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Abstract. We present two symbolic—numeric techniques for computing the in-
tersection and self—intersection curve(s) of two B “ezier surface patches of bidegree
(2,2). In particular, we discuss algorithms, implementation, illustrative examples
and provide a comparison of the methods.

1 Introduction

The intersectionof two surfacesis one of the fundamentaloperationsin Computer
Aided Design(CAD) andsolid modeling.Closelyrelatedto it, the eliminationof self+
intersectiongwhich mayarise.e.g.,from offsetting)is neededo maintainthe correct-
nessof a CAD model.

Tensot-productBézier surfacepatcheswhich are parametricsurfacesde ned by
vectot-valuedpolynomialsx : [0;1]2 ! 3 of certainbitdegree(m; n), areexten-
sively usedto modelsurfacesn CAD andsolid modeling.However, evenfor relatively
smallbixdeggreesm; n 3, the intersectionandself-intersectiorioci of suchpatches
canbefairly complicatedConsequentlystandardalgorithmsfor surfacetsurdceinter-
sectiong23,27] generallydo not take the propertieof specialclasseof suchtensot:
productsurfacesinto account.

In the caseof two generakurfacesa brute—force approach to computingtheinter
sectioncurve(s)consistdn (stepl) approximatinghe surfaceby triangularmeshesnd
(step2) intersectinghe planarfacetsof thesemeshesClearly, in orderto achieve high
accurag, avery ne approximatiorwith ameshmaybeneededAlternatively, onemay
considerto chooseanotheymorecomplicatedrepresentationyherethe basicelements
arecapableof capturingmoreof the geometricfeaturesFor instancepnemighttry to
usebiquadratic patches insteadof triangles.Clearly, this approachwould needrobust
intersectioralgorithmsfor the morecomplicatedasicelements.

In this paperwe addresghe computationof the intersectioncurve of two surface
patchesof bitdegree(2,2),i.e., biquadraticpatchesOur aim is to computethe inter-
sectionby using* asfar aspossiblet symbolic techniquesin orderto avoid problems
with numericalrobustness.

Theremaindeiof the paperis organizedasfollows. After somepreliminaries Sec-
tions 3 to 5 presenthreedifferenttechniquedor computingthe intersectioncurves,
which arebasedon resultants, on approximate implicitization, andon intersections of
parameter lines, respectiely. Section6 discussethecomputatiorof selftintersections.
We applythethreetechniquedo threerepresentatie examplesandreporttheresultsin
Section?. Finally, we concludethis paper
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2 Intersection and self-intersection curves

We considerthe intersectioncurves of two biquadraticBézier surfacesx(u; v) and
y(r;s), both with parametedomains|0; 1]2. They are assumedo be given by their
parametricrepresentationsith rational coefcients (control points). More precisely
theserepresentationsave theform

2 2
=D i Bi(wB;(v) (1)

i=0 j=0

with certainrationalcontrolpointsci; 2 Q? andthe quadraticBernsteinpolynomials
Bj (t) = ()t'(1 t)>7' (andsimilarly for the secondpatchy (r; s)).
Theintersectiorcurveis de ned by the systemof threenonzlinearequations

x(u;v) = y(r;s) 2

which de nestheintersectiorasa curve (in the genericcase)in [0; 1]4. Similarly, self
intersection®f oneof the patchesarecharacterizethy

x(u;v) = x(0; V): 3

In this case,the set of solutionscontainsthe 2t+planeu = u*, v = v* asa trivial
component.

While theseequationscould be solved by usingnumericalmethodswe planto ex-
plorehow farit is possibleo computeheintersectiondy usingsymbolic computations,
in orderto avoid roundingerrorsandrobustnesgroblems.

The“generic” algorithmfor computingthe (selft) intersectiorcurve(s),consistof
threesteps:

1. Find atleastonepointon eachcomponenbf theintersection,

2. tracethe sggmentsof theintersectiorcurve, and

3. collectandcorvertthesegmentdnto aformatthatis suitablefor furtherprocessing
(dependingontheapplication).

We will focusonthe rst step,sincethe secondstepis a standarchumericalproblem,
and step 3 dependson the speci ¢ backgroundof the problem. Several partsof the
intersectiorcurve may exist. Somepossibletypesareshovn in Fig. 1 in the parameter
domainof aBéziersurfacex(u; v). Pointswith horizontalor verticaltangentrecalled
turning points, andintersectionsvith the boundarie®f the patchegjeneratéoundary
points. Notethatalsoisolatedpoints(whereboth surfacesoucheachother)may exist.

