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Distan
e Regression by Gauss-Newton-type Methodsand Iteratively Re-weighted Least-SquaresM. Aigner, B. JüttlerInstitute of Applied Geometry, Johannes Kepler University, Linz, AustriaWe dis
uss the problem of �tting a 
urve or surfa
e to given measurement data. In manysituations, the usual least�squares approa
h (minimization of the sum of squared residuals) isnot appropriate, as it impli
itly assumes a Gaussian distribution of the measurement errors.In those 
ases, it is more appropriate to minimize other fun
tions of the residuals, whi
h wewill 
all norm�like fun
tions. We show that the te
hnique of iteratively re-weighted least-squares (IRLS), whi
h originated in statisti
s (Huber, 1981) is a Gauss-Newton-type methodfor minimizing a sum of su
h fun
tions of the residuals.Keywords: Gauss-Newton method, iteratively re-weighted least-squares (IRLS), 
urve �tting,surfa
e �tting1. Introdu
tionThe problem of �tting a given mathemati
al model to a 
ertain set of measurement data appearsin the 
ontext of various appli
ations. For instan
e, during the pro
ess of reverse engineering ofgeometri
 models, one is interested in �tting a parametri
 
urve or surfa
e (often representedby NURBS: non�uniform rational B-splines) to a given point 
loud (see e.g. Rogers & Fog,1989; Sarkar & Menq, 1991; Hos
hek & Lasser, 1993; Watson, 1999; Alhanaty & Ber
ovier,2001; Varady & Martin, 2002; Atieg & Watson, 2003; Pottmann et al., 2005). In statisti
s,regression lines or other geometri
 primitives need to be identi�ed in order to analyze therelations between two or more variables (Huber, 1981). In biomedi
ine, image segmentationor the automati
 re
ognition of biologi
al stru
tures is an important issue (Mahadevan et al.,2004).Most existing te
hniques rely on least-squares approximation, minimizing the sum of thesquared residuals (i.e. the deviations between the model and the measured data). Equivalently,this 
an be seen as minimization of the ℓ2 norm of the ve
tor of (s
alar�valued) residuals. Inthe 
ase of (parametri
 or impli
itly de�ned) 
urves and surfa
es, the residuals are often 
hosento be the distan
es between the data and the asso
iated 
losest points. This leads to the spe
ial
ase of orthogonal distan
e regression (Rogers & Fog, 1989; Sarkar & Menq, 1991; Speeret al.,1998; Blake & Isard, 1998; Alhanaty & Ber
ovier, 2001; Atieg & Watson, 2003; Pottmann &Leopoldseder, 2003; Wang et al., 2006; Aigner et al., 2007).If the residuals depend linearly on the parameters governing the model, then the solution
an be found by solving a system of linear equations. In the 
ase of a non-linear dependen
ebetween residuals and parameters, Gauss-Newton-type methods are widely used, as they avoidthe evaluation of se
ond derivatives (see Atieg &Watson, 2003;Wang et al., 2006). In parti
ular,the nonlinearity is present in the 
ase of orthogonal distan
e regression. See Yamamoto (2000)for a histori
al overview of Newton and Newton-like methods.In many situations, 
onsidering the ℓ2 norm of the residuals is not the appropriate approa
h.
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alled outliers (data with large error) may destroy the quality of theapproximation, sin
e their in�uen
e grows quadrati
ally with the distan
e to the 
urve. On theother hand, if the data are very pre
ise, then it is more appropriate to minimize the maximumdeviation between the model and the data. It is 
learly important to adjust the norm 
arefullyto the problem (see Watson, 1977; Jüttler, 1998; Hermey & Watson, 1999; Watson, 2000, 2002;Al-Subaihi & Watson, 2004; Atieg & Watson, 2004).In the �eld of statisti
s (Huber, 1981), this is a
hieved with the help of the 
on
ept ofM-estimators. An M-estimator is a fun
tion ρ(r) of the s
alar residual r that grows sub-quadrati
ally with r and that is monotoni
ally nonde
reasing with in
reasing r. For instan
e,one one may use ℓp norms of the ve
tor of residuals for di�erent values of p. This leads to moremeaningful results, while in
reasing the 
omputational 
osts.This paper is organized as follows. In the next two se
tions we introdu
e the generalized�tting problem and dis
uss iterative te
hniques for solving it. Se
tion 4 analyzes the 
onne
tionbetween Gauss-Newton and the method of iteratively re-weighted least-squares (IRLS). Se
tion5 presents several examples. Finally, we 
on
lude this paper.2. The generalized �tting problemGiven a set of data points {Pj}j=1..N in R
d, we are interested in a surfa
e of dimension k < dthat approximates these points in the best way. In this paper we restri
t ourselves to 
urves(k = 1). The results whi
h are presented in this paper 
an be extended to higher dimensionsand to other settings, su
h as the problem of �tting a parametri
 surfa
e (k = 2).We denote a parametri
 
