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Abstract. We present two symbolic–numeric techniques for computing the in-
tersection and self–intersection curve(s) of two B ézier surface patches of bidegree
(2,2). In particular, we discuss algorithms, implementation, illustrative examples
and provide a comparison of the methods.

1 Introduction

The intersectionof two surfacesis one of the fundamentaloperationsin Computer
AidedDesign(CAD) andsolidmodeling.Closelyrelatedto it, theeliminationof self±
intersections(which mayarise.e.g.,from offsetting)is neededto maintainthecorrect-
nessof aCAD model.

Tensor±productBéziersurfacepatches,which areparametricsurfacesde�ned by
vector±valuedpolynomialsx : [0; 1]2 !

� 3 of certainbi±degree(m; n), areexten-
sively usedto modelsurfacesin CAD andsolidmodeling.However, evenfor relatively
small bi±degreesm; n � 3, the intersectionandself-intersectionloci of suchpatches
canbefairly complicated.Consequently, standardalgorithmsfor surface±surfaceinter-
sections[23,27] generallydo not take thepropertiesof specialclassesof suchtensor±
productsurfacesinto account.

In thecaseof two generalsurfaces,a brute–force approach to computingtheinter-
sectioncurve(s)consistsin (step1) approximatingthesurfaceby triangularmeshesand
(step2) intersectingtheplanarfacetsof thesemeshes.Clearly, in orderto achievehigh
accuracy, avery�ne approximationwith ameshmaybeneeded.Alternatively, onemay
considerto chooseanother, morecomplicatedrepresentation,wherethebasicelements
arecapableof capturingmoreof thegeometricfeatures.For instance,onemight try to
usebiquadratic patches insteadof triangles.Clearly, this approachwould needrobust
intersectionalgorithmsfor themorecomplicatedbasicelements.

In this paperwe addressthe computationof the intersectioncurve of two surface
patchesof bi±degree(2,2), i.e., biquadraticpatches.Our aim is to computethe inter-
sectionby using± asfar aspossible± symbolic techniques,in orderto avoid problems
with numericalrobustness.

Theremainderof thepaperis organizedasfollows.After somepreliminaries,Sec-
tions 3 to 5 presentthreedifferent techniquesfor computingthe intersectioncurves,
which arebasedon resultants, on approximate implicitization, andon intersections of
parameter lines, respectively. Section6 discussesthecomputationof self±intersections.
We applythethreetechniquesto threerepresentativeexamplesandreporttheresultsin
Section7. Finally, we concludethis paper.
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2 Intersection and self–intersection curves

We considerthe intersectioncurves of two biquadraticBézier surfacesx(u; v) and
y(r; s), both with parameterdomains[0; 1]2. They areassumedto be given by their
parametricrepresentationswith rationalcoef�cients (control points).More precisely,
theserepresentationshavetheform

x(u; v) =
2∑

i =0

2∑

j =0

ci;j B i (u)B j (v) (1)

with certainrationalcontrolpointsci;j 2 Q3 andthequadraticBernsteinpolynomials
B j (t) =

(2
i

)
t i (1 � t)2−i (andsimilarly for thesecondpatchy(r; s)).

Theintersectioncurveis de�ned by thesystemof threenon±linearequations

x(u; v) = y(r; s) (2)

which de�nes the intersectionasa curve (in thegenericcase)in [0; 1]4. Similarly, self
intersectionsof oneof thepatchesarecharacterizedby

x(u; v) = x(ū; v̄): (3)

In this case,the set of solutionscontainsthe 2±planeu = u∗, v = v∗ as a trivial
component.

While theseequationscouldbesolvedby usingnumericalmethods,we planto ex-
plorehow farit ispossibleto computetheintersectionsbyusingsymbolic computations,
in orderto avoid roundingerrorsandrobustnessproblems.

The“generic”algorithmfor computingthe(self±) intersectioncurve(s),consistsof
threesteps:

1. Findat leastonepoint oneachcomponentof theintersection,
2. tracethesegmentsof theintersectioncurve,and
3. collectandconvertthesegmentsinto aformatthatis suitablefor furtherprocessing

(dependingon theapplication).

We will focuson the�rst step,sincethesecondstepis a standardnumericalproblem,
and step3 dependson the speci�c backgroundof the problem.Several partsof the
intersectioncurvemayexist. Somepossibletypesareshown in Fig. 1 in theparameter
domainof aBéziersurfacex(u; v). Pointswith horizontalor verticaltangentarecalled
turning points, andintersectionswith theboundariesof thepatchesgenerateboundary
points. Notethatalsoisolatedpoints(wherebothsurfacestoucheachother)mayexist.

3 A resultant–based approach

In this section,we will usethe resultantto computethe intersectionlocus between
x(u; v) andy(r; s). We considerthealgebraicvariety

C= f (u; v; r; s) j x(u; v) = y(r; s)g (4)

andwewill supposethatC\ [0; 1]4 is acurve.
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Fig. 1. Intersection curves in one of the parameter domains.