3 A resultant-based approach

In this section,we will usethe resultantto computethe intersectionlocus between
x(u; v) andy(r; s). We considerthe algebraicvariety

C=f(uvir;s)jx(u;v) =y(r;s)g 4)

andwewill supposehatC\ [0;1]*isacurve.
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boundary points

® turning points

Fig. 1. Intersection curves in one of the parameter domains.

3.1 Resultant basics

Letfq;f, andf 3 bethreepolynomialsin two variableswith givenmonomialsupports
andN the numberof termsof these3 supportsFor eachi 2 f1;2; 3g we denoteby
coefs(f;) the sequencef the coefcients of f;. Theresultantof f,;f, andf; is, by
de nition, anirreduciblepolynomialR in N variableswith the property that

R (coefs(f ;); coefs(f,); coefs(f3)) =0 5)

if andonly if these3 polynomialshave a commonroot in a speci ed domain.For a
moreprecisedescriptionof resultantsseee.g.[2].

In our applicationto surface+surficexintersectionshe resultantcanbe usedasa
projectionoperatorindeedjf f 1; f , andf 3 arethethreecomponentsf x(u; v) y(r;s)
which are consideredas polynomialsin the two variablesr ands, thenthe resultant
of f1;f, andfs is a polynomial R(u; v) andit givesan implicit planecurve which
correspond$o theprojectionof Cin the (u; v) parameterdMore preciselythetwo sets

{(u;v) 2 [0;1]%] R(u;v) = 0} (6)

and
{(u;v) 2 [0;1]2] 9(r;8) 2 C* : x(u;v) = y(r;8)} (7)

are identical. Several families of multivariateresultantshave beenstudiedand some
implementationgareavailable,se€[5, 21].

3.2 Application to the intersection problem

A stratgyy to describeheintersectiorbetweernx(u; v) andy(r; s) consistsn projecting
Con aplane(by usingthe resultant)Many authorsproposeto projectC on the (u; v)
(or (r;s)) planeandthenthe resultedplanecurve is traced(see[16] and [20] for the
tracingmethod)andis lifted to the 3D spaceby the correspondingparameterization.
Note that this methodcan give someunwantedcomponentgthe so called "phantom
components”whicharenotin x([0; 1]2)\ y([0; 1]?). So,anotherstepis neededo cut
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off the extraneousbranchesThis last part canbe donewith a solver for multivariate
polynomialsystemgsee[24]) or aninversionof parameterizatiofsee[3]).

As analternatye to theseexisting approachesye proposeto projectthe setC onto
the(u; r) spaceNotethat,in theequations(u; v) = y(r; s), thetwo variabless ands
areseparatedsothey canbe eliminatedvia a simpleresultanttomputationlt turnsout
that sucha resultantcan be computedvia the determinanbf a Bezoutianmatrix (see
[15]). First,considetthe (3; 3) determinant:

b:det<x(u;v) y(r;s);x(u;v\)/ \>/<l(u;V1);Y(r;s; _Zl(r;sﬂ); (8)

The determinant is a polynomialandits monomialsupportwith respecto (v;s) is
S =f1;v;s;vsg andsimilarly for (v1;s1), whereS; = f 1;vy;S1;v1S19. S0,amono-
mial of b is a productof an elementof S and of an elementof S; . Then,we form
the4 4 matrix whoseentriesarethe coefcients of b indexed by the productof the
two setsS andS; . This matrix containsonly thevariablesu andr andis calledtheBe-
zoutianmatrix. In our casejts determinanis apolynomialin (u; r) equalto thedesired
resultan®R (u; r) (deg(R)=24anddeg, (R)=deg, (R)=16)andit givesanimplicit curve
which correspondso the projectionof Cin the (u; r) space.

Then,we analysethetopologyof this curve (see[17] and[29]) andwe traceit (see
[16] and [20]). Finally, for each(ug;ro) 2 [0;1]? suchthatR(ug;ro) = 0, we can
determinef thereexistsa pair (Vo; So) 2 [0; 1]? suchthatx(uo; Vo) = y(ro; So) (solve
apolynomialsystenof threeequationsvith two separatedinknovnsof bidegree(2,2))
andthuswe canavoid the problemof the phantomcomponentgseeFig. 2). We lift the
obtainedpointsin the 3D spaceo give theintersectiorlocus.Notethatthis methodcan
alsogive theprojectionof Cin the (v; s) spaceby the samekind of computation.

Fig. 2. Projection of C in the (u, ) space with (left) and without (right) phantom components.
This curve corresponds to the example of Figure 6, page 14.
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4 Approximate implicitization by a quartic surface

In this section,we apply the techniqueof approximatamplicitization to computethe
intersectiorof two biquadratigatches.

