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Abstract

In the present paper we prove that the polynomial quadratic triangular Bezier sur-
faces are LN-surfaces. We demonstrate how to reparametegzhe surfaces such that
the normals obtain linear coordinate functions. The close elation to quadratic Cre-
mona transformations is elucidated. These reparameterizions can be e ectively
used for the computation of convolution surfaces.

Keywords: Quadratic Bezier triangle, LN-surface, reparameterizabn, Cremona transfor-
mation, convolution surface.

1 Introduction

Quadratic triangular Bezier surfaces are a well exploredraa, and many textbooks on
CAGD, e.g. [6, 8] are covering this topic. Thus one may wonderhat else can be said
about them? Surprisingly, in connection with the computatn of convolution surfaces
it has been proved recently in [12] that the convolution suaices of quadratic triangular
Bezier surfaces and any arbitrary rational surface are alays rational. This result is quite
surprising, since the rationality condition for the convaltion surfaces is rather strong.
One direct consequence is that the o set surfaces of quadi@atriangular Bezier surfaces
are rational surfaces. Unfortunately [12] does not discleshe geometric properties being
responsible for the rationality of the convolution surface

Earlier it has been proved in [23] that the convolution surfee of an LN-surface and an
arbitrary rational surface is always rational. LN-surface have been introduced in [9] and
denote a special class of surfaces whose normal vectors admiinear parameterization
depending on the surface parameters.

The main contribution of this article is to prove that quadratic triangular Bezier surfaces
are LN-surfaces This brings the result of [12] in connection to what has beeproved
in [23]. This property is not immediately seen from the starakd parameterization, but
geometric considerations concerning the structure of tharhily of their tangent planes
lead to reparameterizations proving this fact. These spetiparameterizations simplify the
computation of convolution surfaces.

The notion of convolution surface appears in computer grapis and geometric modeling
[3, 17, 26] but also in connection with rational surfaces [134, 16]. In addition, there is
a close relation to Minkowski sums of surfaces. In order to @d misunderstandings we
de ne the convolution surface of two surfaceE and G in Euclidean three-spaceR® as

F?G=1ff+gjf2F;g2 G;neg kngg; (2)

where f(u;v) and g(s;t) are the respective parameterizations anehg and ng are the
respective normal vectors of and g. Geometrically speaking one forms the surh+ g



of vectors for those points whose normal vectors are pardlleConsidering G as family

of translations, the convolution surfacd= ? G is the envelope of under the translations
de ned by vectors g. In general we cannot expect thaF and G are parameterized in a
way that their normal vectorsng = f,;, f, andng = g, g, are parallel. Typically it is

necessary to reparameterize one of the input surfaces, ay

Assume thatf(u; v) and g(s; t) are rational parameterizations. The question arises in vith
cases the convolution surfac& ? G again admits a rational parameterization. It turned
out in [18] and [23] thatF ? G is rationally parameterized ifF is a paraboloid or more
general an LN-surface and is any rational surface. Earlier it was shown in [16] that two
rational skew ruled surfaces= and G always yield a rational convolution surface~ ? G.
These results already indicate that the rationality of the onvolution surface is in close
relation to the structure of the families of tangent planes foF and G.

This topic is related to the question which rational surface possesgational o set surfaces.
Surfaces with rational o sets are calledPN-surfacesand their unit normal vectors are a
rational parameterization of the Euclidean unit spheré&?. An explicit construction of these
surfaces has been given in [20] and several surprising exéspre given in [19]. Rational
o sets of LN-surfaces are discussed in [10]. An approach mgiclassical geometries for
NURBS curves and surfaces is presented in [21].

The paper is organized as follows: Section 2 explains somermgetric properties of LN-
surfaces, quadratic triangular Bezier surfaces, the Verese surfacé/? and its projections.
In Section 3 we discuss the dual representation of quadratidangular Bezier surfaces
and the computation of base points is explained too. After @it planar quadratic Cremona
transformations follow in Section 4, which are the key to theeparameterization. In Section
5 we give a proof of the LN-property of quadratic triangular &zier surfaces. A synthetic
proof of this property can already be found in Section 2.4. 8&on 6 contains examples of
the reparameterization and of the convolution surface of wquadratic triangular Bezier
surfaces. Finally we conclude in Section 8.

2 Geometric background

Points in R® are represented by their coordinate vectors = (x;y;z). The projective
closure of R® is denoted by P® and points in P® are identi ed with their homogeneous
coordinate vectors

XR = (Xo; X1;X2; X3)R = (Xp : X1 : X5 : X3); with x 6 o:
Choosing the plane at innity ! asxo = 0, the interchange between homogeneous and
Cartesian coordinates for points irR? is realized by
Xl, XZ, X3.

x= 2t oy=2% 2= )

Xo’ Xo’ Xol



Similarly we use (1;v) as a ne coordinates in the parameter planeR? and (ug : U1 : Uy)
as homogeneous coordinates in the projective closuPé of R?. The analogous relation
between a ne and homogeneous parameters reads

u= —; v= —=: 3)

Moreover, we have to consider the dual projective spad®?, whose points are identi ed
with the family of planes inP3. Let ey + e;x + ey + €32 = 0 be the equation of a planeE.
The homogeneous coordinate vectéte = R(ep; €1; &; €) is identi ed with E. If especially
E: h+ux+ vy+ z =0is given as graph of a linear function, we may use tha ne
coordinates(h; u;v) of E too.

