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Abstract is still a very dif cult problem. Let us emphasize that thepapx-

imation can possess self-intersections even though tlgénati
MOS surfaces are rational surfacesRit* which provide rational en- offset has none. Even in the case of curves this leads tcectuall
velopes of the associated two-parameter family of spheviseover, ing computational and time-consuming problems and thesitu
all the offsets admit rational parameterizations as wedicétly, it has tion is even more complicated for surfaces, cf. [58, 56, Z0e
been proved that quadratic triangular Bézier patcheR®ih are MOS purpose of this paper is to identify an approach that avdidse
surfaces. Following this result, we describe an algoritoncbmputing problems.

an exact rational envelope of a two-parameter family of sgheiven The approximate techniques for offsets are now widely used

: 31 : . S
by a quadratic patch iR™". The main focus of this paper is gveny, cAp systems since they are capable of dealing with theprob
to geometric aspects of the algorithm. Since these patadkesapable lems appearing in technical practice mentioned above —dwt u
of producingC?! smooth approximations of medial surface transforn}]ﬁly at the expense of great computational effort. Themsfir
of spatial domains, we use this algorithm to generate ratiapproxi- is worthwhile to investigate exact techniques as well, ite.
mations of envelopes of general medial surface transfofdme of the study shapes with exact rational offsets. These can be subse
main advantages of this approach to offsetting is the faatttie trim- a4y ysed for formulating suitable approximation teghes
ming procedure becomes considerably simpler. for free-form shapes. Compared to the classical approidmat
Keywords: Quadratic Bézier triangles, MOS surfaces, erd offsets  (€Chniques, not offsets but the base shape is approximatkid a
is guaranteed that all corresponding offsets are ratioHadre-
fore, only one approximation step is required even if moesth
1 Introduction one offset is needed. Moreover, all the offsets are at a aohst
distance from each other.

Generating valid tool paths in NURBS form has become a uni-Shapes with rational offsets have been studied for manyyear
versal standard in technical applications such as CNC mawhi In the case of planar curves, the class of Pythagorean Hodo-
in recent years. Hence, shape (curve, surface or volume) gfiaph (PH) curves as polynomial curves possessing ratidfial
sets and corresponding algorithms have been widely studiedet curves and polynomial arc-length functions was inteedu
Computer-Aided Design and Manufacturing, see [47, 27, &5, $ [21]. A thorough analysis of PH curves has followed — see
48, 53, 54, 55] and references therein for more details. Mewee.g. [20, 25, 18, 59, Pelosi et al.(2007)]. Later, the cohcep
free-form NURBS shapes do not possess rational offsetsrin g&f polynomial planar PH curves was generalized to space PH
eral and thus suitable approximation techniques, ofteedas curves ([22, Farouki et al.(2003), Farouki and Sakkali8@0
rational curves or surfaces of relatively low degree, aeglussee S'r and Jiittler(2007)]) and to rational PH curves ([49, &8)).

e.g. [17, 14, 32, 59, 61, 57]. Nevertheless, these offsetopp Analogously, the notion of rational surfaces with ratioofiets,
imation techniques suffer from several shortcomings.tfFinse the so called Pythagorean Normal vector (PN) surfaces, was i
needs to approximate each offset independently. Moretver, troduced in [49]. More details about PN surfaces can be found
constructed approximation of offsets to the same base shape in [35, 31, 33]. For a survey of shapes with Pythagorean ntsrma
not have a constant distance to each other, which is not &ccppoperty (i.e., possessing rational offsets) see [19].

able in some applications, e.g. architecture. Secondoudi
a rational approximation of an offset is computed, the stedal
trimming, i.e., the detection and elimination of self-irsections