4.1 Approximate implicitization

The implicitization problemz which consistan nding animplicit equation(analge-
braic representationfor a given parameterizedational surface+ canbe adressedy
usingseveralapproachess.g.,usingresultantsor Groebnetbased8, 9,18]. However,
theimplicitization is very time consumingoecausef the degreeof theimplicit equa-
tion: for agenerigparameterizedurfaceof bixdegree(ny,n>), theimplicit equatiorhas
degree2n;ns. Also, all rationalparametriccurvesandsurfaceshave an algebraicrep-
resentationbut the reverseis not true; the relationshipbetweerthe parametriandthe
algebraicrepresentationsan be very complex (problemof "phantomcomponents”).
Thus,we cantry to nd an approximatealgebraicapproximationof a given param-
eterizedsurfacefor which the computationis more ef cient andwhich containsless
phantomcomponents.

Considera polynomial parameterizedurfacex(u; v) with the domain[0; 1], and
let d be a positive integer (the degreeof the approximatamplicit equation)and 0
(the tolerance).Following [12], the approximateimplicitization problem consistsin
nding anonzzergpolynomialP 2 R[x; y; z] of degreed suchthat

8(u;v) 2 [0;1]% P (x(u;v) +  (u;v)g(u;v)) =0 (9)

with j (u; v)j andjjg(u; v)jj2 = 1. Here, s the error function andg is the
directionfor errormeasuremeng.g.,the unit normaldirectionof the surfacepatch.

4.2  Approximate implicitization of a biquadratic surface

Themainquestionof theapproximatémplicitization problemis how to choosehede-
gree.A key ingredientfor this choiceseemdo bethetopology, especiallyif theinitial
surfacehasself-intersectionsThe useof degree4 wassuggestedby Tor Dokken; after
severalexperimentshe concludedhatthe algebraicsurfacesof degree4 provide suf-
ciently mary degreesof freedomto approximateanostcasesncountereth practiceln
the caseof a biquadraticsurface wherethe exactimplicit equationhasdegree8, using
degree4 seemgo beareasonablérade-of.

We describetwo methodsfor approximateimplicitization by a quartic for a bi-
quadraticsurface.Theapproximateémplicit equationis

4 4—j 4—i—]
POGY:Z) =) > > bexyz (10)
i=0 j=0 k=0
with the unknaovn coefcients b = (booo; b1oo;:::;boos) 2 R3: Let (u;v) bethe

vectorformedby the tensot-productBernsteinpolynomialsof bitdegree(8,8).



6 S. Chau, M. Oberneder, A. Galligo and B. Jittler

An interjor conic
{

A border conic

Fig. 3. Characterization of a conic in a biquadratic patch by 9 points

Dokken’s method. This method,which is describedn moredetailin [12], proceeds
asfollows:

1. FactorizeP (x(u;Vv)) = (Db)T (u;Vv) whereD isa81 35 matrix.
2. Generata singularvaluesdecompositio{SVD) of D .
3. Chooseb asthevectorcorrespondingo the smallestsingularvalueof D.

Note that this methodis generaland doesnot usethe factthat we have a biquadratic
surface.Hereafteywe usean adaptednethodbasedon the geometryof the surfaceof
bidegree(2,2).Also, thecomputatiorof thesingularvaluedecompositiomeedsoating
pointnumbers.

Geometric method using evaluation: This approachconsistsin constructingsome
pertinentgeometricalconstraintsto give a linear systemof equations(with the un-

decompositionln our method we characterizeéomeconics,especiallythefour border
conicsandtwo interior conics:

Ci =x([0;1] fog); Co=x([0;1] flg)
Cs =x(fog [0;1]); Ca=x(f1lg [0;1]) (11)
Cs =x(f3g [0;1]); Co=x([0;1] f3Q)

Lemma 1. If the quartic surface f P = 0g contains 9 points of any of the 6 conics C;,
then C; P = 0g, see Fig. 3.

Proof. C; isof degree2 andP is of degree4, soby Bézoutstheoremjf therearemore
than8 elementsn C; \ fP = 0g,thenC; fP =0g.

Usingthis geometricobsenation,we constructa linearsystemandsolve it approx-
imatelyvia SVD; this leadsto analgebraicapproximatiorof S by a degree4 surface.
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4.3 Application to the intersection problem

In orderto computetheintersectiorandself+intersectiorcurves,we applytheapproxi-
mateimplicitization to oneof thepatchandcomposeét with theseconcone.Thisleads
to animplicit representationf the (selft) intersectioncurve in one of the parameter
domains,which canthen be tracedand analyzedusing standardmethodsfor planar
algebraiccurves.

