Let

E1 = f 0g� [0; 1]; E2 = [0; 1]�f 0g; E3 = f 1g� [0; 1]; E4 = [0; 1]�f 1g (6)

be the left, lower, right and upper edge of� , respectively.

De�nition 4 For each edgee = f i; j g 2 E of the given triangular mesh we
consider two mappings� i

j : � ! C i
j and � j

i : � ! C j
i . These mappings are

called edge subchart parameterization provided that they areCs smooth,
surjective, orientation preserving (hence also regular) and satisfy

� i
j (E1) = C i

j \ �C i , � i
j (E3) = C i

j \ @Ci ;

� j
i (E1) = C j

i \ @Cj and � j
i (E3) = C j

i \ �C j :
(7)

Remark 5 The two conditions (per edge subchart parameterization) imply
that E2 and E4 are mapped to theupper and lower boundaries ofC i

j and C j
i ,

as the mappings preserve the orientation.

See Fig. 3, right, for an illustration of this de�nition.

Similarly we de�ne face subchart parameterizations. Their domain is the stan-
dard triangle

4 = f (x; y; z) : x � 0; y � 0; z � 0; x + y + z = 1g � R3: (8)

Let T1, T2 and T3 be the edges of the triangle which are contained in thezx,
xy and yz plane, respectively. The points in the standard triangle correspond
to the barycentric parameters which are used for triangularB�ezier patches.

De�nition 6 For each facef = f i; j; k g 2 F of the triangular mesh we
consider three mappings

� i
jk : 4 ! C i

jk ; � j
ki : 4 ! C j

ki ; and � k
ij : 4 ! Ck

ij : (9)

These mappings are calledface subchart parameterizations provided that
they areCs smooth, surjective, orientation preserving (hence also regular) and
satisfy

� i
jk (T3) = C i

jk \ @Ci ; � j
ki (T1) = C j

ki \ @Ci ; and � k
ij (T2) = Ck

ij \ @Ci : (10)

Remark 7 Similar to Remark 5, the three conditions imply that the remain-
ing edges are mapped as shown in Fig. 4.
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Fig. 4. Boundary conditions for face subchart parameterizations.
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Fig. 5. Left: Vertex i with neighbors. Right: Overlapping regions
between the charts C i and C j and transition functions � ij and
� j i .

This de�nition is illustrated by Fig. 4. The lower index of a face subchart
parameterization is considered to be a set{valued one (similar to the case of
edge indices), i.e.,

� i
jk = � i

f j;k g = � i
f k;j g = � i

kj : (11)

In order to keep the notation simple, we omit the brackets in the index.

2.3 Transition functions and atlas

For any edgee = f i; j g we consider the two neighboring triangular faces
f i; j; k g and f i; j; l g in F , where the vertexi has the ordered neighborsN (i ) =
[: : : ; k; j; l; : : : ], see Fig. 5, left. We consider the subchartsC i

j , C i
lj and C i

jk of
of C i and the subchartsC j

i , C j
li and C j

ik of C j as shown in Fig. 5, right.

De�nition 8 The two sets

Oi
j = C i

lj [ C i
j [ C i

jk � C i and Oj
i = C j

li [ C j
i [ C j

ik � C j (12)
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are called theoverlapping regions between the chartsC i and C j in the chart
C i and in the chart C j , respectively. Thetransition function betweenC i

and C j is de�ned by

� ij : Oi
j ! Oj

i : x 7! � ij (x) =

8
>>>>><

>>>>>:

(� j
li � (� i

lj )� 1)(x) if x 2 C i
lj

(� j
i � (� i

j )
� 1)(x) if x 2 C i

j

(� j
ik � (� i

jk )� 1)(x) if x 2 C i
jk

(13)

The subchart parameterizations� i
j and � i

jk are said to bevalid if all transition
functions � ij are Cs smooth.

Remark 9 By de�nition, the transition functions are bijective and continu-
ous. In addition, they satisfy the cocycle condition, i.e.,� jk � � ij = � ik . In
addition we need to ensureCs-smoothness, in order to make them valid. In
the second part of the paper we describe a way to achieve this.As a necessary
condition for Cs smooth transition functions, the union of the three boundary
arcs in condition (iii) of De�nition 3 has to be a Cs smooth curve, as it is the
image of a circular arc under aCs smooth mapping.