urve by cs(t), with the 
urve parameter t ∈ I = [a, b] ⊂ R.Similarly to the framework des
ribed in (Aigner & Jüttler, 2007; Aigner et al., 2007), we assumethat the 
urve is des
ribed by a ve
tor of shape parameters s ∈ R

n.Example 2.1 Consider a spline 
urve
cs(t) =

m
∑

i=0

diψi(t) (1)where ψi(t) are the B-splines of a 
ertain degree k, de�ned over a suitable �xed knot ve
tor(see Hos
hek & Lasser, 1993). The ve
tor of shape parameters is obtained by 
on
atenation ofall 
ontrol points di. In addition it may also 
ontain the knots of the 
urve.Example 2.2 An ellipse in the plane 
an be parameterized using trigonometri
 fun
tions as
cs(t) =

(

cosφ − sinφ
sinφ cosφ

) (

x0 + a sin(t)
y0 + b cos(t)

)

, t ∈ I = [0, 2π). (2)The shape parameters are the 
oordinates of the 
enter (x0, y0) along with the semimajor aand the semiminor axes b and the rotation angle φ of the ellipse.For a �xed data point Pj and asso
iated point cs(tj(s)) on the 
urve, the residual ve
tor isgiven by
Rj(s, tj(s)) = Pj − cs(tj(s)). (3)Its Eu
lidean norm ||Rj || is the s
alar residual asso
iated with Pj . In order to �t the 
urveto the data, one minimizes simultaneously the residuals for all data points. Depending on the
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(a) (b)Fig. 1. Orthogonal distan
e regression (a) and distan
e regression (b).
hoi
e of tj(s), two basi
 �tting problems 
an be formulated (see also Watson, 2000; Atieg &Watson, 2004):(i) Orthogonal distan
e regression (ODR). For any given ve
tor of shape parameters, theparameter values tj are 
hosen su
h that the points cs(tj(s)) are as 
lose as possible tothe given data,

tj(s) = argmin
t∈I

‖cs(t(s)) − Pj‖. (4)In this 
ase, the residual ve
tors are perpendi
ular to the 
urve, see Figure 1(a). For aregular 
urve point, i.e. c
′
s
(tj) 6= (0, 0)⊤, this orthogonality 
an be formulated as

c
′
s
(tj(s))

⊤(cs(tj(s)) − Pj) = 0, (5)where ′ denotes the derivative with respe
t to the 
urve parameter. Clearly, one has toidentify both the 
urve that provides the minimal distan
e to the data points, and also the
urve parameters tj where these distan
es are realized. Due to (4), the 
urve parameters
tj depend highly on the shape parameters s.(ii) Distan
e regression. In this simpler 
ase, the parameter values tj are �xed a priori using asuitable parameterization method, su
h as 
hordal, 
entripetal or uniform parameteriza-tion (see e.g. Hos
hek & Lasser, 1993). The residuals are given by Rj(s, tj) = Pj −cs(tj),see Figure 1(b). In this 
ase, the distan
es from the data point to the 
urve are notne
essarily the shortest possible ones.We 
onsider the following generalized �tting problem:

F (s) =

M
∑

j=1

N(‖Rj(s)‖) → min
s

. (6)It generalizes the usual �tting problems by repla
ing the ℓp norms (mostly with p = 2) of theve
tor of s
alar residuals ||Rj|| with a sum of a 
ertain fun
tions N(.) applied to the residuals.We 
hoose these fun
tions from the 
lass of norm-like fun
tions in the following sense.De�nition 2.3 A C2 fun
tion N(x) : R
+ → R

+ is said to be norm-like if there exists ǫ ∈ R
+su
h that the derivative satis�es

N ′(x) = xw(x) for x ∈ (0, ǫ] (7)where the asso
iated weight fun
tion w(x) is positive. If the weight fun
tion w(x) 
an smoothlybe extended su
h that w(x)) : [0, ε] → [c, C] with c, C ∈ R
+, then we will 
all it positive andbounded.
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tion N(x) = x2, whi
h 
orresponds to the ℓ2 norm ofthe ve
tor of residuals, has the weight fun
tion w(x) = 2 whi
h is positive and bounded.2. The norm�like fun
tion N(x) = exp(x2) − 1 has the weight fun
tion w(x) = 2 expx2.Again, the weight fun
tion is positive and bounded.3. The norm�like fun
tions N(x) = xp for p 6= 2, whi
h 
orrespond to the ℓp norm of theve
tor of residuals, have the weight fun
tions w(x) = pxp−2. The weight fun
tions arepositive, but not bounded, for 1 < p < 2, and bounded, but not positive, for p > 2.3. Iterative te
hniques for solving the generalized �tting problemThe generalized �tting problem (6) de�nes a non-linear optimization problem. We 
onsideriterative te
hniques for 
omputing an approximate solution. In ea
h step, a better approxima-tion s
+ of the exa
t solution is found by updating the 
urrent solution s

c via s
+ = s

c + h∆s,where h 6 1 is a 
ertain step size.3.1 Gradient and HessianFor later referen
e we provide the gradient and the Hessian of the obje
tive fun
tion F (s),see (6). The gradient, whi
h is the row ve
tor of the �rst partial derivatives with respe
t to theshape parameters si, is
∇F =

M
∑

j=1

N ′(‖Rj‖)
R

⊤
j

‖Rj‖
∇Rj =

M
∑

j=1

w(‖Rj‖)R
⊤
j ∇Rj (8)where Rj denotes the residual at the 
urrent position s

c. The Hessian is the n× n�matrix
HF = ∇(∇F⊤) =

M
∑

j=1

w′
j

‖Rj‖
∇R

⊤
j RjR

⊤
j ∇Rj + wj∇R

⊤
j ∇Rj + wj∇(∇R

⊤
j ) ◦ Rj , (9)where we use the abbreviations wj = w(‖Rj‖) and w′

j = w′(‖Rj‖). The se
ond order derivative
∇(∇R

⊤
j ) is a tensor, and is to be interpreted in the following way:

[

∇(∇R
⊤
j ) ◦ Rj

]

l,k
=

d
∑

i=1

[

∂

∂sl

∂

∂sk

[Rj ]i

]

[Rj ]i. (10)Here, [V]i denotes the i−th entry of the ve
tor V and [M]i,j denotes the j−th entry of the
i−th row of the matrix M.3.2 Linearization of RjThe 
lassi
al Gauss-Newton-type methods are based on the linearization of the residuals. Forthe generalized �tting problem (6) this gives

F ∗(∆s) =

M
∑

j=1

N(‖Rj‖ + ∇‖Rj‖∆s) → min
∆s

. (11)
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an be solved e�
iently for the update ve
tor ∆s. However, in the 
aseof general norm-like fun
tions N(x) the equations obtained from the dire
t linearization (11)are non-linear in the unknowns ∆s,
∇F ∗⊤(∆s) =