Later, it has been proved in [Sampoli et al.(2006)] that sur-
faces with Linear eld of Normal vectors (LN surfaces), iotr
' duced in [Juttler(1998)], provide rational convolutiomrfaces
1Corresponding author. E-maibert juettier@ijku.at , phoneffax: With an arbitrary rational surface. Since spheres admibmat
+43 732 2468 9178 / 29162, Homepagevw.ag.jku.at . descriptions, LN surfaces possess exact rational offs€lss




result was applied in [Juttler and Sampoli(2000)] to candt 2 recalls some basic facts concerning medial surface wemsf

ing exact rational offsets of LN surfaces. As observed régerenvelopes of two-parameter family of spheres and MOS seisfac
([Lavicka and Bastl(2007), 44]), all non-developabldypmmial Section 3 is devoted to quadratic triangular Bézier sedaan
quadratic surfaces belong to the class of LN surfaces amd-th&%1, their (isotropic) normals and isotropic Gauss images. In
fore possess rational offsets. Motivated by the fact that@p this section, we also formulate and discuss an algorithnerfier
imation by quadratic Bézier surfaces provides a good compvelope computation for quadratic MSTs. The algorithm isithe
mise between curvature reproduction and computationaboms demonstrated on several examples in Section 4. Finallyone ¢
offers an extra feature, i.e., the PN property, these patelege clude the paper.

used in [2] for formulating an algorithm for generating cetal
approximations to offsets of general free-form surfaces.

However, even though that PH curves and PN surfaces gd Preliminaries

e then consider rational patches on sheets of the MST and the

curve case based on the medial axis transform (MAT) of a pla- . .
nar domain, introduced in [4], was formulated in [37] and][lofzocrg%ﬁﬁtf\?oﬂr:‘: corresponding patches on the boundary su

There is a one-to-one correspondence between the MAT ia-thre

dimensional Minkowski spade?! and the object boundary, i.e., .

for a given geometric object there is a unique MAT and coR-1 Medial surface transform

versely, the object can be directly reconstructed from i8TM 114 four—dimensional Minkowski spacB®! is the four—

The main advantages of this description follow from the dimeimensional real af ne space which is equipped with the inde

sional reduction while topological properties are maimeai. As ita inner product

observed in [10, 37], if a segment of the medial axis tramafor

is an MPH (Minkowski Pythagorean Hodograph) curve, then the hu;vi = Uu”Jv = ugva + UaVa + U3z UgVs (2)

as§ociated branches qf_ the domain boundaries are seg.nien\;[vshgre\] - diag1;1:1; 1). The hyperplan, = 0 is a three-

rational curves. In addition, all offsets of the domain bdares . . o .
dimensional subspace, and the restriction of the innerymicd

have also this property. A thorough analysis of MPH curves [} . ; . . r
followed in [8, 9, 11, 26, 28, 30]. Moreover, using the MA fiis hyperplane is the usual Euclidean inner product. Wa-ide

representation makes the trimming procedure for the infier tify this hyperplane with théhree-dimensional Euclidean space

X iy NS 3 .
sets very simple — only those parts of the MAT where the cor?\épre precisely, any point = (x1;%z;Xs)” 2 R” IS equiva

: Pt iy v () 31
sponding circle radius is less than the offset distarizave to be ently considered as a poiRt= (X1;X3; x3; 0)” 2 R™".

, : For any pointp = (pz1;p2;p3;pa)” 2 R, let p° =
trimmed. For more details see e.g. [34, 52, 12, 13, 7, 6, 1]. ﬁpl: 02:p3)” be its projection intdR3, The set
|

The situation in three-dimensional space has become areac
research area recently, since the so called MOS surfacespas a Bp=fx2R*: lp x;p xi 0Og 2)
tial analogy of MPH curves were introduced in [29]. The médi
surface transform (MST) of a volume is the set of surfacelgstc
(or curve segments) in four-dimensional Minkowski speée

R the oriented ballwith centerp® and radiugpsj. The sign of
the radiugs de nes the orientation of the ball. Its boundary is