2.1 LN-surfaces

A rational surface S is called anLN-surface if there exists arational parameterization
s(u; v) such that a normal vector eld n(u;v) of S can be linearly parameterized as

n(u;v) = pu+ qv+ r; 4)

wherep, g, and r are vectors inR3. Depending on the rank oM := (p;q;r) we have to
distinguish the following cases: Itk M =1, S is a part of a plane and ifrk M = 2 the
unit normals no = n=knk of S are contained in a great circle on the Euclidean unit sphere
S?, This implies that S is contained in a cylinder.

In the following we assumak M = 3. This implies that the unit normal vectors of S pa-
rameterize a two-dimensional subset &2. A suitable change of parameters or equivalently
the appropriate choice of a coordinate system in the paranetplane yields

p=(1;0,0"; g=(0;30)"; r=(0;01);

and the normal vector simplies ton(u;Vv) = (u;v;1)". Thus the tangent planesT (u; V)
of an LN-surface allow the quite simple representation

T(u;v): h(u;v)+ ux+vy+ z=0; (5)

where h(u; v) is a rational function (support function of T). With respect to the chosen
coordinate system, the tangent plane$ (u; v) are graphs of linear functions over thex} y]-
plane. The representation (5) allows to treat(; v; h(u; v)) as a ne coordinates of T. Using
(U; V; W) as coordinate functions of planes, thelual a ne equation of an LN-surfaceS is
W = h(U;V). This representation says that LN-surfaces are graphs o&tronal functions
in an a ne part of dual projective space P*’.

Assume that S is of classn, i.e. the number of tangent planes of5 passing through a
generic line isn. Then the numerator a and denominatorb of h are polynomials of degree



nandn m, with m 1, respectively. We change from a ne coordinatedJ; V; W to
homogeneous coordinate¥y; Y1; Y2; Y3 by letting U = Yi=Y3, V = Yo=Y;, W = Yp=Ys.
Inserting this into W = h(U;V) = a(U; V)=U; V) and multiplying with Y3' leads to the
homogeneous polynomial equation

S YoYs" P h(Yi;Yo;Ya) a(Yy; Yz Y3) =0: (6)

One might call (6) the dual equationof S. Consider the polynomial in (6) sorted with
respect to powers ofYy. All n  2-th partial derivatives with respect to Yy;:::; Y3 are
vanishing at (1; 0; 0; 0). This says that the plane at in nity ! = R(1;0; 0; 0) with equation
Xo=0isann 1-fold plane ofS.

This property has the following important consequence: Famny vectorn = (u;v;1)" there
exists a unique tangent pland (u; v) of S having n as normal vector and there exists exactly
one point of contact ofS and T. In other words: for any planeE : z = ax+ by+cin R3there
exists exactly one tangent planél of S with E k T and a unique point of contact. This
unigue-tangent-plane-propertys the reason for therationality of the convolution surfaces
with any arbitrary rational surface which has been proved if23]. We say that a surfaces
satis es the LN-property (4) if the tangent planesT (u; v) of S admit a representation (5).

We summarize these results:

Lemma 1 The family of tangent planesT (u;v) of an LN-surface S can be represented
in plane coordinates by the grapliu;v;h(u;v)) of a rational function h. The plane at
in nity is an n 1-fold tangent plane ofS and this property (6) characterizes LN-surfaces.
Conversely, the graph of a rational function represents thtangent planes(5) of an LN-
surface. The convolution surface$ ? F of an LN-surface S and any arbitrary rational
surfaceF are rational.

A particular parametric representations(u; v) of a surfaceS may not show the LN-property
directly. An appropriate reparameterization may be neceasy. Admissible reparameteri-
zations are so calledCremona transformationswhich will be explained in Section 4.

2.2 Quadratic triangular Bezier surfaces

Let u = (ug : Uy : Uy) be homogeneous coordinates in the projective plafé. A surfaceQ
in projective 3-spaceP® admitting a parameterization of the form

q(u)R = (p(u);: 5 as(W)R; (7)

whereq (u) are homogeneous quadratic polynomials, is callecjaadratically parameterize-
able surface These so-calledteiner surfacesform a remarkable class of rational surfaces
of order four and class threewhich have attracted the interest of mathematicians in the
past [11, 15, 27, 28, 29, 30] and also nowadays [1, 2, 4, 5, &, 2



By letting gp(u) = u3 one obtains the family of polynomial quadratically paramedrizeable
surfaces. Dividinga; ; & by ¢ and changing from homogeneous parametens(: u; : uy)
to a ne coordinates (u;V) by (2), the representation (7) becomes the familiar paraner-
ization

1 1
s(u;v) = éau2+ buv + écv2+ du+ ev+ f: (8)

The vectorsa, b, c, d, e, and f in R® comprise the coe cients of the polynomialsg. In
general these surfaces contain a two-parameter family ofrpolas (curves of degree two)
corresponding to the lines in they; v]-plane. An example of this kind of surface can be
seen in Fig. 1.

Figure 1: Quadratically parameterized Steiner surface witthree double lines concurrent
in the triple point and conics touching at the pinch points.