3.1 Resultant basics

Let f 1; f 2 andf 3 bethreepolynomialsin two variableswith givenmonomialsupports
andN the numberof termsof these3 supports.For eachi 2 f 1; 2; 3g we denoteby
coeffs(f i ) the sequenceof the coef�cients of f i . The resultantof f 1; f 2 andf 3 is, by
de�nition, anirreduciblepolynomialR in N variableswith theproperty, that

R(coeffs(f 1); coeffs(f 2); coeffs(f 3)) = 0 (5)

if andonly if these3 polynomialshave a commonroot in a speci�ed domain.For a
moreprecisedescriptionof resultants,seee.g.[2].

In our applicationto surface±surface±intersections,the resultantcanbe usedasa
projectionoperator. Indeed,if f 1; f 2 andf 3 arethethreecomponentsof x(u; v)� y(r; s)
which areconsideredaspolynomialsin the two variablesr ands, then the resultant
of f 1; f 2 and f 3 is a polynomial R(u; v) and it givesan implicit planecurve which
correspondsto theprojectionof Cin the(u; v) parameters.Moreprecisely, thetwo sets

{
(u; v) 2 [0; 1]2 j R(u; v) = 0

}
(6)

and
{
(u; v) 2 [0; 1]2 j 9(r; s) 2 C2 : x(u; v) = y(r; s)

}
(7)

are identical.Several familiesof multivariateresultantshave beenstudiedandsome
implementationsareavailable,see[5,21].

3.2 Application to the intersection problem

A strategy to describetheintersectionbetweenx(u; v) andy(r; s) consistsin projecting
C on a plane(by usingtheresultant).Many authorsproposeto projectC on the (u; v)
(or (r; s)) planeandthenthe resultedplanecurve is traced(see[16] and[20] for the
tracingmethod)andis lifted to the 3D spaceby the correspondingparameterization.
Note that this methodcangive someunwantedcomponents(the so called”phantom
components”)whicharenot in x([0; 1]2) \ y([0; 1]2). So,anotherstepis neededto cut
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off the extraneousbranches.This last part canbe donewith a solver for multivariate
polynomialsystems(see[24]) or aninversionof parameterization(see[3]).

As analternative to theseexistingapproaches,we proposeto projectthesetConto
the(u; r ) space.Notethat,in theequationsx(u; v) = y(r; s), thetwo variablesv ands
areseparated,sothey canbeeliminatedvia asimpleresultantcomputation.It turnsout
that sucha resultantcanbe computedvia the determinantof a Bezoutianmatrix (see
[15]). First,considerthe(3; 3) determinant:

b = det

(

x(u; v) � y(r; s);
x(u; v) � x(u; v1)

v � v1
;
y(r; s) � y(r; s1)

s � s1

)

: (8)

The determinantb is a polynomialandits monomialsupportwith respectto (v; s) is
S = f 1; v; s; vsg andsimilarly for (v1; s1), whereS1 = f 1; v1; s1; v1s1g. So,a mono-
mial of b is a productof an elementof S andof an elementof S1 . Then,we form
the4 � 4 matrix whoseentriesarethecoef�cients of b indexedby theproductof the
two setsS andS1. Thismatrixcontainsonly thevariablesu andr andis calledtheBe-
zoutianmatrix.In ourcase,its determinantis apolynomialin (u; r ) equalto thedesired
resultantR(u; r ) (deg(R)=24anddegu (R)=degr (R)=16)andit givesanimplicit curve
whichcorrespondsto theprojectionof C in the(u; r ) space.

Then,we analysethetopologyof this curve(see[17] and[29]) andwe traceit (see
[16] and [20]). Finally, for each(u0; r0) 2 [0; 1]2 suchthat R(u0; r0) = 0, we can
determineif thereexistsa pair (v0; s0) 2 [0; 1]2 suchthatx(u0; v0) = y(r0; s0) (solve
apolynomialsystemof threeequationswith two separatedunknownsof bidegree(2,2))
andthuswe canavoid theproblemof thephantomcomponents(seeFig. 2). We lift the
obtainedpointsin the3D spaceto givetheintersectionlocus.Notethatthismethodcan
alsogive theprojectionof C in the(v; s) spaceby thesamekind of computation.

!

u u

!

Fig. 2. Projection of C in the (u, r) space with (left) and without (right) phantom components.
This curve corresponds to the example of Figure 6, page 14.
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4 Approximate implicitization by a quartic surface

In this section,we apply the techniqueof approximateimplicitization to computethe
intersectionof two biquadraticpatches.

4.1 Approximate implicitization

Theimplicitization problem± which consistsin �nding an implicit equation(analge-
braic representation)for a given parameterizedrationalsurface± canbe adressedby
usingseveralapproaches,e.g.,usingresultantsor Groebnerbases[8,9,18]. However,
the implicitization is very time consumingbecauseof thedegreeof the implicit equa-
tion: for agenericparameterizedsurfaceof bi±degree(n1,n2), theimplicit equationhas
degree2n1n2. Also, all rationalparametriccurvesandsurfaceshave analgebraicrep-
resentation,but thereverseis not true; therelationshipbetweentheparametricandthe
algebraicrepresentationscanbe very complex (problemof ”phantomcomponents”).
Thus,we can try to �nd an approximatealgebraicapproximationof a given param-
eterizedsurfacefor which the computationis moreef�cient andwhich containsless
phantomcomponents.