By collecting charts and transition functions we obtain theatlas of the mani-
fold which is associated with the triangular meshM .

De�nition 10 The triplet A = ( C; � E ; � F ), whereC is the set of all charts
C i and

� E = f � i
j : f i; j g 2 Eg and � F = f � i

jk : f i; j; k g 2 F g (14)

are the sets of all edge and all face subchart parameterizations, will be called the
Cs smooth parameterized atlas of the manifold, provided that all subchart
parameterizations are valid.

The information about subcharts and transition functions is implicitly con-
tained in the edge and face subchart parameterizations. Thecharts are consid-
ered to be mutually disjoint sets. Even though they will all be chosen simply
as unit circle, they will be thought of asmV di�erent copies of the unit circle.

2.4 Manifold surface by blending

In order to de�ne the spline manifold surface we de�ne { for each chart {
an embedding function, which is called the geometry function. We can then
create blend surfaces that correspond to the overlapping subcharts.
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De�nition 11 For any i 2 V, let gi : C i ! R3 be the associatedgeometry
function . In addition, consider a scalar{valued function� i : R2 ! R which
satis�es the following three conditions:

(i) � i is Cs smooth,
(ii) � i (x) > 0 for x 2 int C i and

(iii) � i (x) = 0 if x 2 R2 n C i .

This function is called anin
uence function .

Now we are ready to de�ne surface patches which are associated with ver-
tices, edges and faces of the mesh by blending the geometry functions. Their
collection forms the spline manifold surface.

De�nition 12 We de�ne patches for each vertex, each edge and each face of
the given mesh.

(1) For any vertex with indexi 2 V, we call the mapping

� i : �C i ! Rd : x 7! gi (x) (15)

which is obtained by restricting the geometry function to the innermost
part of the chart thevertex patch associated with thei {th vertex.

(2) For any edge with indicese = f i; j g 2 E, let

� e : � ! R3 : x 7!

X

(p;q)2f (i;j );(j;i )g

(� p � � p
q)(x) � (gp � � p

q)(x)

X

(p;q)2f (i;j );(j;i )g

(� p � � p
q)(x)

: (16)

This parameterization de�nes theedge patch associated with the edgee.
(3) For any face with indicesf = f i; j; k g 2 F , let

� f : 4 ! R3 : x 7!

X

(p;q;r )2f (i;j;k );
(j;k;i );(k;i;j )g

(� p � � p
qr )(x) � (gp � � p

qr )(x)

X

(p;q;r )2f (i;j;k );
(j;k;i );(k;i;j )g

(� p � � p
qr )(x)

(17)

This parameterization de�nes theface patch associated with the facef .

The collection of vertex, edge and face patches is said to be the blending
manifold surface which is associated with theCs smooth parameterized atlas
A and the geometry and in
uence functions.

Remark 13 If the subchart parameterizations� i
j and � i

jk , the in
uence func-
tions � i and the geometry functionsgi are chosen as rational functions, then
all patches of the blending manifold surfaces are rational,too.
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Theorem 14 For any Cs smooth parameterized atlasA = ( C; � E ; � F ) with
associated geometry functionsgi and in
uence functions � i , we consider the
collection of vertex patches, edge patches and face patches. Then any two neigh-
boring patches meet with geometric continuity of orders in common points,
provided that they are regular there.

For the proof of this theorem it su�ces to observe that in a neighborhood of
common points we can parameterize the union of two (or three)patches as a
Cs smooth function over an open subset of one of the charts. Notethat the
de�nition of the parameterized atlas assumes that the transition functions are
Cs smooth, hence such a smooth reparameterization can be found.

If the conditions of the theorem are satis�ed, then the collection of face, edge
and vertex patches is called aCs smooth blending manifold surface . Note
that { depending on the choice of the geometry functions { theedge, face and
vertex patches may have singular points. For a generic choice of the geometry
functions, these surface patches are all regular.