M
∑

j=1

N ′(‖Rj‖ + ∇‖Rj‖∆s)(∇‖Rj‖)
⊤ = 0.Therefore the dire
t linearization (11) of the residuals should be avoided. In the parti
ular 
aseof the ℓ1 norm, the problem be
omes even non-di�erentiable in the limit. Watson (2002) showsthat the problem 
an be reformulated su
h that it be
omes di�erentiable. Unfortunately, onehas to know a-priori whi
h data points are interpolated, hen
e whi
h residuals vanish in thelimit.3.3 From Newton to Gauss-NewtonClearly, a lo
al minimum of the obje
tive fun
tion F ful�lls the 
ondition

∇F⊤ = 0.In general, this equation is non-linear in the ve
tor of unknowns s. Using Newton's method oneobtains the linearized system
∇F⊤ +HF∆s = 0 (12)for the update step ∆s where HF denotes the Hessian (9) of the obje
tive fun
tion F . Under
ertain assumptions, Newton's method exhibits quadrati
 
onvergen
e (see Yamamoto, 2000,and the referen
es 
ited therein).Newton's method is espe
ially well suited if the residuals are linear in the unknown 
oe�-
ients s. In this 
ase, the se
ond order derivatives in the Hessian (9) vanish identi
ally and theproblem gets parti
ularly simple. In other 
ases the exa
t Hessian may be unknown or very
ostly to evaluate. In su
h a situation an approximation of the exa
t Hessian 
an be used. Thisleads to Gauss-Newton-type methods.In the following we 
onsider the approximate Hessian

H∗
F =

M
∑

j=1

wj∇R
⊤
j ∇Rj (13)whi
h is obtained by omitting the �rst and the last part in (9). Note that the latter 
ontainsthe se
ond order derivatives with respe
t to the shape parameters.In the 
ase of vanishing residuals we get the following result.Lemma 3.1 Let s be the minimizer of (6) su
h that ‖Rj(s)‖ = 0 for all j and let N(x) have apositive and bounded weight fun
tion. Then

lim
s→s

HF = lim
s→s

H∗
F . (14)Proof. We have to show that all but the se
ond term of the expansion of the Hessian (9)vanish. For the last term this 
an be seen immediately. The �rst part of the Hessian is the sumof

Tj = w′
j‖Rj‖∇R

⊤
j

Rj

‖Rj‖

R
⊤
j

‖Rj‖
∇Rj , j = 1, . . . ,M. (15)
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onsider the spe
tral norm of Tj,
‖Tj‖

2
2 6

∥

∥

∥

∥

∥

w′
j‖Rj‖∇R

⊤
j

Rj

‖Rj‖

R
⊤
j

‖Rj‖
∇Rj

∥

∥

∥

∥

∥

2

2

6 |w′
j |

2 ‖Rj‖
2

∥

∥

∥

∥

∥

∇R
⊤
j

Rj

‖Rj‖

R
⊤
j

‖Rj‖
∇Rj

∥

∥

∥

∥

∥

2

2Exploiting the Cau
hy-S
hwarz inequality we obtain
‖Tj‖

2
2 6 |w′

j |
2 ‖Rj‖

2

∥

∥

∥

∥

∇R
⊤
j

Rj

‖Rj‖

∥

∥

∥

∥

2

2

∥

∥

∥

∥

∥

R
⊤
j

‖Rj‖
∇Rj
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∥

∥

∥

∥

2

2

.Finally we get
‖Tj‖

2
2 6 |w′

j |
2 ‖Rj‖

2
∥

∥∇R
⊤
j

∥

∥

2

2

∥

∥

∥

∥

Rj

‖Rj‖

∥
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∥
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∥

∥
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Rj
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2
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∥∇R
⊤
j
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∥

