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Abstract

We consider special rational triangular Bézier surfaces of degree 2 on the sphere in
standard form and show that these surfaces are parameterized by chord lengths.
More precisely, it is shown that the ratios of the three distances of a point to the
patch vertices and the ratios of the distances of the parameter point to the three ver-
tices of the (suitably chosen) domain triangle are identical. This observation extends
an observation of Farin (2006) about rational quadratic curves representing circles
to the case of surfaces. In addition, we discuss the relation to tripolar coordinates.

Key words: chord lengths parameterizations, quadratic rational Bézier patches,
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1 Introduction

Rational curves with chord length parameterization have recently been stud-
ied by Farin (2006), Sanchez-Reyes and Ferndndez-Jambrina (2008) and Lii
(2009). These curves are characterized by the relation
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between the value of the parameter and the chord length. This relation is
similar to the close (polynomial) relationship between arc length and curve
parameter which exists for Pythagorean-hodograph curves, see Farouki (2008).

Farin (2006) initiated the investigation of rational curves with chord length pa-
rameterization by observing that rational quadratic circles in standard Bézier
form are parameterized by chord-length. Independently, a geometric proof of
this fact has been derived in the context of circle-preserving subdivision curves
by Sabin and Dodgson (2005).

As a potential advantage, the rational curves with this property provide a
simple inversion formula, since the parameter value of any point on the curve
can easily be computed using (1). For instance, this can be useful for implic-
ititation of the curve or for projecting a point onto the curve (closest point
computation). Moreover, these curves do not possess self-intersections.

Meanwhile, two constructions for general rational curves with this remarkable
property were presented.

Sanchez-Reyes and Ferndndez-Jambrina (2008) studied the close relationship
between curves in chord-length parameterization and bipolar coordinates. This
led them to a compact explicit expression for all planar curves with rational
chord term-length parametrization. In addition to straight lines and circles in
standard form, this class of curves was shown to contain remarkable curves,
such as the equilateral hyperbola, Bernoulli’s lemniscate and Pascal’s Limacon.

Lii (2009) uses computations in the complex plane to study rational curves
which can be parameterized by chord length and he presents two schemes
characterizing planar and spatial curves. Among other results, the low-degree
rational curves such as cubics and quartics are studied and applied to geomet-
ric Hermite interpolation.

The present paper is devoted to the equal chord property of quadratic rational
Bézier patches which describe a segment of a sphere, thus extending the results
of Farin (2006) to the case of surfaces. We use the well-known construction of
spherical quadratic patches by stereographic projection (Albrecht, 1998; Di-
etz, Hoschek and Jittler, 1993; Farin, 2002) and show that a subset of these
patches possesses a property which generalizes the relation (1) to the case of
surfaces. Finally we show how to characterize this property using tripolar co-
ordinates in space, thereby extending the observations of Sanchez-Reyes and
Ferndndez-Jambrina (2008) concerning the relation between bipolar coordi-
nates and curves with chord-length parameterization.



2 Equal chord lengths property of spherical quadratic patches

We discuss a special class of spherical patches and analyze their equal chord
lengths property.

2.1 Special quadratic triangular patches on the sphere

We consider a rational quadratic triangular Bézier patch
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with the domain A = {(A\, u,v) : A\ p,v >0, A+ u+ v = 1}. Its shape
is determined by the six control points b,;;, with the associated weights w;;y.
In particular, we study quadratic patches which represent a segment of the
sphere.

It is well known that the three boundary curves of a spherical quadratic Bézier
patch intersect in a single point ¢ on the sphere, which we will call the center
of projection (Dietz, Hoschek and Jiittler, 1993; Farin, 2002). We say that a
spherical patch P is special, if the line spanned by ¢ and the midpoint m of
the circumecircle C of the three patch vertices vi = bagg, Vo = bgog, V3 = bgp2
intersects the plane spanned by these vertices orthogonally, see Fig. 1.

With the help of a suitable translation, rotation and scaling, any such patch
can be transformed into a canonical position, which is characterized by the
following three properties:

(1) The sphere is centered at the origin and has radius 1.
(2) The center of projection c is the “south pole” ¢ = (0,0, —1)".
(3) The three vertices of the patch have the same z-coordinate.