Considera polynomialparameterizedsurfacex(u; v) with thedomain[0; 1]2, and
let d bea positive integer(thedegreeof theapproximateimplicit equation)and� � 0
(the tolerance).Following [12], the approximateimplicitization problemconsistsin
�nding a non±zeropolynomialP 2 R[x; y; z] of degreed suchthat

8(u; v) 2 [0; 1]2; P (x(u; v) + � (u; v) g(u; v)) = 0 (9)

with j� (u; v)j � � and jjg(u; v)jj 2 = 1. Here, � is the error function and g is the
directionfor errormeasurement,e.g.,theunit normaldirectionof thesurfacepatch.

4.2 Approximate implicitization of a biquadratic surface

Themainquestionof theapproximateimplicitizationproblemis how to choosethede-
gree.A key ingredientfor this choiceseemsto bethetopology, especiallyif theinitial
surfacehasself-intersections.Theuseof degree4 wassuggestedby Tor Dokken;after
severalexperimentsheconcludedthatthealgebraicsurfacesof degree4 providesuf�-
cientlymany degreesof freedomto approximatemostcasesencounteredin practice.In
thecaseof a biquadraticsurface,wheretheexactimplicit equationhasdegree8, using
degree4 seemsto bea reasonabletrade-off.

We describetwo methodsfor approximateimplicitization by a quartic for a bi-
quadraticsurface.Theapproximateimplicit equationis

P (x; y; z) =
4∑

i =0

4−i∑

j =0

4−i−j
∑

k=0

bij k x i yj zk (10)

with the unknown coef�cients b = (b000 ; b100; : : : ; b004) 2 R35: Let � (u; v) be the
vectorformedby thetensor±productBernsteinpolynomialsof bi±degree(8,8).
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Dokken’s method. This method,which is describedin moredetail in [12], proceeds
asfollows:

1. FactorizeP (x(u; v)) = (Db)T � (u; v) whereD is a81 � 35 matrix.
2. Generateasingularvaluesdecomposition(SVD) of D .
3. Choosebasthevectorcorrespondingto thesmallestsingularvalueof D .

Note that this methodis generalanddoesnot usethe fact that we have a biquadratic
surface.Hereafter, we useanadaptedmethodbasedon thegeometryof thesurfaceof
bidegree(2,2).Also, thecomputationof thesingularvaluedecompositionneeds�oating
pointnumbers.

Geometric method using evaluation: This approachconsistsin constructingsome
pertinentgeometricalconstraintsto give a linear systemof equations(with the un-
knownsb000 ; b100; : : : ; b004), andthensolvingtheresultingsystemby asingularvalues
decomposition.In our method,we characterizesomeconics,especiallythefour border
conicsandtwo interior conics:

C1 = x([0; 1] � f 0g); C2 = x([0; 1] � f 1g)
C3 = x(f 0g � [0; 1]); C4 = x(f 1g � [0; 1])
C5 = x(f 1

2 g � [0; 1]); C6 = x([0; 1] � f 1
2 g)

(11)

Lemma 1. If the quartic surface f P = 0g contains 9 points of any of the 6 conics Ci ,
then Ci � f P = 0g, see Fig. 3.

Proof. Ci is of degree2 andP is of degree4, soby Bézout's theorem,if therearemore
than8 elementsin Ci \ f P = 0g, thenCi � f P = 0g.

Usingthis geometricobservation,weconstructa linearsystemandsolve it approx-
imatelyvia SVD; this leadsto analgebraicapproximationof S by adegree4 surface.
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4.3 Application to the intersection problem

In orderto computetheintersectionandself±intersectioncurves,weapplytheapproxi-
mateimplicitization to oneof thepatchandcomposeit with thesecondone.This leads
to an implicit representationof the (self±) intersectioncurve in oneof the parameter
domains,which can then be tracedand analyzedusing standardmethodsfor planar
algebraiccurves.

Thesetwo approximateimplicitization methodsarevery ef�cient andsuitablefor
generalcases,but the resultsarenot alwayssatisfactory. Whenthe given biquadratic
patchis simple(i.e.with acertain�atnessandwithoutsingularityandself-intersection)
theapproximationis verycloseto theinitial surface.So,to usethismethodfor ageneral
biquadraticsurface,we combineit, if needed,with a subdivision method(Casteljau's
algorithm).The advantageis twofold, we excludedomainswithout intersections(by
usingboundingboxes)andavoid someunwantedcon�gurationswith a curve of self-
intersection(useHomeyer'scriterion[19]). For morecomplicatedsingularities,there-
sultsarede�niti vely not satisfactory.