2

2
, (16)as the spe
tral norm for matri
es and the ℓ2 norm for ve
tors are 
onsistent. If the shapeparameters tend to the zero residual 
ase s → s̄, then ‖Rj‖ → 0, hen
e ‖Tj‖2 → 0. �Remark 3.1 This Lemma ex
ludes the 
ase of ℓp norms for p > 2 sin
e they do not ful�ll theassumption that w(0) 6= 0 in a zero-residual 
ase. Nevertheless, the 
on
lusion remains valid,sin
e HF = H∗

F = 0 in the limit. For the 
ase 1 6 p < 2 the optimization problem is notdi�erentiable.Now we use the approximate Hessian H∗
F in order to de�ne a Gauss-Newton-type methodfor the generalized �tting problem (6),

H∗
F∆s + ∇F⊤ = 0. (17)With the help of (8) and (13), we are led to formulate the following de�nition.De�nition 3.1 In ea
h step of the Gauss-Newton method for the generalized �tting problem (6)we solve the system of linear equations

M
∑

j=1

wj(‖Rj(s
c)‖)∇R

⊤
j (sc)∇Rj(s

c)∆s +

M
∑

j=1

wj(‖Rj(s
c)‖)∇R

⊤
j (sc)Rj(s

c) = 0 (18)for the update step ∆s and 
ompute the update s
+ = s

c + h∆s, where h is the step size h 6 1.3.4 Iteratively re-weighted least-squares (IRLS)IRLS generalizes the standard least-squares te
hnique by assigning an individual weight to ea
hresidual. More pre
isely, we reformulate the general minimization problem (6) in the followingway
M
∑

j=1

N(‖Rj‖) =

M
∑

j=1

vj‖Rj‖
2. (19)By assigning 
onstant values to the weights vj , the non-linearity of the norm�like fun
tion iseliminated. Unfortunately, the weights vj that 
orrespond to the exa
t solution are a-priori
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an be addressed by an iterative pro
ess. The weights vj are updatedin ea
h step. They are 
omputed from the previous approximate solution.In addition, the residuals may depend in a non�linear way on the shape parameters. Bylinearizing the residuals as in the usual Gauss-Newton approa
h we are led to the followingde�nition.De�nition 3.2 One step of iteratively re-weighted least-squares (IRLS) solves
M
∑

i=1

vj(‖Rj(s
c)‖)‖Rj(s

c) + ∇Rj(s
c)∆s‖2 → min

∆s

(20)for the unknown update ve
tor ∆s. Then we 
ompute the update s
+ = s

c + h∆s, where h isthe step size. The next step then uses the new weights vj(‖Rj(s
+)‖).Example 3.3 In the 
ase of ℓp minimization, N(x) = xp, the obje
tive fun
tion (19) 
an berewritten as

M
∑

j=1

‖Rj‖
p =

M
∑

j=1

vj‖Rj‖
2 (21)whi
h suggests the weights vj = ‖Rj‖

p−2. Note that potential problems may o

ur for 1 6 p <

2. The weights diverge as the residuals tend to zero and even a single vanishing residual destroysthe regularity of the problem. For this reason, di�erent approximations for the ℓ1 weights areused. Espe
ially in the statisti
s 
ommunity (see Huber, 1981), a wealth of di�erent weights isbeing used.4. Dis
ussionWe show that IRLS and the Gauss-Newton method in the sense of (18) are equivalent.4.1 Equivalen
e of the methodsIn the 
ase of s
alar residuals whi
h depend linearly on the unknowns, Watson (1977) establishesa 
onne
tion between IRLS and Newton's method for ℓp approximation. O'Leary (1990) givesan overview of some minimization methods for a general norm�like fun
tion of a linear residual
N(ri). Mahadevan et al. (2004) show that a Gauss-Newton-type method for a general norm�like fun
tion of non-linear, s
alar residuals leads to an IRLS problem. We extend this result tothe 
ase of ve
tor-valued residuals.Proposition 4.1 One step of the Gauss-Newton-type method for solving the generalized�tting problem (6) in the sense of De�nition 3.1 is equivalent to one step of IRLS in the senseof De�nition 3.2, where the weights are 
hosen as vj = w(‖Rj‖).Proof. The minimizer ∆s of the IRLS problem