Thesetwo approximatamplicitization methodsare very ef cient and suitablefor
generalcasesput the resultsare not always satishictory Whenthe given biquadratic
patchis simple(i.e. with acertain atnessandwithout singularityandself-intersection)
theapproximatiornis very closeto theinitial surface.So,to usethis methodfor ageneral
biquadraticsurface,we combineit, if neededwith a subdvision method(Casteljaus
algorithm). The advantageis twofold, we exclude domainswithout intersectiongby
using boundingboxes)andavoid someunwantedcon gurationswith a curve of self-
intersectionuseHomeyer's criterion[19]). For morecomplicatedsingularitiesthere-
sultsarede niti vely not satishctory

Note that even if we have a good criterion in the subdvision step,we still may
have problemswith phantomcomponentgbut in generalfewer), so we have to cut
off the extraneousbranchesasin the resultantmethod.This hasto be donecarefully
in orderto not discardpoints which do not correspondo phantomcomponentsAs
anotherdrawback = becauseof the variousapproximationst it is ratherdif cult to
obtaincerti ed pointsontheintersectioriocus.The useof approximatémplicitization
is clearly a numericalmethod,andit cangive only approximateanswersgvenin the
caseof exactinput.

5 Tracing intersections of parameter lines

In orderto beableto tracethe (selft) intersectiorcurve(s),we haveto nd atleastone
pointfor eachseggment.We generatghesepointsby intersectinghe parametelines of
the rst Béziersurfacewith thesecondne.

5.1 Intersection of a parameter line

A parameteline of x(u; v) for aconstantationalvalueu = ug takestheform

p(V) = x(Up; V) = ag(Ug) + a1 (Ug) vV + az(ug) v2
with certainrationalcoefcient vectorsa; 2 Q3. It is a quadraticBéziercurve, hence
we canrepresentt astheintersectionof a plane anda quadratic cylinder, seeFig. 4,
left. Sincewe areonly interestedn the intersectionof thesetwo surfacesin a certain
region, we introducetwo additionalbounding planes ; and ». In the particularcase
thatthe parameteline is a straightline, we represenit asanintersectioncurve of two
orthogonablanes.

In orderto computethe intersectionof the parametetine with the secondsurface
patchy (r; s), we usethefollowing algorithm.
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T1

T

S0 S1

Fig.4. Left: Representation of a parameter line as the intersection of a plane and a quadratic
cylinder. Right: Identifying the intervals with feasible values of s.

1. Describetheparameteline astheintersectiorof a planeanda cylinder.

2. Intersecthe planewith the secondpatchy (r; s) andcomputetheintersectiorl .
3. Restricttheintersectiorcurve(s)l to theregion of interest.

4. Intersecthe cylinder with therestrictedntersectiorcurve(s).

Thefour stepsof thealgorithmwill now beexplainedin somemoredetail.

Defining the plane, the cylinder and the two bounding planes. The parametetine
and its three control points are coplanar For computingthe normal vectorn of the
plane,we have to evaluatethe crossproductof two differencevectorsof the control
points.The planeis givenby the zerosetof alinearpolynomial

(Uo)(X; y;2) = €o(Uo) + N1(Uo) X + N2(Uo) Y + N3(Uo) Z. (12)

By extrudingthe parametetine in the directionof the normalvectorof the plane,we
obtainthe parametridorm of the quadraticcylinder, which intersectghe planeorthog-
onally,

w(Uo)(p;d) = x(Uo;p) +0 n. (13)

Theimplicitation of the cylinderis slightly morecomplicatedThereexist two possibil-
ities: we caneitheruseSylvesterresultantor the methodof comparingcoefcients. In
bothcaseave will getanequationof theform

(Uo)(X;y;2) :=ap(Ug) + a1(Uo) X + a2(Ug) y + az(uo) z
+ay(Up) Xy +as(Up)Xz+asg(Up)yz
+az(ug)x? + ag(uo) y? + ag(ug) 22 = 0. (14)

Now we have boththe planeandthe cylinder in theirimplicit representatioriNotethat
thisis a semi-implicitrepresentatioin the senseof [6].
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If the parameteline degeneratesnto a straightline, thenwe choosetwo planes
throughit which intersectorthogonally Note that we useexact rationalarithmetic,in
orderto avoid ary robustnesproblems.

Finally, we createthe two planes 1(x;y;z) and 2(X;y;z) which boundthe pa-
rametedine. For instancepnemay choosehetwo normalplanesof theparameteline
atits boundarypoints;this choiceis alwayspossible providedthat the curve segment
is not too long (which canbe enforcedby using subdvision). Alternatively one may
usetheplanesspannedy the boundarycurves,but theseplanesmayhave anadditional
intersectiorwith the parameteline in theregion of interest.