In addition, we may apply a rational bilinear reparameterization which trans-
forms the triangular patch into standard form, with equal vertex weights
Wo00 — Wop20 — Wo0o2 (see Farin, 1999)

Recall that the inverse stereographic projection with center ¢ maps any point
X = (71,29, 73) " in space into the second intersection point (different from c)
of the line spanned by x and ¢ with the unit sphere,



spherical patch
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Fig. 1. A quadratic triangular patch on the sphere with the reference tri-
angle A(vy,ve, vs) and the center of projection c.
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Any special spherical patch P in standard form and canonical position can be
constructed by applying this mapping to the linear triangular Bézier patch

T()\, Jia I/) = AV] + vy + vvs, ()\, M, I/) SYAW (4)

with the three vertices (control points)
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where we use the abbreviations ¢, = cos ¢, and s, = sin ¢,. This patch will be
called the reference triangle.

Since the inverse stereographic projection o preserves points on the sphere, the
three points (v,)e—123 are the vertices of the patch P. The parameter r > 0
controls the common z—coordinate. The three angles ¢, specify the position
of the three vertices on the longitudinal circle C obtained by intersecting the
plane z = (1 — r?)/(1 + r?) with the unit circle.



After substituting the linear patch (4) into ¢ and a short computation, one
obtains the control points and weights bogy = vy, bgog = Va2, bggs = Vg,
Wo00 — Wop20 =— Wop2 — 1 + 7’2 and
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where (Z,¢,m) € {(110,1,2),(101,1,3),(011,2,3)} and dgy, = coCm + SeSm.
2.2 The equal chord lengths property

The following theorem extends a result of Farin (2006) to the case of surfaces.

Theorem 1 We consider a special quadratic triangular patch P on the sphere
in standard form with associated reference triangle T, cf. (4). The distances

TZ()\mu? V) = ||Vé - P()\,,U, V)H and RZ()\MU> V) = ||V€ - T()\,,U, V)H (7)

from the three vertices of the patch to the points of the surface and to the
points of the reference triangle (¢ = 1,2,3), respectively, satisfy
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where A is the parameter domain of the patch without its three vertices.
We present two alternative proofs of this fact.

Proof by direct computation. This fact can be verified by a direct com-
putation with a suitable computer algebra software. We substitute the control
points (5) and (6) into (2) and (4) and compare the two triplets of ratios in
(8). Using the identities A+ pu+v = 1 and ¢} + s7 = 1, one may conclude that
the three ratios are identical.

Proof by geometric arguments. Let d be the distance between the center
of projection ¢ and any of the vertices v,. The three distances have the same
value, since the patch is assumed to be special. We consider the circumcircle C
of the three vertices (vy),=123 (and hence of the reference triangle). The plane
spanned by v;, ¢ and P intersects this circle in v, and in another point v/,
which also possesses the distance d from c. Moreover, the lines connecting v,



Fig. 2. The points used for the geometric proof.

with v}, and ¢ with P intersect at the corresponding point T = T(A, u, V) of
the reference triangle, see Fig. 2.

Using the intersecting chord theorem for T with respect to the circumcircle C,
of vy, P, v, and ¢ we get

[ve = T| - [lvp = T| = [P = T|| - ] = T. (9)
Since Z(v,, T, P) = Z(c, T, v}), we conclude that the two triangles A(v,, T, P)

and A(c, T, v;) are similar. Consequently,

Re _|ve=T| _|le=T|| _|[lc—T]
i =P T Vil T d

(10)

This proves the assertion, since the ratio is the same for / =1,2,3. O

Remark 2 As demonstrated by the second (geometric) proof, the ratio R/r
is even the same for the distances 7 = ||V —P|| and R = ||v — T|| to any point
v on the circumcircle C.

As a consequence of this observation, one can conclude that the boundary
curves of a special quadratic triangular patch are parameterized by chord
length. This is even true for any spherical quadratic Bézier patch in standard
form, not just for special ones. However, Theorem 1 cannot be extended to
general quadratic patches on the sphere.



3 Bipolar and tripolar coordinates

We recall the notion of bipolar coordinates in the plane and its relation to
curves with chord length parameterization. In the second part, we extend
these observations to the case of surfaces.