3 Construction of rational blending manifolds

This section describes a construction of a smooth blending manifold surfaces
from a given triangular mesh. We generate the face and edge subchart param-
eterizations and choose the blending and geometry functions.

3.1 Face subcharts parameterizations

We consider a given triangular meshM consisting of mV vertices and mF

oriented triangles. In addition, we assume that a normal vector for each vertex
is given. In many cases it can be estimated by �tting a plane tothe star of
the vertex. We assume that the orthogonal projection of the star of the vertex
into the tangent plane (i.e., the plane through the vertex and perpendicular
to the normal vector) is bijective.

All charts C i will be chosen as unit circles, centered at the origin. For each
vertex i , we project the star of the vertex into the tangent plane of the vertex.
The unit circle in the tangent plane is identi�ed with the boundary @Ci =
S1 � R2 of the chart, where thex-axis is (e.g.) aligned with the projection of
the edge (i; n (i; 1)).

The intersection of the rays spanned by the projection of theedgef i; n (i; j )g
with the unit circle in the tangent plane de�nes thev(i ) auxiliary points p i

j on
the unit circle, where the lower index is counted modulov(i ). We divide the
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n(i; j + 1)
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Fig. 6. Left: Orthogonal projection of star of a vertex into t he tangent plane.
Right: The points p i

j and ai
j and the layout of the subcharts.

O
b002

b011 b020 = ai
2j � 1

b110

b200 = ai
2j

b101

Fig. 7. The control points of a face subchart.

arc between the pointsp i
j and p i

j +1 in three segments with the ratio 1 :h : 1,
where we choseh = 1. This gives two points ai

2j � 1 and ai
2j . Summing up, we

obtain 2v(i ) points on @Ci = S1.

Figure 6 shows the construction of the pointsp i
j and ai

j , and the corresponding
layout of the edge and face subcharts.

We choose the face subchart parameterization� i
n(i;j � 1);n(i;j ) as a planar rational

B�ezier triangle of degree two with control points

� b200 = ai
2j , b020 = ai

2j � 1,
� b110 satis�es b110 � b200 = b110 � b020 = 1, i.e., it is the intersection of the

circle tangents atb200 and b020,
� b002 is chosen such that the triangleb200; b020; b002 is equilateral,
� b011 = 1

2(b020 + b002), b101 = 1
2(b200 + b002)

and weights

w200 = w020 = w002 = w011 = w101 = 1; w110 = cos
1
2

\ (b020; 0; b200); (18)

see Figure 7.

Any triangular patch of degree 2 can also be represented as a tensor-product
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patch of degree (2; 2), where one of the edges collapses into a singular point.
If ( u; v; w) are the barycentric parameters of the triangular patch (satisfying
u + v + w = 1), then the reparameterization

� : � ! 4 : (r; s) 7! (r; (1 � r )s; (1 � r )(1 � s)) (19)

produces a biquadratic rational tensor-product patch whose edger = 1 col-
lapses into a singular point.

If the singular point is located at b200, then the 3 � 3 control points and
weights of this degenerate patch can be generated simply by applying two-fold
degree elevation to the control pointb200, one-fold degree elevation to the two
control points b101, b110 with associated weights and zero-fold degree elevation
(i.e. just copying) to the three control pointsb002, b011, b020 with associated
weights. Since the last three control points describe a degree{elevated curve of
degree 1 (a line), it is possible to reduce the degree with respect to s by one,
giving a rational tensor-product patch of degree (1; 2) with the control points

c02 = c12 = b200; c01 = b110; c00 = b020; c11 = b101; c10 = b002; (20)

where the weights are all equal to one, except forw01 = w110.

3.2 Edge subcharts parameterizations

In order to construct the edge subchart parameterizations� i
j and � j

i , we con-
sider the four neighboring face subchart parameterizations. They are repa-
rameterized as tensor-product patches with singular points at the vertices
that point away from the edge subchartsC i

j and C j
i , see Figure 8, left.