. _ . . ; 3
such that each point of these surfaces/curves representsii g;?g;ﬁ:;ed spher&, = By which contains all points 2 R
ter and the radius of a maximal sphere inscribed into the doama M x:p xi=0: 3)
The MST covers the structure of the domain and thus can be ' i
used in all sorts of geometric modelers (constructive sgidm- Any oriented ball inR® can be identi ed with a unique point in
etry (CSG) and boundary representation (B-rep)) as a usefil the four-dimensional Minkowski spa¢e®*.
The distinguishing property of MOS surfaces is thatif cdesed ~ We consider a bounded voluné with a smooth boundary
as an MST of a volume, the associated envelope and its offs¥ts The set of all balls with non—negative radius (i.e., witinro
admit exact rational parameterization. Later, it was pdowe Negative orientation) which are containedVinis partially or-
[42] that quadratic triangu'ar Bézier surfaceﬂﬁl possess the dered with reSpeCt to inclusion. The maximal elements Gfsht
MOS property and a related Study followed in [41' 45] form themedial surface transforr(MST) of V, cf. F|g 1. We
Following the results of [42], [2] and [3], we describe an ef:_onsider them as points in Minkowski space, which then form

31
cient algorithm for computing boundaries and trimmed effs th?l_ﬁa MS(}_VI) ? ' ¢ £ th lurk . ¢
of volumes with piecewise quadratic medial surfaces tianss. e medial surface transform of the volure consists o

Considering general (free-form) medial surface transfoim COMPonents of dimensions two, one, and zero, which aredcalle
R31, we produce theirC1 approximations using CIu(,;wlra,[ic’sheetsseamsandjunctlons respectively. Their points corre-

Bézier patches (cf. [39, 60]) which gives us an extra fesatur spond to maximal inscribed balls which — in the generic case —

the MOS property. Thus we have a guarantee on the rationa[ﬁlyCh;he bounda_ry In two, thr((jaer,] and four pomt_s, _resp(_ekwv

of the volume boundaries as well as all offsets. The preslenT & sheets m_eet In seams, an the seams meet in Ju_nctlon_s.
technique also simpli es the computation of self-intetti@us of I_n the remainder of this paper we consider a two-dimensional
inner offsets and the follow-up trimming procedure consatbéy. rational surface patch

The remainder of this paper is organized as follows. Section p: ! R¥: (uv) 7! p(u;v) 4)



The two equations (9) express the fact that the vattisror-
thogonalto the two—dimensional tangent plane of the surface
patchp with respect to the Minkowski inner product (1). The
rst equation (8) restricts the solutions teotropicvectors (vec-
tors of zero length with respect to the Minkowski metric) nSe-
quently, the non-trivial solutions of the system areii@#ropic
normal vector®of the surface.

Summing up, the points of the envelope surfaces can be gen-
erated by

1. nding all non—trivial isotropic normal vectors and
2. computing« from (7).

Note that any nontrivial solution of (8) satis @&, 6 0.

2.3 MOS surfaces

The sub—determinarfts

Qp QP . i
Qpy @p '

ofthetwod4 2 matrix(@p, @p) formed by the partial deriva-
tive vectors can be used to express the solutions of themyste

Figure 1: Bisector surface (blue) and two branches (red and
green) of the envelope surface forming a boundary of a vol-
umeV .

Pj = det (20)

(8)~9).
with domain R? and parameters; v, which de nes a ra-
tional parameterization of a subset of the interior of a shee
Every ballBy () touches the boundary of the volume in
two points. The contact points form two surface patches en th
boundary. The centensYu;v) of the balls form thebisector
surfaceof these two surface patches — see Fig. 1.

with

2.2 Envelopes of two-parameter families of
spheres

Given a patch (4) of the medial surface transform, we are-inte
ested in computing the associated patches of the boundary su
face, see Fig. 1. These two patches are obtained anthetope

of the two-parameter family of spheres

fSpuvy - (Lv) 2 g (5)