3.1  Bipolar coordinates in the plane

Recall that bipolar coordinates in the plane, which are defined with the help
of the distances 71, ry of any point x to two fixed vertices (or poles) vy, v,
are based on the following geometric facts (see Bateman, 1938; Sanchez-Reyes
and Fernandez-Jambrina, 2008; Farouki and Moon, 2000):

(1) The set of all points with constant ratio p = r1/r9 is a circle (Appolonius’
definition of a circle).

(2) The set of all points x with constant oriented angle ¢ = Z(vy,x,v3) is a
circle (inscribed angle theorem).

(3) Any two of the circles which are obtained for constant values of ¢ or p
intersect each other orthogonally.

Consequently, the ratio p, which will be called the bipolar distance ratio, and
the angle ¢ uniquely determine the location of a point x € R?\ {vy, vy}. The
ratio p takes its values in R*. The angle ¢ should be chosen in (0,7) and in
(7, 2m) if x lies in the left and right-hand side of the oriented line from v; to
vy, respectively. Moreover, it is equal to 7 / to 0 for points on the line which
are between / not between the two vertices.

The curves of constant ¢ or p are the circles through the two vertices and
their orthogonal system. By applying an inversion at a circle with center vy
and radius ||vy — va||, the two systems of isocurves are mapped to the pencil
of lines through v; and to concentric circles around v.

Bipolar coordinates can be used to characterize curves with chord length pa-
rameterization.

Definition 3 A curve segment P : [ty,t;] — R? is said to be parameterized
by chord length, if the bipolar distance ratio p of a curve point with respect to
the segment end points is equal to the bipolar distance ratio of the parameter
value to the boundary points tg,t1 of the parameter domain.



3.2 Tripolar coordinates in space

The observations about special spherical quadratic patches, which were pre-
sented in the previous section, serve as the motivation for the definition of
tripolar coordinates in space. Note that these coordinates are different from
the concept of tripolar coordinates in the plane (see e.g. Farouki and Moon
(2000); Bottema (2008)).

We consider the distances 71, 79,73 of any point x to three non—collinear ver-
tices v1, Vo, v (poles). Let C be the circumcircle of the three vertices.

Similar to the planar case, we formulate three geometric observations.

(1) The set of all points with constant ratios
Ptm :TZ/TWJ (Ea m) €l = {(1a2)7(2a3)7(3a1)} (11)

is a circle. Any single constant ratio py, defines a sphere with an axis

through v, and v,, (by using again Appolonius’ definition of a circle).

The three spheres defined by the three ratios intersect in a single circle.
Obviously, the three ratios are not independent. They are related by

p12p23p31 = 1. (12)

(2) The set of all points x with constant angle

¢ o Pq is dglrg)ltor of C Z(p’ % q) (13)
is contained in a sphere, which passes through the circumcircle C. More
precisely, it is a spherical disc which is bounded by the circumcircle.

For any given diameter p’q’ of the circumcircle, the points which pos-
sess a certain constant value of their angle ¢ = ¢(x) at this diameter
form a circular arc which intersects the circumcircle orthogonally at p’
and ¢’ (inscribed angle theorem). The collection of these circular arcs for
all diameters gives a spherical disc.

(3) Any spherical disk and any of the circles which are obtained for constant
values of ¢ or (pem)(,m)ez intersect each other orthogonally.

Consequently, the ratios py,, and the angle ¢ uniquely determine the location
of a point x € R?\ C.

Let R be the part of the surface defined by (12) which is contained in the
first octant (all ratios positive). The ratios (pi2, pe3, p31), which we will call
the tripolar distance ratios, take their values in R.

The angle ¢ takes its values in [0, 7]. In order to uniquely characterize the



location of a point, one can redefine it using the oriented volume V' of the
tetrahedron with vertices vq, va, v3, and x,

) it V>0,

2r — ¢ if V <0,
s if V=0and x € intC,
0 if V=0and x ¢ intC.

(14)

The curves and surfaces of constant ¢’ or (pem)em)ez € R are the spheres
through the circumcircle C and their orthogonal system, respectively. By ap-
plying an inversion at a sphere with its center on the circumcircle and whose
radius is equal to the diameter of the circumcircle, the two systems of iso-
surfaces and isocurves are mapped to the pencil of planes through a line (the
tangent of the circumcircle at the point where the inversion sphere touches it)
and to coaxial circles around this line.