Once the edge subchart parameterizations are known, we havetwo parameter-
izations of the overlapping regionsOi

j and Oj
i , whose domain is the union of

three (di�erent copies of) unit squares. We choose the edge subchart parame-
terizations � i

j and � j
i such that these two parameterizations of the overlapping

regions areCs smooth.

More precisely, the edge subchart parameterization� i
j (and analogously� j

i )
has to satisfy the following two conditions.

� It has a Cs smooth joint with the tensor-product patches� i
jk � � and � i

j l � � 0

along its edgesE4 and E2, respectively.
� Its boundary � i

j (E3) is contained in the boundary@Ci = S1.

This is achieved with the help of M•obius transformations.
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Fig. 8. Left: The construction of Cs smooth transition functions � ij using pa-
rameterization of the face subcharts by degenerate tensor-product patches. The
singular points are indicated by circles. Right: The transformation � is deter-
mined by the values at three points. Since� maps the unit circle onto a straight
line, we require that � (z3) = 1 .

Remark 15 A M•obius transformation is a special mapping of the plane into
itself, where the plane is identi�ed with the complex planeC and closed by
adding a single point1 at in�nity. The mapping has the form

� : C [ f1g ! C [ f1g : z 7!
az + b
cz+ d

(21)

where a; b; c; d2 C, ad � bc 6= 0. M•obius transformations are quadratic bi-
rational transformations that map circles into circles, where lines are seen as
circles with in�nite radius. The inverse of a M•obius transformation is again a
M•obius transformation. A M•obius transformation is uniquely determined by
prescribing three di�erent images for three di�erent points.

Let � be the M•obius transformation that maps the verticesz1, z2 of the
subcharts C i

lj and C i
jk that point away from the edge subchartsC i

j into � 1
and +1. In addition, a third point z3 on the unit circle is mapped to1 , see
Fig. 8, right. For instance, this point can be chosen as the intersection point of
the bisector ofz1, z2 with the unit circle which is farther away than the other
intersection point. Due to � (z3) = 1 , the unit circle is mapped into the real
axis, and the interior of the circle is mapped to the upper half of the complex
plane.

The edge subchart parameterization� i
j is now found by the following con-

struction (see Fig. 9).

(1) The face subchart parameterizations� i
lj and � i

jk are represented as de-
generate tensor-product patches and they are composed withthe M•obius
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� i
lj � i

jk

�� 0

� � � i
lj � � � i

jk

�� 0

(a) (b)

� � � i
lj

� � � i
jk

�� 0

� i
j

� i
lj � i

jk

�� 0

� � 1 � � i
j

(c) (d)

Fig. 9. (a) The two face subchartsC i
lj and C i

jk are parameterized as degener-
ated quadrangular patches; the singular point is marked; (b) C i

lj and C i
jk are

mapped by � in the upper half plane; (c) Qi
j is parameterized satisfying theCs

continuity conditions; (d) � � 1 maps Qi
j to the unit circle. The circular arc and

the continuity conditions are preserved for C i
j = � � 1(Qi

j ) .

transformation � . This gives two rational tensor-product patches

� i
lj = � � � i

lj � � 0 and � i
jk = � � � i

jk � � (22)

of degree (2; 4) that parameterize the images� (C i
lj ) and � (C i

jk ) of the
face subcharts under the M•obius transformation� .

(2) We now create a tensor-product patch� i
j that has a Cs smooth joint with

� i
jk and � i

lj along its edgesE4 and E2 and whose boundary curve� i
j (E3) is

contained in the real axis. This rational patch can be chosenas a rational
tensor{product patch of degree (2; 2s+ 1). On either side the �rst s rows
of control points can immediately be found with the help of the control
points of � i

lj and � i
jk . The edgeE3 is then automatically mapped into the

real axis.
(3) We apply the inverse M•obius transformation in order to get the desired

edge subchart parameterization

� i
j = � � 1 � � i

j : (23)

15



(a) (b)

(c) (d)

Fig. 10. The four steps for constructing an edge subchart parameterization,
where the chosen degree of continuity iss = 2. The parameter lines show the
singular points for the face subchartsafter the reparameterization as degener-
ated quadrangular patches.