These surfaces are frequently callequadratic Bezier triangles and admit quadratic pa-
rameterizations in terms of barycentric coordinates withespect to a triangle in the a ne
parameter planeR? [8].

2.3 Veronese variety

The surfaces (8) can be parameterized over the a ne plane asilas over the projective
plane. For the moment letS be parameterized over the projective plane with coordinase
(Up : uyg : Up). We consider thequadratic mapping

(Up : Ug:Up) 2 P?7! (U3:Upuy : UgUy : U3 UgUy @ Ug) 2 PP, 9)



called Veronese mapping The right hand side of (9) is a parameterization of th&/eronese
variety V.2, see [2, 24]. It is an embedding of the projective plar® as a regular surface
in P°. It is immediately seen that the lines ofP?> are mapped to the two-parameter family
of conics onV,2. Any two di erent conics in V.2 intersect in exactly one point just like any
two di erent lines in P2 do. As shown in [1, 5], all quadratically parameterizeableugfaces
(7) are obtained as projections of the Veronese surfavg.

2.4 Projections of the Veronese variety

We restrict ourselves to the polynomial case (8). In order texplain how to obtain the
parameterization s(u; v) as projection of V.2, we homogenize (8) according to (2). This

results in the parameterizations(ug; u;; uy). The projection : P° ! P3 which yields
(V2 = Sis realized by
n 2 # #
uz 100000 _, , .
= US; UoU1; UgUy; UZ; UgUo; us]™; 10
S(UO;U]_;Uz) fdeaboc [0 oY1, Uol2, Uy, U1z 2] ( )

wherea;:::;f;s2 R3 are column vectors. The surfaces (10) carry a two-paramet&amily
of conics. Some of these surfacds € (0;0; 0)) can be generated by translating parabolas
along each other [28], others only allow more complicatednematic generations [29].

Let! : X, =0 be the plane at in nity in the projective extension P® of R® and letc= S\ !
be the curve at in nity of S. From the projection (10) it follows that cis obtained byug = 0.
This implies that c is a double curve parameterized by

(au? + 2buyu, + CU9)R 2 I:

Here (u; : u,) is considered as homogeneous parameter on For linearly independent
vectorsa, b, and c one obtains conics, otherwise is degenerate.

This proves again that! is a tangent plane of multiplicity two. Since triangular qualratic
Bezier surfaces are of class three, thdual equationof S looks like (6). The geometric
meaning is the following: Letg 2 P® be a line in general position toS. Algebraically
counting, there exist three tangent planes of passing throughg. Thus for any line
h 2 ! in general position there is exactly one tangent plan& 6 ! passing throughh.
These synthetic geometric considerations already provedhN-property of the triangular
quadratic Bezier surfaces.

Corollary 2 Quadratic triangular Bezier surfaces are LN-surfaces.

Although these ideas do not lead immediately to LN-parametzations, their existence
is shown. We will present a more constructive proof of the LIigroperty of triangular
guadratic Bezier surfaces. Therefore we investigate theonmal vectors associated to the
parameterization (8) and show explicitly that there exist eparameterizations ofS in order
to obtain linearly parameterized normal vectors.



3 Dual representation of triangular quadratic Bezier
surfaces

To prove the LN-property of a triangular quadratic Bezier surface S we have to investigate
the structure of the family of tangent planes. Using the a ne parameterization (8) the
partial derivatives of s with respect tou and v are

Su(u;v)=au+ bv+d; s,(u;v)=bu+ cv+ e (12)
The tangent planesT (u;v) of S are given by
T(uv): (X s(uv)T (su sy)(u;v)=0; (12)

with support function h = def(s;s.,;sy) and normal vectors,, s,. The partial deriva-
tives s, and s, de ne ane mappings in the [u;v]-plane. These mappings can be ex-
tended to projective mappingsp;q: P> ! P?. De ning the matrices P := (d;a;b) and
Q :=(e;b;c), the projective mappings read

p: uR7! (Pu)R; g: uR7! (Qu)R; with u = (up;us;uy): (13)

Let u’R be a point in P2, If rk (Pu?;Qu?) = 1, then n(u?) = (0;0;0)" and t(u?) =
(0;0; 0; 0) holds. Thus we say that the parameterizatiori (u) of the tangent planesT (or
the parameterizationn(u) of the normal vector) has abase pointat u’R if and only if the
vectorsPu and Qu are linearly dependent.

Excluding planar and cylindrical surfacesS we can assume that the matrice® and Q
from (13) are not scalar multiples of each other and thatk P 2 as well asrk Q 2.
Base points allow degree reductions of parameterizationghus it is the key point of the
reparameterization to detect the base pointa’R of the parameterizationt (u) of the family
of tangent planes.

3.1 Computation of the base points

Let S be a triangular quadratic Bezier surface parameterized by8) and let p and g be
the projective mappings de ned by (13). The computation of he base points of the dual
parameterization distinguishes between the following cas, depending on the ranks of the
matrices P and Q.

rk P=3 and rk Q=3 : If both mappings p and q are regular, the xed points ofq !p
are the base points of the parameterization. Their homogemes coordinates are the
eigenvectors of the matrixQ P. We obtain either three di erent real base points,
or one real base point together with a pair of conjugate congt base points, or two
real base points, or one real base point.