M
∑

j=1

w(‖Rj‖)‖Rj + ∇Rj∆s‖2 → min
∆s

(22)
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M
∑

j=1

w(‖Rj‖)∇R
⊤
j ∇Rj∆s +

M
∑

j=1

w(‖Rj‖)∇R
⊤
j Rj = 0. (23)This is equivalent to the linear system (18). �Consequently, any generalized �tting problem (6) 
an be solved via IRLS.Remark 4.1 Note that Eq. (21), whi
h suggests the 
hoi
e vj = ‖Rj‖

p−2 of the weights, isvalid only in the 
ase of ℓp norms. In this 
ase, the proposition gives the weights vj = p‖Rj‖
p−2.The fa
tor p, whi
h is shared by all weights, does not have any in�uen
e. In the 
ase of generalnorm�like fun
tions, the analogue of Eq. (21) is not satis�ed.4.2 Convergen
e resultsIn the ℓ2 
ase, hen
eN(x) = x2, standard results from optimization theory provide informationsabout the 
onvergen
e behavior of 
ertain iteration methods. Under 
ertain 
onditions thestandard Gauss-Newton method 
onverges quadrati
ally in the zero-residual 
ase. We extendthis result to the Gauss-Newton method in the sense of (18) for a general N(x).Proposition 4.2 If the Gauss-Newton update (18) is de�ned, then ∆s is a dire
tion of des
ent.Proof. The update step is given by

∆s = −





M
∑

j=1

wj∇R
⊤
j ∇Rj





−1
M
∑

j=1

wj∇R
⊤
j Rj. (24)Re
all that the gradient is given by (8). We show that the inner produ
t

〈∇F⊤,





M
∑

j=1

wj∇R
⊤
j ∇Rj





−1

∇F⊤〉of the negative gradient of the obje
tive fun
tion and the update ve
tor ∆s is positive. This isthe 
ase if all singular values of ∑M

j=1 wj∇R
⊤
j ∇Rj are positive. First we know that the matrixis regular, sin
e we assumed that the Gauss-Newton update is de�ned. Se
ond, from wj > 0and

〈x,

M
∑

j=1

wj∇R
⊤
j ∇Rjx〉 =

M
∑

j=1

wj〈x
⊤∇R

⊤
j ,∇Rjx〉 > 0 ∀x 6= ~0 (25)we 
on
lude that all singular values are positive. �As an important 
onsequen
e of this observation, even for points where N(x) is not C2,the Gauss-Newton method provides a dire
tion of des
ent. The next theorem analyzes the
onvergen
e rate of the Gauss-Newton method, and therefore also of IRLS. It extends theknown properties of the usual Gauss-Newton method (
f. Kelley, 1999).Theorem 4.3 Let s be a minimizer of

M
∑

j=1

N(‖Rj(s)‖) → min
s
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tion N(x) and w(x) be a positive and bounded weight fun
tion. Theresiduals Rj shall be Lips
hitz 
ontinuously di�erentiable and ∑M

j=1 ∇R
⊤
j wj∇Rj be regular in

Bδ(s) = {s : ‖s − s‖ < δ} with δ > 0. Then there exists for the Gauss-Newton method (18)some 
onstant K ∈ R su
h that
‖s+ − s‖ 6 K(‖sc − s‖2 + ‖

M
∑

j=1

Rj‖ ‖s
c − s‖)where Rj = Rj(s

c), Rj = Rj(s) and ∇Rj = ∇Rj(s).Proof. With ∆s from Eq. (24), the error after one update step is given by
s
+ − s = (sc − s) − [