Note that even if we have a good criterion in the subdivision step,we still may
have problemswith phantomcomponents(but in generalfewer), so we have to cut
off the extraneousbranchesas in the resultantmethod.This hasto be donecarefully
in order to not discardpoints which do not correspondto phantomcomponents.As
anotherdrawback± becauseof the variousapproximations± it is ratherdif�cult to
obtaincerti�ed pointson theintersectionlocus.Theuseof approximateimplicitization
is clearly a numericalmethod,andit cangive only approximateanswers,even in the
caseof exactinput.

5 Tracing intersections of parameter lines

In orderto beableto tracethe(self±) intersectioncurve(s),wehave to �nd at leastone
point for eachsegment.We generatethesepointsby intersectingtheparameterlinesof
the�rst Béziersurfacewith thesecondone.

5.1 Intersection of a parameter line

A parameterline of x(u; v) for aconstantrationalvalueu = u0 takestheform

p(v) = x(u0; v) = a0(u0) + a1(u0) v + a2(u0) v2

with certainrationalcoef�cient vectorsai 2 Q3. It is a quadraticBéziercurve,hence
we canrepresentit asthe intersectionof a plane anda quadratic cylinder, seeFig. 4,
left. Sincewe areonly interestedin the intersectionof thesetwo surfacesin a certain
region, we introducetwo additionalbounding planes � 1 and� 2. In theparticularcase
thattheparameterline is a straightline, we representit asanintersectioncurveof two
orthogonalplanes.

In orderto computethe intersectionof theparameterline with thesecondsurface
patchy(r; s), we usethefollowing algorithm.
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Fig. 4. Left: Representation of a parameter line as the intersection of a plane and a quadratic
cylinder. Right: Identifying the intervals with feasible values of s.

1. Describetheparameterline astheintersectionof a planeanda cylinder.
2. Intersecttheplanewith thesecondpatchy(r; s) andcomputetheintersectionI .
3. Restricttheintersectioncurve(s)I to theregionof interest.
4. Intersectthecylinderwith therestrictedintersectioncurve(s).

Thefour stepsof thealgorithmwill now beexplainedin somemoredetail.

Defining the plane, the cylinder and the two bounding planes. Theparameterline
and its threecontrol points are coplanar. For computingthe normal vectorn of the
plane,we have to evaluatethe crossproductof two differencevectorsof the control
points.Theplaneis givenby thezerosetof a linearpolynomial

� (u0)(x; y; z) = e0(u0) + n1(u0) x + n2(u0) y + n3(u0) z. (12)

By extrudingtheparameterline in thedirectionof thenormalvectorof theplane,we
obtaintheparametricform of thequadraticcylinder, which intersectstheplaneorthog-
onally,

w(u0)(p;q) = x(u0; p) + q � n. (13)

Theimplicitationof thecylinder is slightly morecomplicated.Thereexist two possibil-
ities:we caneitheruseSylvesterresultantsor themethodof comparingcoef�cients. In
bothcaseswe will getanequationof theform

� (u0)(x; y; z) := a0(u0) + a1(u0) x + a2(u0) y + a3(u0) z

+ a4(u0) x y + a5(u0) x z + a6(u0) y z

+ a7(u0) x2 + a8(u0) y2 + a9(u0) z2 = 0. (14)

Now we haveboththeplaneandthecylinder in their implicit representation.Notethat
this is a semi-implicitrepresentationin thesenseof [6].
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If the parameterline degeneratesinto a straightline, thenwe choosetwo planes
throughit which intersectorthogonally. Note thatwe useexact rationalarithmetic,in
orderto avoid any robustnessproblems.

Finally, we createthe two planes� 1(x; y; z) and� 2(x; y; z) which boundthe pa-
rameterline. For instance,onemaychoosethetwo normalplanesof theparameterline
at its boundarypoints;this choiceis alwayspossible,providedthat thecurve segment
is not too long (which canbe enforcedby usingsubdivision). Alternatively onemay
usetheplanesspannedby theboundarycurves,but theseplanesmayhaveanadditional
intersectionwith theparameterline in theregionof interest.

Intersection of the plane and the second patch y(r, s). Substitutingthe second
Béziersurfacey(r; s) into theequation(12)of theplaneleadsto abiquadraticequation
in r ands. We cantreatit asa quadraticpolynomialin r with coef�cients depending
ons.

� (y(r; s)) = a(s) r 2 + b(s) r + c(s) = 0: (15)

For eachvalueof s, weobtaintwo solutionsr 1(s) andr2(s) of theform

r1;2(s) = �
b(s)

2 a(s)
�

√

d(s) with d(s) =
b(s)2

4 a(s)2 �
c(s)
a(s)

: (16)

Thesesolutionsparameterizethe two branchesof the intersectioncurve I in the rs±
parameterdomainof thesecondpatch.By solvingseveralquadraticequationswe de-
terminetheintervalsSi;j � [0; 1], whered(s) � 0 and0 � r i (s) � 1 holds;this leads
to a(list of) feasibledomain(s)(i.e., intervals)for eachbranchof theintersectioncurve.