Y1 Y-
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Figure 2: Construction of base points: the cas&k P = 2, rk Q = 3 (left); the case
rk P = rk Q = 2 (right).

rk P =2 and rk Q =3 : Obviously the point A = aR with a = kerP is a base point.

Let a be the line de ned byimp  P? and let further be q 1(a) its pre-image with
respect tog. The restriction of qto q (a) is a projective mapping and there is either
one point X, or there are two (real or a pair of conjugate complex) pointX, and
X, both contained inq *(a) with p(X;) = g(X;) = Vi, see Fig. 2.

Note that g (a) may pass throughA. Finally we obtain either three real base
points, or one real base point, or a pair of conjugate compldase points, two real
base points, or one real base point.

If rk P =3 and rk Q = 2 we interchangeu and v in the parameterization ofs and
obtain the situation rk P =2 and rk Q = 3.

rk P =2, rkQ=2 : The points A and B determined byker P and ker Q respectively, are

4

base points. Leta and b be lines de ned byim p andim g and let further D = a\ b,
see Fig. 2. There exist ber linesx = p (D) andy =g }(D)and C = x\ yis a
base point of the construction. Sinc&€ = A or C = B is possible and eveiA = B
might happen we obtain three, two or one real base points.

Quadratic Cremona transformations

In order to reparameterize the family of tangent planes we stly quadratic Cremona trans-
formations in the projective planeP?. Assumeu = (Up : U; : Uy) are homogeneous coor-
dinates of pointsU in the projective planeP?. A mapping' : P?>! P2 with U 7! V
is called a quadraticCremona transformation if the homogeneous coordinategR of the



image pointsV can be expressed in the form

VR = (p(u) : qu(u) : p(u)) (14)

where ¢ are homogeneous quadratic polynomials and additionally ¢hinverse' 1! is of
the same form. Because of the latter property Cremona trar@imations are often called
birational.

Here we remark thatg cannot be prescribed independently. They have to satisfy rtain
relations in order de ne a birational transformation, see]. It is obvious that g are the
equations of conics ifP2. From the theory of Cremona transformations we know that thee
three conics have to have three points in common. These panare calledfundamental
points of the transformationand de ne their exceptional set. Sometimes it occurs that
two or all three of the base points coincide. This gives ris® ta projective classi cation of
guadratic planar Cremona transformations.

In the following we give a brief overview on certain sets of s, namely pencils and nets, in
the projective plane in order to understand the geometry bétd Cremona transformations.

4.1 Conics

It is well known that a conic k (or more generally speaking: a curve of degree two) can
be de ned as the set of pointsX with homogeneous coordinate vectorsR = ( Xo; X1; X2)R
satisfying a homogeneous quadratic polynomial equation

k: xTKx =0; (15)

whereK is a symmetric 3 3-matrix with real entries. In order to avoid lengthy discusions
we view those subsets dP? de ned by singular matricesk also as conics and call them
singular. This includes pairs of lines (real ones or a pair of conjugattcomplex ones) or
a single double line, depending on the normal form &f. If rk K = 3 and K is positive
de nite the curve k is empty (in the real projective plane).

4.2 Pencils of conics

Let k and | be two curves of degree two given by the respective equatidis x"Kx =0
and| : x"Lx =0. The curves are assumed to be distinct which is guaranteefdK 6 L .
We call the setP of conics (including singular ones) de ned by the linear colmnation

P: x"(K + L)x=0 (16)

a pencil of conics The pencil P can be spanned by any two di erent conics in it. The
singular conics contained ifP which correspond to the solutions ( : ) of the homogeneous
cubic equationdet{ K + L ) =0 can also serve as base conics.



There are ve types of pencils of conics depending on the numabof common points
and/or common tangents of the conics in the pencil. Note thatve do not care whether an
intersection point of two conics is a real or a complex one.

Figure 3: Pencils of conics 1: rst, second, and third kind.

Four common points:  Two conicsk and | and thus all conics in the pencil share the
points A, B, C, and D. These points form a quadrangle by obvious reasons. The
pencil P contains three di erent singular conics, i.e. three pairsfdines (AB;CD),
(AC;BD), (AD;BC), see Fig. 3.

Two points and one line element: 1 Any two di erent conics k and | in P intersect at
the points A, B, and C while touching at A the common tangentT,. This pencil
contains two singular conics: the pairs of linesB(C; To) and (AB; AC ), see Fig. 3.

Two line elements: Any two conics k and | in P share the line elements4; TA) and
(B;Tg), i.e. any two conics ofP touch at A the line T,, analogoulsy atB the line
Tg. The singular conics in this pencil are thalouble lineAB and the pair (Ta; Tg)
of lines, see Fig. 3.

Point and osculating element: Any two conics of the pencil are in contact of order two
at the point A. Thus they share the line elementA; T,) and a further point B 6 A.
The pair (AB; T ) of lines is the only singular conic in the pencil, see Fig. 4.

When viewing A as the intersection of two conick and | in P, it is of multiplicity
three. The conicsk and | are said toosculate each other aA.

Hyperosculating element:  Any two conics in the pencil are in contact of order three at
the line element @; Ta). The only singular conic in the pencil is the double lind,,
see Fig. 4.

1We call the pair consisting of a point P and an incident line L a line elementand denote it by (P;L).