By differentiating the equation (3) of the sphere we obtain t
equations

h@p;p xi=0; h@p;p xi=0 (6)
which — along with the sphere equation (3) — characterize the
pointsx of the envelope surfaces. Recall tha? R? is a point
in the hyperplan&, = 0. The substitution

L
N4

X=p (1)

transforms the three equations (3) and (6) into a homogeneou
non-linear system of equations

1

§:

P CPxs
CP31

P12P24 + P13P3y
P21P14 + P23P3y

()= = 2 R;
P31P14 + P3:Pog CPy2
(P55 + P4 + P)
(11)
C=PL+Psh+PsL P Ph Py (12)

The number of linearly independent solutions depends on the
sign of C, as follows.

If C > 0, then we obtain two families of solutions. The or-
thogonal complement space of the two-dimensional tangent
plane, which is described by (9), intersects the quadratic
cone of isotropic vectors (8) in two lines. We obtain two
points of the envelope surfaces. The tangent plane is said to
bespace-like

If C = 0, then we obtain one family of solutions. The or-
thogonal complement space of the two-dimensional tangent
plane intersects the quadratic cone of isotropic vectoys (8
in one line. We obtain one point of the envelope surfaces.
The tangent plane is said to bght-like.

If C < 0, then we obtain no non-trivial solutions. The or-
thogonal complement space of the two-dimensional tangent
plane intersects the quadratic cone of isotropic vectolss on
in the origin, which is the apex of the cone. The tangent
plane is said to béme-like

If the surface patch (4) describes a subset of the interiaMdS T

0 and
0; m;@pi =0

m;ni
m; @pi

(9)

(8) sheet, therC(u; v) > Ois satis ed for all(u; v) 2

. All points

in the domain correspond to space-like tangent planes.

°These sub-determinants are the Pliicker coordinate ofrtagdf. [51]) in

for the vectom 2 R%1,

the plane at in nity, which is spanned by the two derivativectors.



Consequently, for alju; v) 2 , two solutions (11) with two
associated points of the envelope surface exist. Morethver,
bisector surface is regular, since

ji@p®
Finally we recall a de nition from [29] which generalizeseh
notion of Minkowski Pythagorean hodograph (MPH) curves. If
there exists a polynomial(u;v) such thatC = 2, then the
parameterization of the envelope surfaces, which is obthby
combining (11) with (7), is rational. The given surfgzés then a

MOS surfacei.e., aMedial surfac€Obeying theSum of squares
condition

20

@pYi*= P4+ Ps+Ph,  C (13)

C= PL+ Py +PhL = 2+ Ph+Ph+P3 (14)

3 Quadratic patches as medial surface
transforms

The set
S=fn: d(n)=0g; (20)

is called theset S of singular normals It is a singular
qguadric surface ilN . S consists of all normals with no or
non-unique solutions of (16). Consequenthypi2 N n S,
then the set of solutions consists of a single point inthe
plane.

The set

E=fn: d(n)= dy(n)=dy(n)=0g; (22)

which is contained ir8, is called theset of exceptional nor-
mals Itis a (possibly degenerate) cubic space curve, which
is de ned as the intersection of three quadric surfades.
consists of all normals where several solutions of (16)texis
If n 2 E, then the set of all solutions forms a line in the
uv—plane.

3.2 The brationof N

A quadratic patch ifR%* is de ned by the power basis represen-
tation

1 1
p(u;v) = EQ20U2+ guiuv+ EQOZVZ"' J1oU+ go1V+ Joo; (15)

Next we study the sets

Fuvy=fn2N : fo(u;v) = ga(u;v) =0g (22)

of normals which satisfy the two equations (16) for giveruesl
with the coef cient vectorsy; 2 R*, where the parametets v of (u; v). They will be called thebers. They form a partition of
span a suitable domain. We will mostly work with the standan n S into mutually disjoint subsets.

triangular domaird R? given byu 2 [0;1]andv 2 [0;1

u]. According to the af ne classi cation of quadratic patches
[46], there exist 42 different types of quadratic patchesthie
remainder of this paper we exclude developable patchesdpla
cones and parabolic cylinders) from our considerations.