Intersection of the plane and the second patch y(r, s). Substitutingthe second
Béziersurfacey(r; s) into theequation(12) of theplaneleadsto a biquadraticequation
in r ands. We cantreatit asa quadraticpolynomialin r with coefcients depending
ons.

(y(r;s)) = a(s)r? +o(s)r +c(s) = 0: (15)

For eachvalueof s, we obtaintwo solutionsr 1 (s) andrz(s) of theform

b(s)
2a(s)

ri.2(s) = d(s) with d(s) =

— (16)

Thesesolutionsparameterizeéhe two branchesf the intersectioncurve | in therszt
parametedomainof the secondpatch.By solving several quadraticequationsve de-
terminetheintenvalsS;;  [0; 1], whered(s) 0and0 ri(s) 1 holds;thisleads
to a(list of) feasibledomain(s)i.e.,intervals)for eachbranchof theintersectiorcurve.

By composing(16) with y we obtain the two branchesk; (s) andk;(s) of the
intersectiorcurvel ,

ki2(8) = ¥(11:2(8)iS) = = 7h(s) a?s(»)S)

1(s) + d(s)m(s) (17)

wherethe component®f h(s), 1(s) andm(s) arepolynomialsof degree6, 4, and2,
respectiely.

Restriction to the region of interest. Sincethe region of interestis locatedbetween
theplanes 1(x;y;z) and 2(x;y;z), thetwo inequalities
1(x;y;2) 0 and  L(Xy;z) O (18)

haveto besatis ed.By intersectingeachboundingplanewith thesecondBéziersurface
y(r;s) in asimilarway asdescribedor (ug)(X;y; z), we obtain

k.(8):= 1(y(r(s);s)) 0 and Kk ,(s):= 2(y(r(s);s)) 0 (19)

This leadsto additionalconstraintgor the feasiblevaluesof the parametes. For each
branchof the intersectioncurve we createthe (list of) feasibledomain(s)and store
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it. The boundsof the intervals canbe computedby solving threesystemsof two bi-

quadraticequationsor + equivalently + by solving a systemof three polynomialsof
degree8, which areobtainedafter eliminatingthe parameter . Here,we representhe
polynomialsin BernsteintEzierform andusea Béziet-clipping+typetechniquesee
[14,24,25,27], appliedto oating pointnumbers.

Example 2. For a parameteline u = ug of two biquadraticBézier surface patches
x(u; v) andy(r;s), Fig. 4, right, shavs ther stparametedomainof the secondpatch.
Only the rst branchry(s) of theintersectiorcurveis presentTheboundsd) r 1
do not imposeadditionalboundson s in this case However, the intersectionwith the
boundingplanes ; and , produceswo additionalcurves,whichhaveto beintersected
with thecurve s = r1(s), leadingto two boundss, ands; of thefeasibledomain.

Intersection of the cylinder and the intersection curves. We substituteéheparametric
representationf the intersectioncurve into the implicit equation(14) of the cylinder
andobtain

(U0)(S) = Pa(S) + Pa($) V/AS) + pa(s) (VAE)) +
+pu(s) (VAE) 4 ps(s) (VAS) =0 (0)

wherethe polynomialsp; (s) areof degreel2. In orderto eliminatethe squargoot, we
usethefollowing trigk. We split (s;d(s)) = A B, whereA andB containall even
andodd powersof ' d, respectiely. TheequationA B = 0 is thenreplacedwith
A% d(s) (B +/d(s))? = 0. Thisleadsto a polynomialof degree24in onevariable.
After factoringoutthediscriminantwe obtaina polynomialof degreel6in s. Notethat
this agreeswith the theoreticahumberof intersection®f a biquadraticsurface,which
hasalgebraiocorder8, with aquadraticcurve.

Finally, we solve this polynomialwithin all the feasibleintervalsof s, which were
detectedn the previous steps.Until this point we usedsymboliccomputationsNow
+ after generatinghe BernsteintEzier representatiort we changeto oating-point
numbersand usea Béziettclippingttypemethodto nd all rootswithin the feasible
domain(s).Theseroots correspondo intersectionpoints of the parametetine of the

rst patchwith the secondpatch.