By composing(16) with y we obtain the two branchesk1(s) and k2(s) of the
intersectioncurveI ,

k1;2(s) = y(r1;2(s); s) =
1

a(s)2 h(s) �

√

d(s)
a(s)

l(s) + d(s)m(s) (17)

wherethecomponentsof h(s), l(s) andm(s) arepolynomialsof degree6, 4, and2,
respectively.

Restriction to the region of interest. Sincethe region of interestis locatedbetween
theplanes� 1(x; y; z) and� 2(x; y; z), thetwo inequalities

� 1(x; y; z) � 0 and � 2(x; y; z) � 0 (18)

haveto besatis�ed.By intersectingeachboundingplanewith thesecondBéziersurface
y(r; s) in a similarway asdescribedfor � (u0)(x; y; z), weobtain

k� 1 (s) := � 1(y(r (s); s)) � 0 and k� 2 (s) := � 2(y(r (s); s)) � 0 (19)

This leadsto additionalconstraintsfor thefeasiblevaluesof theparameters. For each
branchof the intersectioncurve we createthe (list of) feasibledomain(s)and store
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it. The boundsof the intervals canbe computedby solving threesystemsof two bi-
quadraticequationsor ± equivalently ± by solving a systemof threepolynomialsof
degree8, which areobtainedaftereliminatingtheparameterr . Here,we representthe
polynomialsin Bernstein±B́ezier form andusea Bézier±clipping±typetechniquesee
[14,24,25,27], appliedto �oating pointnumbers.

Example 2. For a parameterline u = u0 of two biquadraticBézier surfacepatches
x(u; v) andy(r; s), Fig. 4, right, shows thers±parameterdomainof thesecondpatch.
Only the�rst branchr 1(s) of theintersectioncurve is present.Thebounds0 � r � 1
do not imposeadditionalboundson s in this case.However, the intersectionwith the
boundingplanes� 1 and� 2 producestwo additionalcurves,whichhaveto beintersected
with thecurves = r 1(s), leadingto two boundss0 ands1 of thefeasibledomain.

Intersection of the cylinder and the intersection curves. Wesubstitutetheparametric
representationof the intersectioncurve into the implicit equation(14) of the cylinder
andobtain

� (u0)(s) = p1(s) + p2(s)
√

d(s) + p3(s)
(√

d(s)
)2

+

+ p4(s)
(√

d(s)
)3

+ p5(s)
(√

d(s)
)4

= 0 (20)

wherethepolynomialspj (s) areof degree12.In orderto eliminatethesquareroot,we
usethefollowing trick. We split � (s;d(s)) = A � B , whereA andB containall even
andodd powersof

p
d, respectively. The equationA � B = 0 is thenreplacedwith

A2 � d(s) � (B �
√

d(s))2 = 0. This leadsto apolynomialof degree24 in onevariable.
After factoringoutthediscriminant,weobtainapolynomialof degree16in s. Notethat
this agreeswith thetheoreticalnumberof intersectionsof a biquadraticsurface,which
hasalgebraicorder8, with aquadraticcurve.

Finally, we solve this polynomialwithin all thefeasibleintervalsof s, which were
detectedin the previous steps.Until this point we usedsymboliccomputations.Now
± after generatingthe Bernstein±B́ezier representation± we changeto �oating-point
numbersandusea Bézier±clipping±typemethodto �nd all rootswithin the feasible
domain(s).Theserootscorrespondto intersectionpointsof the parameterline of the
�rst patchwith thesecondpatch.

5.2 Global structure of the intersection curve

For eachvalueu = u0, theparameterline x(u0; v) hasacertainnumberof intersection
pointswith thesecondpatch.If u0 variescontinuously, thenthenumberof intersection
pointsmaychangeonly if

(1) oneof the intersectionpoints is at the boundaryof oneof the patches(boundary
points)or

(2) theparameterline of the�rst patchtouchesthesecondpatch(turningpoints).
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The algorithmfor analyzingtheglobal structureof the intersectioncurve proceedsin
two steps:First we detectthosevaluesof u0 wherethe numberof intersectionpoints
changes,andorderthem.This leadsto a sequenceof critical u0± values,

0 = u(0)
0 < u(1)

0 < : : : < 1 = u(K )
0 : (21)

In the secondstep,we analyzethe intersectionof the parameterlines u0 = (u( i )
0 +

u( i +1)
0 )=2 with thesecondpatch.Sincethenumberof intersectionpointsbetweenany

two critical valuesremainsconstant,wecannow eithertracethesegmentusingconven-
tional techniquesfor tracingsurface±surfaceintersections(see[20]) or generatemore
pointsby analyzingmoreintersectionswith parameterlines.

In theremainderof thissectionweaddressthecomputationof thecritical u0 values.

Boundary points. Suchpointscorrespondto intersectionsof the boundaryparameter
linesof onesurfacewith theotherone.In orderto computethem,we apply thealgo-
rithm for intersectingparameterlines with a biquadraticpatchto the 2 � 4 boundary
parameterlinesof thetwo surfaces.

Turning points. Weconsidertheturningpointsof x(u; v) in respectto u. Letyr andys

denotethepartialderivativesof y(r; s). Severalpossibilitiesfor computingtheturning
pointsexist.