Considered as a point of intersection of any two conics in thipencil, the pointA is
of multiplicity four. Any two conics in the pencil are said tohyperosculate each other
at A.

Ta

Figure 4: Pencils of conics 2: fourth and fth kind

We call a pencil of concis of therst, second, third, fourth, or fth kind according to its
place in our list.

4.3 Nets of conics

By removing one condition (one point) from the determining lements of a pencil of conics
one obtains anet of conics For any quadratic Cremona transformation : P?! P? there
exists anassociated nebof conics. The fundamental set of the net are the base point§'o,
where all the conics of the net are passing through.

Conics through three points: WeletA=(1:0:0),B=(0:1:00andC=(0:0:1)

be the three base points the net of conics. It is spanned by thiree pairs of lines
X1X2 = 0, X2Xp = 0, and Xox; = 0. Thus the general conicc of the net has the
equation X 1Xo+ X Xo+ XXy =0,where ( : : )6 (0:0:0). The Cremona
transformation ' with this fundamental set and its inverse are given by

"o (Xo: Xy X2) 7H(XQ XY i x9) = ( XXz & XoXa © XoX1); (17)
b (xQ o xY i x0) T (Xo i xp i Xa) = (x99 x9xT : x8x9):

The net of conics appearing here is obtained from a pencil & rst kind by removing
one base point.



Conics through one point and one line element: We choose the line elemenA =
(1:0:0)anda: x, =0 and the additional point B =(0: 0: 1). The net is spanned
by the curvesxix, = 0, Xoxz = 0, and x{ = 0. The generic equation of a curve of
the netis X 1Xo+ X 2Xo+ Xx2=0,where ( : : )6(0:0:0). The thus de ned
Cremona transformation and its inverse are given by

(Xo : X1 X2) 70 (X3 : X9 1 X9) = (X1X2 : XoX2 @ X3); (18)
Lo (xQ o x?x9) 71 (Xo i X1 i x2) = (x9%9 : x3xT 1 xB):
The net of conics associated with this type of Cremona trarmimation is obtained
from a pencil of the second kind by removing one base point dirent from the point
of contact.

Osculating element:  Consider the conick : X3 XX, = 0 and the point A =(1:0:0).
The net is formed by all curvesc of degree two osculatingk at A. It is spanned
by k and the pair of lines with equationsx;x, = 0 and x3 = 0. The Cremona
transformation and its inverse are given by

(Xo: X1 :X2) 70 (X5 :x9:xD) = (XaX2 1 X2 XoX2 @ X3); (19)

ol (X xY XD T (X i xg i x2) = (x§ x§xS i x9xT 1 xF):

The associated net of conics is obtained from the pencil ofrses of the fourth kind
by removing the base point di erent from the point of osculaion.

The pencils of thrid an fth kind do not lead to base conics of gadratic Cremona trans-
formations. Removing one base point removes all of them insgof a pencil of fth kind.
It leaves only two base points or a line element in the case ofp&ncil of third kind and
the set of conics through this elements is a three-parametrone.

A Cremona transformation’ maps a lineg in general position to a conic' (g) passing
through the base points. Any conicc in general position is mapped to a rational curve
' (¢) of degree four. The conics of the associated net pass thrboufe base points and are
thus mapped to straight lines. This will help to reparameteare the tangent planes of a
guadratically parameterizeable surface when proving theN-property.

5 Proving the LN-property

Given a quadratic triangular Bezier surfaceS with polynomial parameterization (8) we
show that S satis es the LN-property. This means that the tangent plans T (u; v) admit

a representation (5). The proof is splitted into two parts: A rstlet n = s, Sy
be a normal vector eld ofs. We show that the conicsn;(u;v) = O determined by n's
coordinate functions de ne anet of conics Second we give a practical reparameterization
method which is illustrated at hand of examples in Sec. 6.



Theorem 3 The conicsn;(u;v) =0, i =1;2;3 form a net.

Proof: AssumeS is parameterized bys from (8). The normal vectorn(u;v) reads

n(u;v)=(a b)u+(a cuv+(b c)v?
+(a e+d bu+(b e+d cyv+d e (20)

The coordinate functions ofn de ne conics nj(u;v) = 0 in the [u;v]-plane. We show
that these conics form a net. Consider two conics;(u;v) = 0 and n,(u;v) = 0. The
u-coordinates of their intersection points are the zeros ohé¢ resultant Regni; n,;Vv) of n;
and n, with respect to v. We prove that the resultantsRegn;; n,;Vv), Regn;; ns;v), and
Regn; n3; V) with respect to v share a cubic factomp(u) and thus there are three common
points (algebraically counted) of the conic#; = 0. The resultants are

Regny;nyv) = (bses ez + (1 ascs)u)p(u); (21)
Regny; na;v) = (bher  cdi+ (B ac)u)p(u); (22)
Regni;ns V) = (e dhGy+ (1B axc)u)p(u): (23)

The zeros ofp(u) determine the fundamental set of a net which are the base ps of the

corresponding Cremona transformation. Theli-coordinates of three intersection points of
any pair of the conicsn;i(u;v) are identical. Thus three common points of any pair of
conics are contained in the third and so the conics have thresammon points. Analo-

gously pe could have done this for the-coordinates. The coe cients of the polynomial

p(u) = ;Gu' are listed below.