5.2 Global structure of the intersection curve

For eachvalueu = uo, theparametetline x(uo; v) hasa certainnumberof intersection
pointswith the secondpatch.If ug variescontinuouslythenthe numberof intersection
pointsmaychangeonly if

(1) oneof theintersectionpointsis at the boundaryof one of the patchegboundary
points)or
(2) theparameteline of the rst patchtoucheghe secondatch(turningpoints).
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The algorithmfor analyzingthe global structureof the intersectioncurve proceedsn
two steps:First we detectthosevaluesof up wherethe numberof intersectionpoints
changesandorderthem.Thisleadsto a sequencef critical upg+ values,

0=u? <ul < i< 1=ul): (21)

In the secondstep,we analyzethe intersectionof the parametetinesug = (ug) +

uE)' = )=2 with the secondpatch.Sincethe numberof intersectiorpointsbetweenary
two critical valuesremainsconstantyve cannow eithertracethe sggmentusingcorven-
tional techniquedor tracingsurfacetsurdceintersectiongsee[20]) or generatanore
pointsby analyzingmoreintersectionsvith parametetines.

In theremaindeof this sectionwe addresshecomputatiorof thecritical ug values.

Boundary points. Suchpointscorrespondo intersectionf the boundaryparameter
lines of onesurfacewith the otherone.In orderto computethem,we apply the algo-
rithm for intersectingparametetines with a biquadraticpatchto the2 4 boundary
parametefinesof thetwo surfaces.

Turning points. We considettheturningpointsof x(u; v) in respecto u. Lety, andys
denotethe partial derivativesof y(r; s). Several possibilitiesfor computingthe turning
pointsexist.

1. Thetwo surfacesx(uo; v) andy(r; s) intersectx(uo; v) = y(r; s), andthetangent
vectorof the parametetine liesin thetangentplaneof the secondoatch,

Xu (Yr }’s) =0 (22)

Theseconditionsleadto a systenmof four polynomialequationgor four unknawns,
which hasto be solvedfor u.

2. By usingthepreviousgeometriaesult,we mayeliminatethevariablev, asfollows.
First, the planespannedy the parameteline hasto containthe pointy(r; s),

(Uo)(y(r;s)) =0; (23)

which givesanequatiorof degree(6; 2; 2) in (uo; r; s). Secondthecylinder hasto
containthe point,

(Uo)(y(r;s)) =0; (24)

which leadsto an equationof degree(16; 4; 4). Finally, the tangentvectorof the
parametetine hasto be containedn the tangentplaneof the secondpatch.Since
the tangentof the parametetine is parallelto the crossproductof the gradientof
the planeandthe gradientof the cylinder, the third conditiongivesan equationof
degree(18;5; 5),

det[yr; ys; 1 (Uo)(y(r;s)) 1 (Uo)(y(r;s))] = 0: (25)

For solvingeitherof thesetwo systemsf polynomialequationsye useagaina Béziet:
clipping+typealgorithm[14,24,27].
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6 Self-intersections of biquadratic surface patches

In orderto detectheselftintersectiorcurvesof ary of thetwo patchesthe method<or
surfacetsurfceintersectiondiave to be modi ed.

6.1 Resultant-based method

In the parametedomain|0; 1]#, the self-intersectiorcurve of the rst patchformsthe
set

{(u1;v1;uz;v2) 2 [0;1]* ] (ug;va) 6 (Ug;V2) andx(ug;vy) = x(Uz;Vp)} i (26)

This locusis therealtraceof a complex curve. We assumehatit is eitheremptyor of
dimensiorD or 1. We donotconsideidegenerateasessuchasaplanewhichis covered
twice. In the examplespresentedbelow (seeSection?), the selftintersectioocusis a
curvein R4,

We usethefollowing changeof coordinatedo discardthe unwantedtrivial compo-
nent(us;vi1) = (Uz;Vvz). Let (uz; v1) beapairof parameterin [0; 1]2, (I;k) 2 R? and
letus = uz +1,v2 = vp + Ik. If we supposehatwe have (ui;vi) 6 (uz;V2), then
| & 0. Hencex(uy;vi) = x(uz; Vo) if andonly if x(uz + I;v1) = x(uz; va + k). We
supposeow that(u; v1;1; K) veri es thislastrelation.

Let T (uz;vi;1; k) bethe polynomial § [x(uz +1;v1)  x(uz; V2 + 1K)], its degree
in (uz;v1;l;K) is (2;2;1;2) andthe monomialsupportwith respecto (I; k) contains
only k?l; k; | and1. We candecreas¢hedegreeby introducing

T (ug;ve;m; k) = mT (uz; va; %;k): (27)