1. Thetwo surfacesx(u0; v) andy(r; s) intersect,x(u0; v) = y(r; s), andthetangent
vectorof theparameterline lies in thetangentplaneof thesecondpatch,

xu � (yr � ys) = 0: (22)

Theseconditionsleadto asystemof four polynomialequationsfor four unknowns,
whichhasto besolvedfor u.

2. By usingthepreviousgeometricresult,wemayeliminatethevariablev, asfollows.
First, theplanespannedby theparameterline hasto containthepointy(r; s),

� (u0)(y(r; s)) = 0; (23)

whichgivesanequationof degree(6; 2; 2) in (u0; r ; s). Second,thecylinderhasto
containthepoint,

� (u0)(y(r; s)) = 0; (24)

which leadsto an equationof degree(16; 4; 4). Finally, the tangentvectorof the
parameterline hasto becontainedin thetangentplaneof thesecondpatch.Since
the tangentof theparameterline is parallelto thecrossproductof thegradientof
theplaneandthegradientof thecylinder, thethird conditiongivesanequationof
degree(18; 5; 5),

det [yr ; ys ; r � (u0)(y(r; s)) � r � (u0)(y(r; s))] = 0: (25)

For solvingeitherof thesetwo systemsof polynomialequations,weuseagainaBézier±
clipping±typealgorithm[14,24,27].
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6 Self-intersections of biquadratic surface patches

In orderto detecttheself±intersectioncurvesof any of thetwo patches,themethodsfor
surface±surfaceintersectionshave to bemodi�ed.

6.1 Resultant-based method

In theparameterdomain[0; 1]4, theself-intersectioncurve of the �rst patchformsthe
set

{
(u1; v1; u2; v2) 2 [0; 1]4 j (u1; v1) 6= (u2; v2) andx(u1; v1) = x(u2; v2)

}
: (26)

This locusis thereal traceof a complex curve.We assumethat it is eitheremptyor of
dimension0 or 1.Wedonotconsiderdegeneratecases,suchasaplanewhichis covered
twice. In theexamplespresentedbelow (seeSection7), theself±intersectionlocusis a
curve in R4.

We usethefollowing changeof coordinatesto discardtheunwantedtrivial compo-
nent(u1; v1) = (u2; v2). Let (u2; v1) beapair of parametersin [0; 1]2, (l ; k) 2 R2 and
let u1 = u2 + l , v2 = v1 + lk. If we supposethatwe have (u1; v1) 6= (u2; v2), then
l 6= 0. Hencex(u1; v1) = x(u2; v2) if andonly if x(u2 + l ; v1) = x(u2; v1 + lk). We
supposenow that(u2; v1; l ; k) veri�es this lastrelation.

Let T̃(u2; v1; l ; k) bethepolynomial 1
l [x(u2 + l ; v1) � x(u2; v2 + lk)], its degree

in (u2; v1; l ; k) is (2; 2; 1; 2) andthemonomialsupportwith respectto (l ; k) contains
only k2l ; k; l and1. We candecreasethedegreeby introducing

T (u2; v1; m; k) = mT̃(u2; v1;
1

m
; k): (27)

Thenin T (u2; v1; m; k), themonomialsupportin (m; k) consistsonly of 1; m; k2 and
km. So,we canwrite T in amatrix form:

T (u2; v1; m; k) =





a1(u2; v1) b1(u2; v1) c1(u2; v1) d1(u2; v1)
a2(u2; v1) b2(u2; v1) c2(u2; v1) d2(u2; v1)
a3(u2; v1) b3(u2; v1) c3(u2; v1) d3(u2; v1)











1
m
k2

km







(28)

By Cramer's rule,we get

m =
D2

D1
; k2 =

D3

D1
; and km =

D4

D1
(29)

with

D1 =

∣
∣
∣
∣
∣
∣

b1 c1 d1

b2 c2 d2

b3 c3 d3

∣
∣
∣
∣
∣
∣

; D2 =

∣
∣
∣
∣
∣
∣

� a1 c1 d1

� a2 c2 d2

� a3 c3 d3

∣
∣
∣
∣
∣
∣

; D3 =

∣
∣
∣
∣
∣
∣

b1 � a1 d1

b2 � a2 d2

b3 � a3 d3

∣
∣
∣
∣
∣
∣

; D4 =

∣
∣
∣
∣
∣
∣

b1 c1 � a1

b2 c2 � a2

b3 c3 � a3

∣
∣
∣
∣
∣
∣

:

Let Q(u2; v1) bethepolynomialQ = D 2
4D1 � D 2

2D3.
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Fig. 5. A self-intersection of a surface with a cuspidal point

Lemma 3. The implicitly defined curve
{
(u2; v1) 2 [0; 1]2 j Q(u2; v1) = 0

}
is the pro-

jection of the self-intersection locus (given by the set (26) but in C4) into the parameters
domain (u2; v1) 2 [0; 1]2.