C i

Fig. 11. The innermost part for the chart C i . In this case v(i ) = 5 B�ezier
triangles are needed.

This gives a rational tensor product patch of degree (4; 4s + 2) that pos-
sesses the desired properties.

The edge subchart parameterization� j
i can be constructed similarly. Fig. 10

shows an example of an edge subchart parameterization.

3.3 Innermost parts, geometry functions and in
uence functions

The remaining (or innermost) part �C i of each chart can be parameterized
as a trimmed tensor-product patch of degree (1,1). Alternatively, it can be
parameterized byv(i ) rational B�ezier triangles of degree 4s + 2, simply by
choosing a vertex of the origin and connecting it with the innermost vertices
C i

jk \ �C i , f i; j; k g � F , of the face subcharts. See Figure 11 for an example.
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The geometry functionsgi : C i ! R3 can be chosen in various ways. In our
implementation, they are automatically generated from themesh, taking the
form

gi (u; v) = 
 � ((1 � � ) � t i (u; v) + � � qi (u; v) � n i ) (24)

where t i is a linear parameterization of the tangent plane at the vertex i of
the mesh,n i is the normal vector andqi (u; v) is a quadratic polynomial. This
quadratic polynomial is automatically computed by �tting t he neighbors of
the vertex to the geometry function.

The parameter
 is a shrinking factor, that controls the size of the embedding
of the chart. The parameter� is a 
atness factor. It controls the 
atness of
the chart embedding. The parameters
 and � control the distance between
the manifold surface and the control mesh. For small values of 
 , the surface
is closer to the mesh.

We choosein
uence function � i as

� i (u; v) = (1 � u2 � v2)s+1
+ (25)

where (x)+ = 1
2(x + jxj) and s is the desired order of smoothness.

4 Examples

This section presents three examples.

Example 1. This surface (see Figure 12) is generated from a triangular mesh
describing a hollow cube. The mesh has 288 faces, 432 edges and 136 vertices.
The associated blending manifold surface is shown in the right picture. The
yellow, blue and red regions correspond to the vertex, edge and face patches,
respectively.

Example 2. This surfaces illustrates the in
uence of the parameters� and
� which control the geometry functions, see (24). Depending on the choice of
these parameters, the relative size of the edge and face subcharts changes.

Example 3. The �nal example demonstrates the e�ects of di�erent smooth-
ness. We created a sphere-like manifold surface from an icosahedron for dif-
ferent values of the smoothnesss. In the case of surfaces which are onlyC1

17



Fig. 12. A triangular mesh describing a hollow cube (left) and the associated
smooth blending manifold surface (right).

Fig. 13. Manifold surface obtained from a star shaped polyhedron, for di�erent
values of the shape parameters� and � controlling the geometry functions.

Fig. 14. Re
ection of a checkerboard pattern in a sphere{like surface obtained
from an icosahedron. The manifold surface isC1 (left) and C2 (right).
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manifolds (left), the re
ection of the checkerboard pattern creates curves with
tangent discontinuities. In theC2 case (right), these curves are much smoother.

5 Conclusions and future work

We presented a novel construction of a rational manifold surface with arbi-
trary order s of smoothness from a given triangular mesh. The mesh is used
both to guide the geometry functions and to de�ne the connectivity of the
charts. The transition functions are obtained via subchartparameterizations.
The manifold surface can be described as a collection of quadrangular and
triangular (untrimmed) rational surface patches.

In our construction, the subcharts and transition functions can be adapted
to the geometry of the given triangular mesh. This is an important di�erence
to the method of Ying and Zorin (2004), where the transition functions and
charts depend solely on the connectivity, but not on the geometry of the given
mesh.

Future work will concentrate on two issues. First, we plan toaddress boundary
conditions and sharp features (edges) that may be present ina given object.
Second, we plan to investigate other manifold constructions which are based
on subchart parameterization. In particular we will investigate on construction
methods for surfaces of relatively low degree.

Acknowledgment. This research has been supported by the Austrian Sci-
ence Fund (FWF) in the frame of the FSP S092 \Industrial geometry", sub-
projects 1 and 2.
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