Thenin T (ug; v1; m; k), themonomialsupportin (m; k) consistsonly of 1; m; k? and
km. So,we canwrite T in amatrix form:

ag(uz;va) by(uz;vi) co(uz;ve) di(uz;vy)
T(ug;ve;my k) = | ax(uz;vi) ba(uz;vi) Go(uz2;vi) da(uz;va) K2 (28)
az(uz;vi) bs(uz;vy) ca(uz; ve) ds(uz;vi)

km
By Cramersrule,we get
D2 2 Ds Dy
m D, D, and km D, (29)

with

b cydy a; ¢ oy bh a;d; bha a

Di=|bcody|; Da=| acdy|; Dz=|lp ady|; Da=|lpc a:
bz c3 d3 az Cz d3 b azds e a3

Let Q(uy; vy) bethepolynomialQ = D3D; D3Ds.
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Fig. 5. A self-intersection of a surface with a cuspidal point

Lemma 3. The implicitly defined curve { (uz;v1) 2 [0;1]? j Q(uz; v1) = 0} is the pro-
jection of the self-intersection locus (given by the set (26) but in C*) into the parameters
domain (uz;vq) 2 [0;1]2.

Proof. Q(uy;v1) = 0istheonly algebraiaelation(of minimaldegree)betweeru, and
vy suchthat8(uz;vy) 2 [0;1)%,Q(uz;vi) =0) 9(m; k)2 2;T(up;ve;m; k) = 0.

Thislemmaprovidesa methodto computethe self-intersectiodocus,we just have
to tracethe implicit curve Q(u;v1) = 0 andfor every point (uz; v1) on this curve,
we obtainby continuationthe correspondingpoint (us; v2) 2 [0; 12 if it exists(seethe
resultson Fig. 9). Soit sufces to characterizéhe boundsof thesesegmentsof curves.

6.2 Parameter-line-based method

For computingthe self-intersectiorncurves, we usethe samealgorithm as described
in Section5. We intersectthe surfacex(uo; v) with itself x(r; s). In this case boththe
"plane” equation23) andthe”cylinder” equation(24) containthelinearfactor(r ug),

which hasto befactoredout. The computatiorof turning pointsasin section5.2leads
usto two differenttypes:the usualonesandcuspidalpoints(seeFig. 5).

7 Examples

The threemethodspresentedn this paper(usingresultantsyia approximatamplici-
tization, and by analyzingthe intersectionswith parametetines) work well for most
standardsituationsusually encounteredh practice.We have testedabouttwo dozens
examplesln this sectionwe presenthreerepresentaties.
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Fig. 6. First example. Left and center: Result of the resultant method after and before eliminating
phantom branches. Right: result of the approach using approximate implicitization.

v X (u, v) s y(r,s)
/
/
J L]
! {
[ —— \
\ !
/
~ . ——

Fig. 7. First example. The intersection curves in the parameter domains of both surface patches,
generated by the parameter—line based technique. Boundary points and turning points have been
marked by grey circles.

7.1 Firstexample

We considertwo biquadraticsurfaceswith an openand a closedcomponentof the
intersectiorcurve. Thetwo surfaceshave the controlpoints

(7:0:2) (8:8:3) (1,0: 15) (3:4:%3) (& 4:3) (L02)

323 G5 Ged)and| (553 Gl (589

(%7 G636y (£:%3) 383 &33)
x(u;v) y(r;s)

By usingtheresultant method, aphantoncomponentappeargseeFig. 6, center) It can
be cutoff asdescribedn Section3.2 (seeFig. 6, left).

Similarto theresultanimethodtheapproximate implicitization producegphantom
componen{seeFig. 6, right). However, whenwe cut it off, we obtainonly very few
certi ed pointsontheintersectioriocusasdescribedn sectiond.3.

The parameter-line-based approach nds bothtwo partsof theintersectioncurve,
but no phantomcomponentsOne sggmentis closedand hastwo turning pointswith
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respecto eachparametewu, v, r ands. The othersggmenthastwo boundarypoints
u = 0 ands = 1 andalsopossessea turning point with respecto v andanotherone
with respecto r (seeFig. 7).

7.2 Second example

Thecontrol pointsof thetwo biquadraticsurfaces

(@.@.@) (E-&-ﬂ) (309.604.@)

775 775 775 775 775 775 775 775 775
. 553 . 454 . 293 336. 382 . 469 . 426 . 137
x(uv) | (3% 55 %) R e ) (LR 7E)
337 . 308 . 258 36 33 92 6.
(B850 52) (3iLi03%L) (558 7% 55%)
and (492, 51, 522) (43, 322 117 (346, 13 4)
775 155 775 775 775 775 7757 155 5
. 113. 392. 58 632 . 469 . 413 307 . 514 . 564
y(ris) | (3 7% &) (58 7% 3%) (5% 3% %)
(602, 129, 274) (669, 692. 53 ) (468, 219. 412)
775 775 775 775 775 155 775 775 775

weregeneratedby usinga pseudoxrandomumbergeneratar

The resultant-based technique leadsto several phantomcomponentgseeFig. 8,
center) which canbe cut off asdescribedpreviously (seeFig. 8, left).