Proof. Q(u2; v1) = 0 is theonly algebraicrelation(of minimaldegree)betweenu2 and
v1 suchthat8(u2; v1) 2 [0; 1]2; Q(u2; v1) = 0 ) 9(m; k) 2 � 2; T (u2; v1; m; k) = 0.

This lemmaprovidesa methodto computetheself-intersectionlocus,we just have
to tracethe implicit curve Q(u2; v1) = 0 andfor every point (u2; v1) on this curve,
weobtainby continuationthecorrespondingpoint (u1; v2) 2 [0; 1]2 if it exists(seethe
resultsonFig. 9). Soit suf�ces to characterizetheboundsof thesesegmentsof curves.

6.2 Parameter-line-based method

For computingthe self-intersectioncurves,we usethe samealgorithm as described
in Section5. We intersectthesurfacex(u0; v) with itself x(r; s). In this case,boththe
”plane” equation(23)andthe”cylinder” equation(24)containthelinearfactor(r � u0),
which hasto befactoredout.Thecomputationof turningpointsasin section5.2 leads
usto two differenttypes:theusualonesandcuspidalpoints(seeFig. 5).

7 Examples

The threemethodspresentedin this paper(usingresultants,via approximateimplici-
tization,andby analyzingthe intersectionswith parameterlines) work well for most
standardsituationsusuallyencounteredin practice.We have testedabouttwo dozens
examples.In this section,we presentthreerepresentatives.
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Fig. 6. First example. Left and center: Result of the resultant method after and before eliminating
phantom branches. Right: result of the approach using approximate implicitization.

PSfrag replacements
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PSfrag replacements
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Fig. 7. First example. The intersection curves in the parameter domains of both surface patches,
generated by the parameter–line based technique. Boundary points and turning points have been
marked by grey circles.

7.1 First example

We considertwo biquadraticsurfaceswith an openand a closedcomponentof the
intersectioncurve.Thetwo surfaceshave thecontrolpoints






(
1
7 ; 0; 3

5

) (
3
5 ; 1

5 ; 3
4

) (
1; 0; 7

10

)

(
3
8 ; 4

9 ; 2
3

) (
2
3 ; 3

4 ; 1
3

) (
6
7 ; 3

8 ; 5
7

)

(
1
5 ; 6

7 ; 4
7

) (
3
4 ; 7

8 ; 3
4

) (
7
8 ; 7

9 ; 5
8

)






︸ ︷︷ ︸

x(u;v )

and






(
2
7 ; 1

7 ; 2
5

) (
3
5 ; 1

10 ; 2
3

) (
1; 0; 4

5

)

(
3
8 ; 4

9 ; 2
3

) (
1
3 ; 1

2 ; 1
) (

5
7 ; 3

8 ; 2
7

)

(
1
5 ; 6

7 ; 3
7

) (
3
4 ; 7

8 ; 5
8

) (
7
8 ; 4

7 ; 1
2

)






︸ ︷︷ ︸

y( r ;s)

:

By usingtheresultant method, aphantomcomponentappears(seeFig.6,center).It can
becutoff asdescribedin Section3.2(seeFig. 6, left).

Similarto theresultantmethod,theapproximate implicitization producesaphantom
component(seeFig. 6, right). However, whenwe cut it off, we obtainonly very few
certi�ed pointson theintersectionlocusasdescribedin section4.3.

Theparameter-line-based approach �nds both two partsof the intersectioncurve,
but no phantomcomponents.Onesegmentis closedandhastwo turning pointswith
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respectto eachparameteru, v, r ands. The othersegmenthastwo boundarypoints
u = 0 ands = 1 andalsopossessesa turningpoint with respectto v andanotherone
with respectto r (seeFig. 7).

7.2 Second example

Thecontrolpointsof thetwo biquadraticsurfaces

x(u; v) �






(
501
775 ; 388

775 ; 588
775

) (
347
775 ; 276

775 ; 479
775

) (
309
775 ; 604

775 ; 498
775

)

(
553
775 ; 454

775 ; 293
775

) (
336
775 ; 382

775 ; 469
775

) (
1; 426

775 ; 137
775

)

(
337
775 ; 308

775 ; 258
775

) (
517
775 ; 0; 367

775

) (
533
775 ; 492

775 ; 564
775

)






and

y(r; s) �






(
492
775 ; 67

155 ; 522
775

) (
543
775 ; 322

775 ; 117
775

) (
346
775 ; 13

155 ; 4
5

)

(
113
155 ; 392

775 ; 58
155

) (
632
775 ; 469

775 ; 413
775

) (
307
775 ; 514

775 ; 564
775

)

(
602
775 ; 129

775 ; 274
775

) (
669
775 ; 692

775 ; 53
155

) (
488
775 ; 219

775 ; 412
775

)






weregeneratedby usinga pseudo±randomnumbergenerator.
The resultant–based technique leadsto several phantomcomponents(seeFig. 8,

center),whichcanbecutoff asdescribedpreviously (seeFig. 8, left).
The combineduseof subdivision and approximate implicitization produceseven

morephantomcomponents(seeFig. 8, right). This is dueto the fact that thesubdivi-
siongeneratesmoreimplicitly de�nedsurfaces.Eventuallyweobtainsuf�ciently many
pointsto draw thecorrectintersectioncurves.