Since the orthogonal circles of the system of spheres through the circumcircle
C do not depend on the choice of the inscribed triangle A(vy, vy, v3), we also
have the following result.

Corollary 4 For any two points v and v of the circumcircle, the ratio 7/T
1s constant for all points x on one of the circles which are characterized by
the three constant ratios (11), where 7 and 7 are the distances to v and Vv,
respectively.

Finally we use tripolar coordinates in order to characterize surface patches
with a chord lengths parameterization.

Definition 5 A triangular surface patch P : A* — R3 is said to be param-
eterized by chord length, if the tripolar distance ratios (pi;)u ez of a surface
point with respect to the three vertices are equal to the tripolar distance ratios
of the parameter point in A* to the three vertices of the domain triangle A*.

Clearly, according to this definition, the property depends on the choice of
the domain triangle. For instance, a special spherical patch does not possess
this property with respect to the standard domain A, but only with respect
to the reference triangle (or any other triangle which is similar to it). Only
equilateral special spherical triangles possess this property with respect to A.



3.3 Computation of parameter values from distances

Consider a point P(A, u,v) on the given general (i.e., not only spherical)
patch parameterized by chord lengths and its distances 71,175,753 to the ver-
tices vi, va, vz of the reference triangle A\(vy, va, v3). The question is how to
compute the parameters (A, u, ) € A° from the values ry, 7y, 3.

This problem is equivalent to finding the point T inside A(vy, vy, v3) which
fulfills the condition Ry : Ry : R3 = ry : ro : 13, where R, = ||v, — T||,
¢ =1,2,3. Then we obtain

_areaAA(vy, vy, T) area/\(vq, v3, T)

N areaA(vI,v2,V3)’ w= areaA(V17V27V3>’ (15)
area/\(vs, vy, T)

V=
area/\(vy, va, v3)’

where the areas of the triangles are computed using Heron’s formula. Using
the Euler identity relating (Ry),—123 and the sides of the reference triangle
a,b,c

Ria?+ R0+ Rac*+(—a’+2—b*) RZR3+(—a?+b*— ) RI R3+
+(a?—0*—c*) R3R3+(a® —b* —*)a’ Ri+ (—a®— > +b* ) b2 R3+ (16)
+(=a?—?+c*) PR3 +a*h*c? = 0

cf. Euler (1782), Bottema (2008), and substituting Ry, = try to (16) we arrive
at a quadratic equation in 2

At' + Bt* + C =0, (17)

where

A = ria?+r3b?+rict+rird(—a? =0+ +riri(—a* +0* —c?) +
+rari(a®—b*—c?),

18
B = ria*(a®*—b*—c?)+r3b? (b —a®—c?)+rick (A —a*—b?), (18)
C = a’b*c.
The discriminant 6 = B? — 4AC of this equation has the form
d=(a+b+c)la—b—c)la+b—c)la—b+c)(ria+rb—rs0)- (19)

- (ria + rob + r3c)(ria — rab — r3c)(ria + rze — rab).

10



As a,b, c are sides of the reference triangle and thus they fulfil the triangle
inequalities, the roots t? are real only if there exists a triangle with sides
r1a,72b, 3¢. Moreover, both roots t? are positive (which gives two positive
roots for t) iff

0>0, and A>0,B<0,C >0, (20)

for more details see Bottema (2008). It follows that under the conditions (20)
we obtain two points which are the intersections of the three Apollonius circles
defined by the points (v;),—123 and the ratios Ry : Ry, Ry : Ry and R3 : R;.
Clearly, only one of these two points lies inside A(vy, vy, v3).

4 Conclusion and future work

We identified a class of rational triangular Bézier surface patches which possess
a parameterization which preserves the distance ratios to the vertices of the
domain triangle. This extends the property of chord-length parameterization
of quadratic rational curves, which was analyzed by Farin (2006), to the case
of surfaces. In addition, we described the relation of this property to tripolar
coordinates in space. Our ongoing research focuses on a construction of general
rational surface patches with this property.
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