3.1 Normals

The two equations (9) take the form

fn(u;v)

= O,
O(uv) =

0

m;qzoiu+ M;quiiv+ n;qsei
;quiu+ M;ge2iv+ M;gosi

(16)
For any given normat, they form a linear system for the param-
eters(u; v).

The number of solutiongu;v) depends on the normal.

If the quadratic surface is regular @t; v), then the ber
F(uv) isaline inN. Indeed, it is de ned as the intersec-
tion of the two linearly independent planes (9). At singular
points, the ber is a plane (if rarli@p; @p) = 1) or even

the entire spac@l (if both derivatives vanish). The latter
case occurs only for conical quadratic surfaces, which were
excluded.

Any line which is contained in a beF ) intersects the
setE of exceptional normals in two (possibly conjugate—
complex) points (counted with multiplicities). Indeedeth
two intersections of the line with the singular &satisfy
the equations for the given valués, v), hence these inter-
sections belong to the exceptional set, too.

Since the system is homogeneous with respeat twe consider Example 1 We discuss several examples which are taken from
the normals as points in a three-dimensional real projespace the af ne classi cation of quadratic patches in [46].

N = P3(R): (17)
This three-dimensional space is the hyperplane at in nitthe
four-dimensional Minkowski space.
Let
d(n) = n”J(d2000, 911G71)In (18)

be the determinant of the linear system (16). Further, let

du(n)
dv(n)

be the two determinants generated by applying Cramer's rule
First we describe the relation between the normaénd the
number of solutions of the system (16).

Jo2070)JIN;
Qo1030)JIN

n~J(q1100;

> > 19
n~ J(dq10071; (19)

1. Let us consider a non-hyperplanar patch given by

32 >

. — \2- 3 .
pu(u;v)= U+ 5 T+ VVE U+ 5 viu+

Njw

The exceptional set of this patch is a cubic space curve (see
Fig. 2, top row).

2. Let us consider another non-hyperplanar patch

pa2(u;v) = uZ+u v+ 3+ v+ v+ 1
uz+u+ vZ+2v+ 3

2 2 1. 1
uc+u V+Z’V 5

The exceptional set is a conic and a line in this case (see
Fig. 2, middle row).



We analyze the relation between the isotropic normals aed th
number of solutions of the system (8)—(9).

The intersection curve of the stand the isotropic quadric

is the spherical quarticcun#® = S\ ofisotropic sin-
gular normals cf. Fig. 3 (right). It consists of all isotropic
normals with no or non-unique solutions of (9). Conse-
quently, ifn 2 n S , then the set of solutions consists
of a single point in theiv—plane.

The intersection points of the sphere of isotropic normals
with the exceptional curve, E = E\ are the — at most

6 —exceptional isotropic normal$ig. 3 (right). Ifn 2 E,
then the set of all solutions forms a line in tine-plane. We
obtain at most 6 lines in thev—plane, which will be called
the exceptional linesn the parameter domain — see Fig. 3
(left).

Consider a berF ., ataregular poinp(u;v). If C(u;v)

is positive, zero, or negative, then the ber intersect the
unit sphere in two, one, or no points. The curve de ned
by C(u;v) = 0 in the parameter domain thus corresponds
to a spherical curve where the berstouch . Thisis the
curve of isotropic normals at points with light-like tangen
planes- see Fig. 3 (right).

3.4 The isotropic Gauss images

Let as assume that the domainof the surface patch contains
only points satisfyingC(u;v) > 0. Consequently, all tangent
planes are space-like, and all points are regular. Thigw@sson

is satis ed for surfaces which represent a patch of the iotef

a sheet of the MST.