In addendum we give the coe cients of the cubic polynomiap(u):

c; = def(a;b;c)?;
¢, = det(a;b;c)(2det(b;c;d) det(a;c;e));
c. = def(a;b;c)det(c;d;e)+ det(a;b;e)det(b;c;e) + det(b;c;d)?
+( bhees+ ez zee, ke, Cdies+ czdiey)det(a; b;c)
+cicexdet(a; b;d)  bibszedet(a;c;e) det(a;c;d)det(b;c;e)
+t(bicse, bczer + bzcoer)det(a;bie) + (1 beies + bpercs  bscoer)det(a; c;d)
+H( @018,  AC€; + Cer)det(b;c;d) + (axze;  azlne + asbyey)det(b;c;e);
Co = det(b;c;d)det(c;d;e) det(b;c;e)det(b;d;e)
H(bhee; bee; bee)detb;cid)+( bdse, + bdse + bydiey)det(b;c;e)
t(bce, hycser  bciey)det(b;d;e) + bbsedet(c;d;e):

Theorem 4 The quadratic triangular Bezier surfaces are LN surfaces.



Proof: Assume thatS is given by the parameterization (8). We have to prove that tk
tangent planes ofS admit the representation (5). The partial derivativess, and s,
according to (11) de ne projective mappings and g given by (13). The base points of
the parameterizationn(u; v) of the normal vector eld are uniquely determined byp and q
and computed according to Sec. 3.1. The con guration of thease points de nes the type
of net of conics determined byn;(u;v) = 0.

Depending on the type of net of conics one can perform a coordie transformation in
order to apply the normal form of the appropriate Cremona trasformation from Sec. 4.3
This transforms the net of conics to the two-parameter famjl of straight lines of P2, Thus
the normals of S become linearly parameterized and this completes the proof the LN-

property.

It would have been su cient to prove the LN-property for the ane normal forms given
in [22]. The parameterizations ¢? + vZ;u;v) and (uv;u;V) describe paraboloids, fur-
ther (u?;u;v), (u?v? u), and (u?uv;u) are patches on parabolic cylinders and nally
(u?;v?;uv) is a cone. Since the LN-property of these quadrics is obv®we focus on the
nine remaining surface classes of degree three and four. [l shows the nine types of
a ne normal forms of quadratic triangular Bezier surfacesof degree> 2 according to [22].
We list the parameterization, the type of Cremona transformtion, the a ne form of the
reparameterization, and nally the homogeneous equatiomidual coordinates proving that
these surfaces possess: xo = 0 as tangent plane of multiplicity two, compare Sec. 2.4.
Line three and four of table 1 represent two ruled surfaces ofder three: The Whitney
umbrella, an a ne version of Placker's conoid and the Caylg surface, respectively.

6 Examples

In this section we demonstrate the reparameterization metid at hand of three exam-
ples of the a ne normal forms given in [22] corresponding to icerent types of Cremona
transformations.

1. Let s = (u%v%u+ v)T, which is the the ane normal form 1 from table 1. An
example is shown in Fig. 5. This surface can be obtained by trslating the parabolas
(u;,0;u)™ and (0;v%;v)T along each other. It is one of the surfaces mentioned in [28].
We nd the normal vector n = ( 2v; 2u;4uv)’, or (depending on homogeneous
parameters)n = ( 2UgU,; 2UgUs;4uU.U,)". The associated projective mappingp
and g from (13) are both singular: rk P = rk Q = 2. The corresponding Cremona
transformation is of type 1 and reads

D Up=2udud; up= udud; ux= udul:



Table 1. Ane normal forms, type of Cremona transformation aad dual equation of
guadratic triangular Bezier surfaces.

Parameterization Type | Transformation Dual homogeneous equation
1] f=(u%viu+v) 1 u= 52, v= 5 4YoY1Ys  Y2(Yi+ Y2)=0
2| f=(u%vi+ upv) 2 u= o4, v= 4YoY1Y, Y7 YiYZ=0
3| f=(u?uv;v) 2 u= L v=2% YoYZ + Y.YZ=0
4| f=(u?+ v;uv;u) 3 u= -2, v= 2552 t YoYZ2+ Y2 YiYoY3=0
5|f=(u? vZuv;u) 1 US 2555, V= oois | Yo(YZ+4YE)  YiYZ=0
6| f=(u?v3uv+ u) 2 U= 25, v= = | Yo(dY1iY2 YZ) Y,YZ=0
7| f=(u3viuv+u+v) |1 u= 21 v= 22 | Yo(4YiY, Y+ Y3
Y2(Y1 + Y2) =0
8 | f=(u%v2+ u;uv) 3 u= ;2 v= o [ Yo@dYiY: YA+ YF=0
9|f=(u%vi+uuv v) |2 u= i*it:t v= 52 YodniY, YD) XS
Y2(Y1 + Y) =0

With this reparameterization the normaln changes to (2; ud; ud)" after cancellation
of the factor 4uJulud. In terms of a ne coordinates u and v the Cremona transfor-
mation ' is
1 1
u= —; v= — 24
2s 2t (24)
and yields the a ne parameterization of the normal vectorn = (s;t;1)". Here and in
the following we letu?=ud = s and u3=u = t. This leads to the LN-parameterization
s and the representation ofS's tangent planes by

s+t

(8% 2st(s+ )T T(sit): -

s(s;t) =

= +sx+ty+z=0:
4s2t2 y

So we nd the dual equation of the surfaces as 4Y,Y,Y> Y32(Y1 +Y;)=0.