Wealsocomputedtheself-intersectioncurve(seeFig.9)with thehelpof themethod
describedin Section6.1.

When using the parameter–line based approach, this exampledoesnot lead to
any dif�culties. The intersectioncurve consistsof threesegments(seeFig. 10). The
�rst Béziersurfacepatchx(u; v) hasoneself-intersectioncurve,while thesecondone
y(r; s) intersectsitself threetimesandhastwo cuspidalpoints.

7.3 Third example

Thetwo biquadraticsurfacepatcheswith thecontrolpoints





(
0; 1

7 ; 4
5

) (
3
5 ; 1

13 ; 1
3

) (
1; 0; 4

5

)

(
1
8 ; 4

9 ; 11
40

) (
1
3 ; 34

65 ; 3
4

) (
6
7 ; 3

8 ; � 16
35

)

(
1
5 ; 6

7 ; 4
5

) (
3
4 ; 443

520 ; 3
8

) (
7
8 ; 1; 14

15

)






︸ ︷︷ ︸

x(u;v )

and






(
0; 1

7 ; 1
5

) (
3
5 ; 1

10 ; 1
3

) (
1; 0; 1

5

)

(
1
8 ; 4

9 ; 7
8

) (
1
3 ; 1

2 ; 3
4

) (
6
7 ; 3

8 ; 1
7

)

(
1
5 ; 6

7 ; 1
5

) (
3
4 ; 7

8 ; 3
8

) (
7
8 ; 1; 1

3

)






︸ ︷︷ ︸

y( r ;s)

toucheachotheralongaparameterline.
Theresultant-based approach leadsto animplicitly de�ned curve which describes

the intersection.Dueto thespecialsituation,it containsthesquareof this equation.A
direct tracingof the curve is dif�cult, sincethe useof a standardpredictor/corrector
methodis numericallyunstable.However, onemay factorizethe equation,andapply
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Fig. 8. Second example: Left and center: result of the resultant method after and before eliminat-
ing phantom branches. Right: result obtained by using approximate implicitization.

Fig. 9. Second example: Self intersections, computed with the method described in Section 6.1.

PSfrag replacements

u

v x (u, v)

PSfrag replacements

r

s y (r, s)

Fig. 10. Second example: Intersection (solid, black) and self–intersection (dashed, grey) curves in
the parameter domains of both surface patches, generated by the parameter–line based technique.
Boundary points and turning points have been marked by grey circles.
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thetracingto theindividual factorswithout probems.This leadsto thecurve shown in
Fig. 11, left.

The techniqueof approximate implicitization is not well suitedto deal with this
veryspeci�c situation:theapproximationproduceseitheranemptyintersectionor two
curveswhicharecloseto eachother(seeFig. 11,right).

Fig. 11. Third example. Left: Result of the resultant method and of the parameter–line based
approach. Right: result of the use of approximate implicitization.

The parameter-line-based approach �nds two boundarypointsand it produces±
for eachvalueof u = u0 ± thecorrectintersectionpoint of theparameterline with the
otherpatch.Theconvergenceof theBézierclippingslows down to a linearrate,dueto
thepresenceof adoubleroot.Also, it is dif�cult to tracetheintersectioncurveby using
ageometricpredictor/correctortechnique.Instead,wecomputedtheintersectionpoints
for many valuesof u0 andarrivedat a resultwhich is verysimilar to Fig. 11, left.

8 Conclusion

We presentedthreedifferentalgorithmsfor computingthe intersectionandself-inter-
sectioncurvesof two biquadraticBéziersurfacepatches.We implementedthemethods
andappliedthemto many testcases.Threeof themhavebeenpresentedin this paper.

Theresultant–based technique wasableto dealwith all testcases.It mayproduce
additional`phantom'branches,whichhave to beeliminatedby carefullyanalyzingthe
resultof theelimination.As anadvantage,onemay± in thecaseof two surfacepatches
thattoucheachother± factorizetheimplicit equationof theintersectioncurve,in order
to obtainastablerepresentation,whichcanthenbetracedrobustly.

After experimentingwith approximate implicitization we arrivedat theconclusion
thatthis methodis not to berecommendedfor biquadraticpatches.On theonehand,it
is not suitedfor avoiding problemswith phantombranches.On theotherhand,theuse
of anapproximatetechniqueintroducesinaccuracies,which maycauseproblemswith
singularandalmostsingularsituations.We feel thatthis pricefor usinga lower degree
implicit representationis toohigh.
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Theparameter–line based approach addssomegeometricinterpretationsto thepro-
cessof eliminatingvariablesfrom theproblem.As anadvantage,it is possibleto cor-
rectlyestablishtheregion(s)of interest.This avoidsproblemswith unwantedbranches
of the (self±) intersectioncurves.In the caseof two touchingsurfaces,usingthis ap-
proachbecomesmoreexpensive,sincestandardtechniquesfor tracingtheintersection
cannotbeapplied.
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