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Abstract

We utilize support functions to transform the problem of stomcting the convex hull of a finite set
of spherical objects into the problem of computing the upgremrelope of piecewise linear functions. This
approach is particularly suited if the objects are (pogditiersecting) circular arcs in the plane or spheres
in three-space.

1 Introduction

Computing the convex hull of a set of geometric objects is sidoask in computational geometry, with
far-reaching applications. Maybe the most fascinatingeesspf the convex hull problem is that many
different construction techniques can be used for its Ewiuin the case of finite point sets in the Euclidean
planeR?, practically all standard algorithmic paradigms lead tovex hull computations that are efficient
in one or the other respect. We refrain from bibliographitaide as many of the papers cited below contain
introductory surveys on this topic. In particular, the @«i[12] also gives references on lower bounds for
the computational complexity of the planar convex hull peof

Despite its importance in practical applications, the exriwull problem for objects more general than
points remained less investigated. Clearly, if the objactspolygonal, then applying to their total set of
vertices any convex hull algorithm for finite point sets widti. Curved objects, however, have to be treated
differently. Their convex hull will, in general, containnees that have not been part of the input. In fact,
even for relatively simple objects in the plane, the numli@edices of their convex hull may be superlinear
in the number of objects.

As one possible approach, the Voronoi diagram ofithgiven objects can be computed in a first step,
and the convex hull then extracted from those among the tsbyelcose Voronoi regions are unbounded.
This approach is efficient only for interior-disjoint planabjects, where)(n logn) time algorithms for
computing such Voronoi diagrams exist [23, 3], and even ikénherently involved. A theoretically in-
teresting alternative that also works for intersectingeoty is the output-sensitiv@(n f log k) algorithm
in [15], based on the marriage-before-conquest paradigere ki denotes the size (number of vertices)
of the convex hull, and is a slowly growing function depending dnand the size of the convex hull of
object pairs. For inputs forming the boundary of a singlengtashape (a simply connected object in the
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plane), severaD(n) time algorithms have been devised, for piecewise smoottadazrurves [20], algebraic
curves [5], and circular arcs [7, 2].

The case of circular arcs may deserve particular attenkost of all, more general curved objects can
always be approximated, mostly in an easy way, with arlyiteexcuracy by circular arcs [13, 16]. Also, to
achieve a given accuracy, their number is significantly fleas in any straight line segment approximation
(faceting); this advantage is made use of in a systematidmi@}. Finally, circular arcs are still reasonably
easy to deal with algorithmically.

In view of these facts, algorithms that specialize on commguthe convex hull of a finite set of circular
arcs in the plane are surprisingly rare. In the paper [2] Kihein’sO(n) time algorithm [14] is generalized
for circular arcs, but the method applies only to situatimh®re the input forms a single noncrossing chain.
Generalizing Jarvis’ march [11] to sets of circular arcsrigposed and detailed in [22]. Their algorithm,
though intended for noncrossing arcs, also works in thergérase. It runs irO(nh) time and thus is
theoretically inferior to the output-sensitiv@(n f log k) algorithm in [15] which, in turn, is much less
practical. Another fact that comes as a surprise is that edmum output sizel,.,,, is still unsettled in the
case of circular arcs.

In this note, we describe a simpie(h.,, logn) method for computing the convex hull af circular
arcs inR%. No restrictions are drawn on the placement of these arce ifjut thus may stem from
approximating any set of (possibly intersecting) curvejects in the plane, be they shapes or curves.
We also show thak,,, = O(A\4(n)) andh,, = Q2(A3(n)), where);(n) denotes the maximum length of an
n-symbol Davenport-Schinzel sequence [21] of ordéxs an algorithmic byproduct, the intersection of two
circularly bounded convex shapes can be computed in a sivgyten O(n log n) time (without using data
structure consuming sweep techniques.) We use suppotidnado transform the problem into one easier
to handle, exploiting the fact that support functions ofglar objects are linearly embeddable. The method
in principle works for spherical objects in higher dimemsioFor example, it leads to a worst-case optimal
algorithm for computing the convex hull ef spheres inR?, in a way more direct than the method used
in [6]. Support functions are a standard concept in convexrgry [10], and a versatile tool in computer
vision, graphics, and image processing [8]. For exampley find application in the reconstruction of
convex shapes [17]. They did not receive much attention mpgational geometry yet, however, except
for probing of convex planar sets [19], and indirectly inygmin matching [1] in the definition of the Steiner
point of a convex polygon.