For each poinfu; v) we obtain two isotropic normals satisfy-
ingng =1, bychoosing = 1=(PZ%+ P2 + P3)inEq. (11).
They are exactly the two intersections of the beg,., ) with
Thus, the isotropic normals de ne a one-to-two mapping

: (24)

_ The set of all isotropic normals de nes tietropic Gauss image
pf(u- v) - ) _ = n () ofthe given quadratic patch with domain
700 287+ 17u(17v +40) + 289 v~ + 85V +75; If we consider the two isotropic normals along an excepfliona

Figure 2: Left: Exceptional lines (thin blue), the curve
C(u;v) =0 (thick blue) and the domain triangfe. Right:
The curveS (green), exceptional isotropic normals (green
points) and the exceptional s&t (blue). Top row: Ex-
ample 1, patchpi(u;Vv); Middle row: Example 1, patch
p2(u;Vv); Bottom row: Example 1, patghs(u; V).

3. Let us consider a hyperplanar patch o (uv) 7Ene(uv)in (Uv)g= Fe) \

400

287 28UV +289v? + 595y + 325; line in the parameter domain, then we have the following two
282+ 17u(17v+20) 5(51v + 25); possibilities.
(17u  15)A7u 1n 5))7:

Case 1: One isotropic normal is constant along the line,

while the second isotropic normal varies. The constant

The exceptional set consists of three lines (see Fig. 2, bot-

3.3

tom row). isotropic normal is an exceptional one with the property tha
several bersF . intersectin it.
Isotropic normals Case 2: Both isotropic normals are constant along the line.

All points (u;v) of the exceptional line possess the same

So far we studied solutions of the system of equations (9afor
quadratic patch (15). Now we will analyze the consequentes o
the additional equation (8) for isotropic normals.

The set of isotropic normals (i.e., the set of normals satigf

(8)) forms an oval quadric in the three-dimensional projective Finally, let o

ber F(.), and this ber intersects the spherein two
exceptional isotropic normals. Consequently, the ber is
contained irE.

be the isotropic Gauss image without

spaceN . Without loss of generality we may assume that tfgotropic normals along the exceptional lines, and lgtbe the
isotropic normals satisfp, = 1. The oval quadric of isotropic Parameter domain without exceptional lines. The isotrojpic

normals can then be identi ed with the unit sphere

mals map each connected component gfto two connected

components of o — see Fig. 3. When restricted to one of the two

0=m;ni=nf+n3+n3 L (23)

isotropic normals, this mapping is bijective.



These Gauss images are either two spherical triangles o bia
gles, or a biangle and a triangle, all with curved boundaiibge
biangles occur if one of the domain boundaries is an excegtio
line. Next we compute rational spherical patches

n?:41  (s;t) 7' n?(s;t) (25)

which cover the Gauss images. In the case of a biangle, one may
use singular patches where the singular point coincides tivét
image of the exceptional line. These rational sphericathms
Figure 3: Left: Exceptional lines (thin blue), the curve are found using stereographic projection (see Fig. 5).
C(u;v) =0 (thick blue) and the domain triangfe. Right: This step is similar to Algorithm 2 in [2]. As the main differ-
The two components of the isotropic Gauss image (red andgnce we have to consider the two isotropic Gauss imagesihste
blue), the curves (green), exceptional isotropic normals of only one Gauss image.
(green points) and the curte (black).

3.5 Envelope computation

We describe an algorithm for computing the exact rational en /\)
velope of a 2-parameter family of spheres given by a quadrati

patch (15) ovent . Its input is a quadratic Bézier triangle (15),
where all points are assumed to be space-like,Céu;v) > 0
holds for all(u; v) 2 4 . The algorithm proceeds in four steps.