M
∑

j=1

∇R
⊤
j wj∇Rj ]

−1
M
∑

j=1

∇R
⊤
j wjRj

= [

M
∑

j=1

∇R
⊤
j wj∇Rj ]

−1
M
∑

j=1

∇R
⊤
j wj [∇Rj(s

c − s) − Rj ].The last fa
tor [. . .] 
an be rewritten as
∇Rj(s

c − s) − Rj = ∇Rj(s
c − s) − Rj + Rj − Rj = −Rj +

(

∇Rj(s
c − s) + Rj − Rj

)hen
e
‖s+ − s‖ 6 ‖[

M
∑

j=1

∇R
⊤
j wj∇Rj]

−1‖ · (‖

M
∑

j=1

∇R
⊤
j wjRj‖ + ‖

M
∑

j=1

∇R
⊤
j wj‖

α

2
‖sc − s‖2)with the Lips
hitz 
onstant α, where we used that

‖∇Rj(s
c − s) + Rj − Rj‖ 6

α

2
‖sc − s‖2.Finally,

‖

M
∑

j=1

∇R
⊤
j wjRj‖ = ‖

M
∑

j=1

(wj∇Rj − wj∇Rj)
⊤
Rj‖ 6 α(C + c) ‖

M
∑

j=1

Rj‖ ‖s
c − s‖sin
e ∑M

j=1 wj(∇Rj)
⊤
Rj = 0 and due to the Lips
hitz 
ontinuity of ∇Rj . Summing up,

‖s+ − s‖ 6 ‖[

M
∑

j=1

∇R
⊤
j wj∇Rj ]

−1‖α [ (C + c) ‖

M
∑

j=1

Rj‖ ‖s
c − s‖ +

1

2
‖

M
∑

j=1

∇R
⊤
j wj‖ ‖s

c − s‖2 ]

6 K [ ‖
M
∑

j=1

Rj‖ ‖s
c − s‖ + ‖sc − s‖2 ]with the 
onstant

K = α max
s∈Bδ(s)

‖[

M
∑

j=1

∇R
⊤
j wj∇Rj ]

−1‖ [ (C + c)‖

M
∑

j=1

Rj‖ +
1

2
‖

M
∑

j=1

∇R
⊤
j wj‖ ].



10 of 15 M. Aigner, B. JüttlerThis 
on
ludes the proof. �A

ording to this result, the Gauss-Newton-type method (De�nition 3.1) and the equivalentIRLS method perform with quadrati
 
onvergen
e rate in the zero-residual 
ase. However,the assumptions restri
t the 
hoi
e of the weight fun
tion w(x), and therefore of the norm�like fun
tion N(x). More pre
isely, the weight fun
tion w(x) must be positive and has to bebounded for x ∈ [0, ǫ].The weights of the ℓp norms for p 6= 2, where w(x) = pxp−2 do not ful�ll these 
onditions.First we 
onsider the 
ase p > 2. In a zero�residual 
ase, all residuals vanish simultaneouslywhi
h 
auses a singular Hessian. In the general situation, 
onsider only the weights that vanishin the limit. This has the same e�e
t as if the points with the asso
iated weights would beex
luded from the data set. Sin
e we assume that M ≫ n this will not in�uen
e the regularity
ompared to the ℓ2 
ase too mu
h. More di�
ult is the 
ase p < 2, where even a single vanishingresidual destroys the regularity of the Hessian.4.3 Remarks on orthogonal distan
e regressionIn the 
ase of orthogonal distan
e regression, where the parameters tj obey (4), the residualve
tors Rj take the form Rj = Rj(s, tj(s)). Consequently we obtain the gradients
∇Rj = ∇sRj + R

′
j∇t (26)where ∇s denotes the gradient with respe
t to the �rst argument (s), and the prime ′ thederivative to the se
ond one. The gradient of the parameter∇tj is found from the orthogonality
onditions (5),