. Let S be parameterized bys = (u?;v? + u;Vv)", ane normal form 2 from table 1,

which can be obtained by translating the parabolasu?; u;0)" and (0;v?;v)" along
each other, see [28]. An example is shown in Fig. 5. Its normatctor isn =
(1; 2u;4uv)’ and the homogeneous version isif; 2uous;4u;uy)’. The base points
are given byker Q and ker P, respectively. Since there exists no additional base pojnt
the suitable Cremona transformation is of type 2 and reads

D Up= 4udud; up=2uF; u;=2ubul:



Figure 5: Quadratically parameterized surfaces: A ne normal forms 1 and 2.

The normal changes to (9; ud; ud)™ if we remove the dispensable factor L§u;. In
terms of a ne parameters' reads

t 1
U= — v=E o 25
2s 2t (25)
and yields the a ne LN-parameterization s of S and its tangent planesT
3

s(s;t) = (t%:s(s 2t%); 25%)T; T(s;t): St 1

+sx+ty+z=0:
45212 y

The dual equation of the surface reads¥4Y.Y. Y2 Y£Y;=0.

. Let S be parameterized bys = (u?;v?+ u;uv)" (a ne normal form 8). An example
is displayed in Fig. 6. Its normal vector is eithern = (u  2v%, 2u?4uv)’ or
(Uuouy  2u3; 2u?;4uyu,)™. There is only one base point determined bker Q and
the suitable Cremona transformation of type 3 is

"Dup=ul 4udud; up=2u¥ up= udud:
An a ne version of ' is given by
2t? t
U= ——; v= : 26
1 A4st 1 A4st (26)

The LN-parameterization of S and the equation of its tangent planes are

4. 42 . 3T, . STU 1
G TRt test 20T T S

Thus the dual equation ofS readsYo(4Y1Y> YZ) Y3 =0.

s(s;t) = +sx+ty+z=0:



Figure 6: Quadratically parameterized surface: A ne norm&form 8 (left) and the straight-
ening of the parameter lines via the Cremona transformatiofrom Equ. (26) (right).

7 Convolution surface

Finally we compute the convolution surfaceC = F ? G of two quadratically polynomial
parameterized surfaces.

Let F and G be given byf = (u?;v?+ u;Vv)" andg = (st;s?;s+1t)", respectively. First
we reparameterize both surfaces and G such that equal parameters correspond to
parallel normals. With the normalsng = (1; 2u;4uv)” andng = (2s;s t; 2s%)T
of F and G we nd the a ne versions of the Cremona transformations in the [u; v]-
plane and in the F;t]-plane, respectively:

"l u= %; V= %; '"g. S= %; t= ZyXZX:

Inserting the latter equations into the parameterizationsof F and G we obtain

1
f(xy) = W(y“;X(X 2% 2T gxy) = S yxx(y X))
A parameterization c of the convolution surfaceC is thus computed as the sum of
f(x;y) and g(x;y) and thus we have

1

4Xzyz(xy2+4x 8y:x? 2xy3+4y%ay? x? 4xy)':

c(x;y) =



Figure 7: Convolution surface of two Steiner surfaces: (left), G (middle), C = F ? G
(right).

8

Fig. 7 shows the surfaceb and G as well as their convolution surface.

Let F and G be given byf = (2u?;2v%;2(u+ v))T and g = (s%t;t2+ s)T, respec-
tively. First we reparameterize both surface$ and G such that equal parameters
correspond to parallel normals. With the normalsng = ( 8v; 8u;16uv)’ and

ng =( 1, 4st;2s)" of F and G we nd the a ne versions of the Cremona trans-

formations in the [u; v]-plane and in the F;t]-plane, respectively:

C e Lo,y 1
T oy YT o 8T 2 T
Inserting the latter equations into the parameterizationsof F and G we obtain
. — 1 2.2. . . — 1 . . 2 .
f(X,y) - 2X2y2(y X 2xy(X + y))T’ g(X,y) - W(l’ 2Xy,x(xy 2))T

A parameterization c of the convolution surfaceC is thus computed as the sum of
and g as

1

4X2y2(3y2;2x2(1 yixy(xy®  4x  6y)":

c(x;y) =

Fig. 8 shows the surfaceb and G as well as their convolution surface.

Conclusion

We have shown that quadratic triangular Bezier surfacesS satisfy the LN-property: The
normal vectors ofS possess a linear parameterization. Planar Cremona transfmations



Figure 8: Convolution surface of two Steiner surfaces: (left), G (middle), C = F ? G
(right).

are used in order to straighten the parameter lines (conic#) the parameter plane. We
have given several examples inculding convolution surfact illustrate the method.

The LN-property in general can be characterized by the facthat the dual surfaceS is a
graph of a rational function which is equivalent to the fact hat the plane at in nity is an
n 1-fold tangent plane of surface$ of classn.

Acknowledgments

This work has been funded in parts by the Austrian Science FdrFWF within the research
network S92.