Figure 5: Left: Stereographic projection of one component
Step 1: Subdivision along exceptional lines Compute the ex-  Of the isotropic Gauss image (black) and circumscribed
ceptional lines and triangulate the domain such that thegxc triangle (green). Right: One component of the isotropic
tional lines are edges of the triangulation. For each timnfithe ~ Gauss image (red) and its covering patch (green).
triangulation, apply a linear re—parameterization of thadratic
patch such that the parameter domain is again the standame tr
gle4 . If the exceptional lines do not intersect the interior af th
parameter domain, then no subdivision is required (seedffig. Step 3: Envelope computation For each spherical rational
patchn? we compute one segment of the envelope from (7),
wheren is replaced withn and the parameter@; v) of the
patchp are replaced with

du(n?(s;1)) .
d(n?(s;t)) ’

dv(n?(s; 1)) .

Hen A7)

v(s;t) = (26)
cf. (18) and (19). This gives rational triangular patchedexjree
10. The surface patches obtained by applying the substituti
(26) to (15) are MOS surfaces.

In the case of a biangular isotropic Gauss image, the use of
Figure 4: Left: exceptional lines (thin blue), the curve a spherical patch with a singular point ensures that thelepge
C(u:V) = 0 (thick red) and the domain triangte. Right: surface possesses a regular rational parameterizatiaoh vgh

The two components of the isotropic Gauss image (red and)bta!ned aftgr pmitting a common factor of nu_meratqr and de-
blue), the curveS (green) and exceptional isotropic nor- nominator, similar to the Example presented in Section 4.3 o

mals (green points). [2].

Step 4: Trimming The spherical patches , which cover the
This step is similar to Algorithm 1 in [2], but the role of thésotropic Gauss images, are generally larger than thesgeisna
parabolic lines is played by the exceptional ones. The meget i.€., they may contain isotropic normal vectors which docut
steps are applied to all quadratic patches which are gestbipgt respond to isotropic normal vectors of the MST patch aver
Step 1. For these patches, at most one of the three boundii@ce, we need to restridt to an appropriate subset given by
curves is an exceptional line. polynomial inequalities resulting from

u(s;t) 0™ wv(s;t) 0~ 1 wu(s;t) v(s;t) 0, (27)
Step 2: Covering the isotropic Gauss images For each of the
patches obtained in Step 1, compute the isotropic Gaussesnaghich can be derived from (26), see Fig. 6.



a piecewise quadratic spline surfaee: [0;1]° ! R%1, which

is de ned over a criss-cross triangulation of the domain.e Se
[5, 60, 39] for more information on this type of spline furuats.
Our implementation uses a global least-squares tting @& th
sampled points. Alternatively, one may use quasi-intexmh
methods, such as the techniques described in [23, 24]. {frile
is suf ciently ne, then the piecewise quadratic approxitioa

is guaranteed to possess only space-like tangent planes,thie
rst derivatives of the MST are approximated, too.

, i i We can now apply the exact envelope computation method,
Figure 6: Left: Trimmed parameter domain of the enve- which was described in the previous section, to each polyaom
Io_pe pat(_:hes bounded by brown, orange and yellow CurVessegmentp of the quadratic spline surfad®. Recall that the
Right: Bisector surface (blue) and two branches of the ®Mtrimmed inner offsets of the boundary surface of a domain can
velope patch (red and green). be obtained by (1) subtracting the offsetting distance fthen

4th component of the MST (which represents the radius of the
maximal inscribed balls) and (2) restricting the modi ed WS

Summing up, the envelope surface consists of the trimnf@dpoints with non-negative fourth components. Consedyent
patches which are generated by applying the steps 2, 3 arifi he piecewise quadratic approximatidh of the MST is
to all triangular patches obtained from Step 1 of this atponi  available, we can use it for computing exact trimmed offeéts

The computation of the exceptional lines leads to a polyrff€ boundary surface of the volume which is represented by
mial equation of degree 6, hence the solutions cannot beifiounWe implemented this by adding another trimming procedure to
closed form. Consequently, even if the coef cients of theun our algorithm, which restricts the piecewise quadratic MBT
patch are rational, then the parameterizations of the epesl the domain where the radius is non—negative.
which are generated by the algorithm do not possess rational
ef cients.