2 Support functions

We start with recalling the standard definition of supportctions for curves and surfaces. Consider a curve
in R? (or a surface iR?) that allows aC? parameter description

g:Q—R% t—g(t)

where parametrization is taken over the dom@ilffor d = 2,3). We denote withn(¢) the unit normal
vector ofg at pointg(t¢). For eacht € €, the function

5(t) = n(t) - g(t)

expresses the (signed) distance from the origin to the targe (plane) ai(¢). Let us assume that is
such that the mapping
n:Q—n(Q)C !
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Figure 1: Support function for a convex curve

is a bijection. (For examplegg must not contain inflection points if being a curve, or pafigbpoints if
being a surface.) We define teapport functiorof g as

h:n(Q)—R, h=don"!.

Figure 1 gives an illustration. For our purposes, it is ofatage to specify a support function as the
restriction to$?~! of some suitable function defined on the entire sgaéeFor example, let the surfage
in question be a sphere IR¢ with centerc; and radius;. Then, by simple calculations, the linear function

hi:RY— R, hi(z)=ci z+r 1)

just yields the support function @ when being restricted t8?~!. In geometrical terms, the support
function of a sphere ifR¢ can be expressed by a hyperplaneRifit!. Note that this hyperplane passes
through the origin if the sphere degenerates to a poifdni.e., has radius zero.

The following observation draws the connection to convdishits proof is immediate from the defini-
tion of a support function. Lefss,...,s,} be a set of spheres R?, each sphere; being associated with
its linear functionh; as in (1).

Property 1 For a given vectorr € 8971, let h;(z) = maxj<j<p hj(z). Then there is a hyperpland
in R¢ normal tox and tangent to spherg such that{s,...,s,} lies on a fixed side off.

By Property 1, the convex hull of a set nfspheres ifR? can be constructed by computing the upper
envelope of: hyperplanes iflR?*! and restricting it td8¢—!. Interestingly, this already leads to worst-case
optimal convex hull algorithms for circles iR?, and spheres i3, respectively. Let us briefly explain this
fact. The upper envelope afhyperplanes iflR%*! projects vertically to a power diagram [4] R, whose
regions are then intersected with the unit sph&fe!. The individual components of this intersection
correspond, in a bijective way, to the individual composeuott the convex hull to be constructed. More
precisely, convex hull patches defined/bgpheres correspond to intersected faces of dimemnsiors + 1
of the power diagram, for < k < d. Note that the convex hull of spheres witltequalradius thus has the



Figure 2: Convex hull of circular arcs

same combinatorial structure as the convex hull ofittephere centers: From formula (1) it is obvious that
the power diagram remains unchanged when all sphere radinereased by the same constant.

The running time of this approach is dominated by the timeladeéo compute power diagrams, which is
O(nlogn) in R?2 andO(n?) in R3. This matches the performance of previously known worseagptimal
algorithms for convex hulls of circles [18], and of spheré fespectively. In fact, the method in [6] also
transforms the problem to one dimension higher, and is airntol though less direct than ours. The convex
hull of n spheres ifR? has a combinatorial complexity 6f(n?) in the worst case; see [6]. In contrast, by
the considerations above, the size of the convex hull dmpX+) if all spheres have the same radius.

Note finally that the very power diagram of the spheres (wloswex hull is to be constructed) cannot
be used directly for this task. In contrast to the (eucligédmonoi diagram for spheres, unboundedness of
the power region of a sphere does not indicate appearanbe ephere on the convex hull.

3 Circular arcs

In this section, we show that our approach based on supputidims is particularly suited for computing the
convex hull ofn circular arcs inR2. Let{a1,...,a,} be a set of circular arcs, being positioned arbitrarily
in the plane. We are going to describe an algorithm that coaspthe convex hull ofay,...,a,} in
worst-case optimal time, and that beats existing optimdhods in simplicity.

The convex hull's boundary consists of a cyclic sequendargdentyline segments touching two input
arcs) andedges(connected pieces of input arcs). Therticesof the convex hull are the endpoints of its
tangents and edges; compare Figure 2. Note that a singleagrgive rise to many edges. Our algorithm
runs inO(h,, log n) time andO(n) space, wheré,,, denotes the worst case number of vertices.

The first difference to the case of circles (see Section 8aiecause a circular arc is not a convex set.
Its support function is defined only on an interval®f. We might 'convexify’ each arc by taking its convex
hull beforehand, but this bears the problem that the sugpoction of the resulting circular cap cannot be
expressed by a linear objectlt?. However, another simple trick can be applied. The endpaifitach arc
are interpreted as circles of radii zero, and their reggim support functions are taken into account, too.
This ensures that the upper envelope of all these suppatidus is defined on entir&! and, on the other
hand, does no change the convex hull.