The combineduse of subdivision and approximate implicitization produceseven
more phantomcomponentgseeFig. 8, right). Thisis dueto the factthat the subdvi-
siongeneratemoreimplicitly de ned surfacesEventuallywe obtainsufciently mary
pointsto draw the correctintersectiorcurves.

Wealsocomputedheself-intersectiorcurve (seeFig. 9) with thehelpof themethod
describedn Section6.1.

When using the parameter-line based approach, this example doesnot lead to
ary dif culties. The intersectioncurve consistsof threesegments(seeFig. 10). The

rst Béziersurfacepatchx(u; v) hasoneself-intersectiorcurve, while the secondbne
y(r; s) intersectstself threetimesandhastwo cuspidalpoints.

7.3 Third example

Thetwo biquadraticsurfacepatcheswith the controlpoints

(0:7:5) (Bi45i5) (1L0:g) (0:7:8) (3i4573) (130:5)

(515130 (3igd) (5 3)| and | (5isig) (5i33) (3:8:7)

(%8 Gismis) Gl (%35 Giss) GL3)
x(uv) y(r;s)

toucheachotheralonga parametetine.

Theresultant-based approach leadsto animplicitly de ned curve which describes
theintersectionDueto the specialsituation,it containsthe squareof this equation A
directtracing of the curve is dif cult, sincethe useof a standardpredictor/corrector
methodis numericallyunstable However, one may factorizethe equation,andapply
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%%

Fig. 8. Second example: Left and center: result of the resultant method after and before eliminat-
ing phantom branches. Right: result obtained by using approximate implicitization.

’ 3

Fig. 9. Second example: Self intersections, computed with the method described in Section 6.1.

v X (u,v) s y(r,s)
/’“7\‘ A
mA (i
l — T~ 1 A
! ~1
\ | =
\ [
u T

Fig. 10. Second example: Intersection (solid, black) and self-intersection (dashed, grey) curves in
the parameter domains of both surface patches, generated by the parameter—line based technique.
Boundary points and turning points have been marked by grey circles.
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thetracingto theindividual factorswithout probemsThis leadsto the curve shavn in
Fig. 11, left.

The techniqueof approximate implicitization is not well suitedto dealwith this
very speci ¢ situation:the approximatiorproducesitheran emptyintersectioror two
curveswhich arecloseto eachother(seeFig. 11, right).

Fig. 11. Third example. Left: Result of the resultant method and of the parameter—line based
approach. Right: result of the use of approximate implicitization.

The parameter-line-based approach nds two boundarypointsandit producest
for eachvalueof u = ug * the correctintersectiorpoint of the parametetine with the
otherpatch.The corvergenceof the Bézierclipping slows down to alinearrate,dueto
thepresencef adoubleroot. Also, it is dif cult to tracetheintersectiorcurve by using
ageometrigredictor/correctotechniquelnsteadywe computedheintersectiorpoints
for mary valuesof up andarrivedataresultwhichis very similarto Fig. 11, left.

8 Conclusion

We presentedhreedifferentalgorithmsfor computingthe intersectionand self-inter-
sectioncurvesof two biquadratidBéziersurfacepatchesWe implementedhemethods
andappliedthemto mary testcasesThreeof themhave beenpresentedn this paper

The resultant-based technique wasableto dealwith all testcaseslt mayproduce
additional’phantom'brancheswhich have to be eliminatedby carefullyanalyzingthe
resultof theelimination.As anadwantagepnemay+ in the caseof two surfacepatches
thattoucheachotherz+ factorizetheimplicit equationof theintersectiorcurve,in order
to obtaina stablerepresentationyhich canthenbetracedrobustly.

After experimentingwith approximate implicitization we arrived at the conclusion
thatthis methodis notto berecommendedtbr biquadratigpatchesOn the onehandiit
is not suitedfor avoiding problemswith phantombranchesOn the otherhand,theuse
of anapproximatdechniqueintroducesnaccuracieswhich may causeproblemswith
singularandalmostsingularsituations We feel thatthis price for usingalower degree
implicit representatiors too high.
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Theparameter—line based approach addssomegeometridnterpretationso the pro-
cessof eliminatingvariablesfrom the problem.As anadwantageijt is possibleto cor-
rectly establistthe region(s)of interest.This avoids problemswith unwantedbranches
of the (selft) intersectioncurves.In the caseof two touchingsurfaces,usingthis ap-
proachbecomesnoreexpensve, sincestandardechniquedor tracingtheintersection
cannotbeapplied.
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