Parameterizations with rational coef cients can be geteeta . 3
by using a simpli ed version of the algorithm, which omitseth EX@mple 2 We consider the volum¥  R* bounded by the
subdivision step and uses spherical patches coveringatiejéc two surface patches
Gauss images which do not necessarily possess singulds pbin
the exceptional isotropic normals. However, the resulbagm- s1(u;v)
eterizations of the envelope surfaces may possess siitgpdar
and points where both numerators denominator vanish smult

neously.

. . 2 H H
We have implemented the algorithm using oating poif:V) 2 [ 1;1F, and approximate the associated MST by a
numbers. In order to avoid numerical problems, we usBiFCeWise guadratic surface consisting of 12 trianguléches.

the Bernstein-Bézier representations of the trianguigciges. | e maximum distance error is equala@8%of the diameter

Bounds on the error introduced by an approximate compmtatﬂi( the bounding box. For each of these patches we parameteriz

of the exceptional lines and several examples have been fi§-envelope surfaces as described in the previous seadion.
sented in [3]. 12 patches of the approximation quadratic spline surfasegss

only space-like points and moreover no additional subttiais
of the parameter domains are needed. Finally, Fig. 7 shosvs th
4 MST approximation and trimming of two branches of the approximating envelope (red and grésa),
guadratic spline approximation of the medial surface (paral
offset surfaces the two branches of inner offsets (light red and light greén)

di h L ¢ h he sh fcase of the self-intersecting inner offset, the trimmedomegon
We discuss the approximation of patches on the sheets o tmfenvelope are illustrated.

MST of a general volume by piecewise quadratic surfacess Thi
approximate representation of the MST is then used for the co
putation of trimmed offset surfaces. Example 3 We consider another volume iR3. Similarly to
More precisely, we consider a surface pasch0;1]°! R® the previous example, we approximate its MST by a quadratic
which represents a part of the boundary of the doméaiand spline which consists of 24 triangular patches. The maximum
which corresponds to a patch of a sheet of the MST. Condestance error is equal th:83% of the diameter of the bound-
guently, for each poing(u; v), there is a maximal inscribed balling box. Again, for each of these patches we parameterize the
which touches the boundafy in this point and in another point.envelope. All patches possess only space-like points aratino
We use the approach described in [16] for numerically compditional subdivision is needed. Fig. 8 shows the two braadie
ing the centerg(u; v) and the radir (u; v) of the maximal in- the approximating envelope (red and green), the quadalties
scribed balls, i.e., for evaluating the points of the MST. approximation of the medial surface (blue) and two brandfes
After generating a set of values (centers of the spheres amter offsets (yellow and purple) which are trimmed if théf-se
radii), we use it to construct an approximation of the MST higtersection occurs.

oy 1 >
u,v; zuv ;

(28)
v U+ v+ 17

s2(u;v)



Figure 7: Bisector surface (blue) and the two branches oktheslope (red and green) in Example 2, along with
the trimmed inner offsets (light red and light green) — witheelf-intersection (top right) and with self-intersecti

(bottom left and right).

5 Conclusion

shapesComputer-Aided Design, Volume 41, Issue 5, Pages 339-
349, 2009.

In this paper we presented an algorithm for computing boungp] B. Bastl, B. Jittler, J. Kosinka, and M. Lavicka&€omputing ex-
aries and trimmed offsets of volumes given by piecewise act rational offsets of quadratic triangular Bézier suréapatches

gquadratic medial surface transforms. Since polynomiadicatéc

patches irR3! belong to the class of MOS surfaces and are capgg)
ble of producingC! approximations to free-form surfaces con-
sidered as medial surface transforms, our algorithm carsed u

for computing rational approximations of volume boundsaaed
all their offsets. Only one approximation step is requigat the
trimming procedure for inner offsets is greatly simpli eding
this approach.
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