Figure 3: Circular objects and their support functions

In geometrical terms, each atg now gives rise to three linear objectsIR? as follows. Letu; andv;
be the endpoints of akg;, and let the circle containing; be defined by its centet and radius;. Then we
consider the part of the plane= ¢; - x + r; that projects vertically to the wedge with apex at the oragia
aperture angle given hy. In addition, we consider the two planes-= u; - x andz = v; - x. By Property 1,
the upper envelope of these linear objects, when restricted &, corresponds bijectively to the convex
hull of the set{ay, ..., a,} of circular arcs.

Let us have a closer look at this situation. Each of the limdgect above intersects the vertical cylinder
22 = 1 either in a closed curve (if the object was a plane) or in amapeve (if the object was a planar
wedge). See Figure 3, where closed curves (ellipses) aatnebtfor the radius-zero circles, v, andas,
and an open elliptic curve is obtained for the circular @rc We are interested in the upper envelopg,
of these curves (shown shaded in the figure). The curves igaimross at most twice, because each such
crossing comes from intersecting a line in space with a dgiinWhen applying the theory of Davenport-
Schinzel sequences [21] to this setting, we get a superlupgzer bound) (\4(n)) for the complexity ofF,
and thus on the quantity,,,. Recalling the bijection between curve crossings and cohudl tangents—
either object witnesses equality of the support functioeadk to a slightly weaker lower bound. To this
end, we simulate with circular arcs tl&& \3(n))-size envelope construction in [21] for line segments, in
a way such that each envelope crossing between two segn@nésponds to a convex hull tangent for
two arcs. Roughly speaking. each segment is bent to becora ds0 as to enable a tangent above each
envelope crossing), and then is shortened such that thagagets sufficiently close to one of its endpoints
(in order to prevent the endpoint from influencing the corvelt more than in am-range).

Note that the relationship to Voronoi diagrams mentionethaintroduction does not help us in ana-
lyzing the size of the convex hull, because we do not have easiyrol over the diagram size as soon as
circular arcs start intersecting; the diagram’s worst caseplexity is©(n?).

It remains to describe how to compute the upper envelgpe a simple and efficient way. Standard
techniques, namely, divide-and-conquer paired with ataiveep method for merging the upper envelopes
of two subsets of curves, can be applied. This task basigattyics Mergesort for the angles of the envelope
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Figure 4. Constructing an intersection vertex

vertices. Clearly, in the merge phase we may have to conesgsrvertices (namely, crossings between
curves), and disregard old ones on account of theialues checked during the sweep. The good news is
that such crossings can be obtained without intersectiagcdinresponding two spatial curves oh= 1.

In fact, these curves are never needed explicitly, neitleing the algorithm nor as part of the output.
For each crossing in question, it suffices to determine tbgegtion ¢ onto R? of the line of intersection

of two planes inR3, intersect? with $', and determine the-value of the appropriate one among the
two intersection points by plugging into the equation of angl. By the maximal size of the envelopes
constructed (see above), the overall running time of thagsrithm isO(h,,, logn). Note that only trivial
data structures are used.

Let us work out the differences of this algorithm to a siméd@proach that come into mind: Graham'’s
scan [9], which is based on radially sorting the objectsgfodlly, points) whose convex hull is to be
constructed. As, in general, no radial order exists for @keircular arcs{a, . .., a, }, this method cannot
be applied directly. An adequate generalization would ravénd the envelope of the sét,...,a,}
with respect to some point, interior to its convex hull, and then apply one of thé¢n) time convex hull
algorithms in [20, 5, 2] to the resulting closed curve. Anaaope algorithm similar to the one described
above will work, though not prior to splitting each arcat internal points of tangency as seen from peint
The main advantage of our approach, however, is that afténdnghe envelope of the support functions at
hands, the combinatorial structure of the convex hull is gletely determined, whereas additional effort
(computing the convex hull of a noncrossing circular aring)lis needed, otherwise.

We remark that neither for thenvelopeof circular arcs, nor for theonvex hullof circular arcs, the
upper complexity bound(\4(n)) is known to be tight.

Using our convex hull algorithm, the intersection of ta@nvexshapesA and B, bounded by a total of
n circular arcs, can be computed in a simple way. Each vertékeointersectiond N B can be uniquely
assigned to a tangent of the convex hullbt B, because this tangent signals equality of the two support
functions. Starting at each hull tangent, we can identify ¢brresponding vertex (if it exists) by simple
tests for tangency to one of or B; see Figure 4. The size of the convex hullién), becaused N B has
only O(n) vertices, and each vertex corresponds to a hull tangehtifB # (). An O(nlogn) algorithm
results that is less involved than the classical plane swpppach.
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