References

[1] Albrecht, G., 2002. The Veronese surface revisited, JeGm.73, 22-38.

[2] Apery, F., 1987. Models of the Real Projective Plane: Cgter Graphics of Steiner
and Boy Surfaces. Vieweg, Braunschweig.

[3] Bloomenthal, J. and Shoemake, K., 1991. Convolution Saces, Computer Graphics,
Vol. 25, No. 4, 251{256.

[4] Co mann, A., Schwartz, A.J., Stanton, C, 1995. The algeta and geometry of Steiner
and other quadratically parameterizable surfaces, Comp.ided Geom. Desigri3 (1996),
257{286.

[5] Degen, W.L.F., 1994. The Types of Triangular Bezier Sdaces, in: IMA Conference
on the Mathematics of Surfacesl53{170.



[6] Farin, G., Hoschek, J., and Kim, M.-S., 2002dandbook of Computer Aided Geometric
Design Elsevier.

[7] Fladt, K., 1933. Die Umkehrungen der ebenen quadratiseh Cremona Transformatio-
nen, J. reine u. angew. Math170, 64{68.

[8] Hoschek, J., Lasser, D., 1993. Fundamentals of Comput&ided Geometric Design. A.
K. Peters, Wellesley, MA 1993.

[9] Jattler, B., 1998. Triangular Bezier surface patcheswith a linear normal vector eld,
in: The Mathematics of Surfaces VII] Information Geometers, 431{446.

[10] Jattler, B. and Sampoli, M.L., 2000. Hermite interpoktion by piecewise polynomial
surfaces with rational o sets,Comp. Aided Geom. Desigri7, 361{385.

[11] Kummer, M., 1865.Uber die Flachen vierten Grades, auf welchen Scharen von
Kegelschnitten liegen, J. reine u. angew. Matt64, 66{96.

[12] lavcka, M., Bastl B. 2006. Rational parameterized arrves and surfaces with ratio-
nal convolutions. Algebraic Geometry and Geometric Modétlg, Proc. of the conf.,,
Barcelona, 4.{7. sept. 2006, 74{79.

[13] Lee, I.-K., Kim, M.-S. and Elber, G., 1998. PolynomiaRational Approximation of
Minkowski Sum Boundary Curves,Graphical Models60, No.2, 136{165.

[14] Lee, LK., Kim, M.S. and Elber, G., 1998. The Minkowski &m of 2D Curved Objects,
Proceedings of Israel-Korea Bi-National Conference on Néeliemes in Computerized
Geometrical Modeling, Feb.1998, Tel-Aviv University, 158 64.

[15] Meyer, W.F., 1903-1915. Speziell algebraische Flgch In: Enzyklopadie der Mathe-
matischen Wissenschaften, Teubner, Leipzig, Il C 10, 1483190, 1647{1660.

[16] Muhlthaler, H. and Pottmann, H., 2003. Computing the Mnkowski sum of ruled
surfaces,Graphical Models 65, 369{384.

[17] Oeltze, S. and Preim, B., 2005, Visualization of Vasatlre With Convolution Sur-
faces: Method, Validation and Evaluation, IEEE Transactios on Medical Imaging,
Vol. 24, No.4, 540{548.

[18] Peternell, M. and Manhart, F., 2003. The convolution ofa paraboloid and a
parametrized surfaceJournal for Geometry and Graphics/, 157-171.

[19] Peternell, M. and Pottmann, H., 1998. A Laguerre geontét approach to rational
o sets, Computer Aided Geometric Desigri5, 223{249.

[20] Pottmann, H., 1995. Rational curves and surfaces withational o sets, Computer
Aided Geometric Designl2, 175{192.



[21] Pottmann, H., 1995. Studying NURBS curves and surfacedth classical geometry,
in: Mathematical Methods for Curves and Surfacesds: M. D hlen and T. Lyche and
L. L. Schumaker, Vanderbilt University Press, 413{438.

[22] Peters, J., Reif, U., 1998. The 42 equivalence classégjoadratic surfaces in a ne
n-space, Comp. Aided Geom. Desigh5, 459{473.

[23] Sampoli, M.L., Peternell, M. and Jattler, B., 2006. Exact parameterization of con-
volution surfaces and rational surfaces with linear norma) Computer Aided Geometric
Design23, 179{192.

[24] Schreier, O. and Sperner, E., 1961. Projective Geometof n Dimensions, Chelsea,
NY.

[25] Sederberg, T.W., Anderson, D.C., 1985. Steiner suréapatches, IEEE Comp. Graph-
ics & Applications 5, 23{36.

[26] Sherstyuk, A., 1999. Convolution Surfaces in Comput&raphics. PhD thesis, Monash
Univ., Australia.

[27] Steiner, J., 1882. Gesammelte Werke Il, Berlin, 723{22741{742.

[28] Wunderlich, W., 1968. Durch Schiebung erzeugbare Re&machen, Sitzungsberichte
der Osterreischen Akademie der Wissenschafteh76, 473{497.

[29] Wunderlich, W., 1969. Kinematisch erzeugbare Remeachen, J. reine u. angew. Math.
236, 67{78.

[30] Wunderlich, W., 1962. Remerachen mit ebenen Fallimen, Ann. di Mat. pura ed appl.
57, 97{108.