∇tj = −
R

⊤
j ∇sR

′
j + R

′⊤
j ∇sRj

R′′⊤
j Rj + R′⊤

j R′
j

. (27)Consequently, both the approximate Hessian H∗
F used in (18) and the equivalent IRLS method(20) need se
ond derivatives of the 
urve.Gauss-Newton-type methods for ℓp and orthogonal distan
e regression, in parti
ular for

p ∈ {1,∞}, have been studied by Watson (1999, 2002); Atieg & Watson (2003); Al-Subaihi &Watson (2004). A survey has been given by Watson (2000)The 
ase of the ℓ2 norm, i.e., N(x) = x2 has been studied re
ently by Wang et al. (2006).In parti
ular, several possible simpli�
ations of (27) have been proposed.As an alternative to omitting terms with se
ond order derivatives from the Hessian, see (13),a Gauss-Newton method for ℓ2 orthogonal distan
e regression 
an be derived by 
onsideringthe linearization
M
∑

j=1

(‖Rj‖ + ∇‖Rj‖∆s)2 → min
∆s

.whi
h 
an be shown to be equivalent to the method of �normal distan
e minimization� of Blake& Isard (1998), whi
h is 
alled �tangent distan
e minimization� by Wang et al. (2006). Due tothe orthogonality (5), the gradient of the s
alar residual evaluates to
∇‖Rj‖ =

R
⊤
j

‖Rj‖
(∇sRj + R

′
j∇tj) =

R
⊤
j

‖Rj‖
(∇sRj), (28)



Distan
e regression by Gauss-Newton-type methods 11 of 15i.e., it does not involve se
ond derivatives of the 
urve. The generalization of this idea tothe 
ase of norm-like fun
tions is subje
t of on�going resear
h. However, it seems that thislinearization is not so 
losely related to the IRLS method.Remark 4.2 As an inherent problem of orthogonal distan
e regression, it will often be
omeill-posed for parametri
 
urves. For instan
e, 
onsider a polynomial or rational 
urve (nota spline 
urve) that solves a �tting problem. A se
ond solution 
an easily be obtained byreparameterizing the original one, hen
e the solution is not unique. Consequently, both theHessian (9) and the simpli�ed Hessian be
ome singular in the limit and therefore regularizationte
hniques have to be applied.5. ExamplesWe present three numeri
al examples.Example 5.1 Fig. 2 shows a point 
loud whi
h was approximated with a polynomial 
urveof degree 5 that interpolates the �rst and the last data point. The three pi
tures in the left
olumn show the sensitivity of approximations obtained using di�erent norm�like fun
tions
N(x) with respe
t to outliers. The �rst result was obtained with N(x) = 1 − exp(−(cx)2)whi
h shall serve as an approximation of the ℓ1 norm. In literature, the weight derived fromthis fun
tion is 
alled the Wels
h weight (Wels
h, 1977). The se
ond result is the ℓ2 �t, where
N(x) = x2. For the third result, the maximal distan
e from the 
urve to the data points wasto be minimized. This 
orresponds to the ℓ∞ norm. We repla
ed this non-di�erentiable normby N(x) = exp((cx)2) − 1.The plots in the right 
olumn visualize the lengths of the error ve
tors. From top to bottomthe maximal error de
reases, while the distribution of the error gets more uniform. In addition,Fig. 3 shows the norm-like fun
tions and the asso
iated weights.Remark 5.1 The results obtained by minimizing the obje
tive fun
tions obtained by 
hoosing
N(x) = 1−exp(−x2) and N(x) = exp(x2)−1 are not invariant under s
aling. The parameter chas been introdu
ed in order to avoid this dependen
y. A possible strategy for 
hoosing theparameter c is the following. First we 
ompute the ℓ2 �t of the data points and identify thepoint whi
h has the largest distan
e to the 
urve. Then c is 
hosen su
h that this data pointhas some pres
ribed weight w0. This does not require mu
h additional 
omputational e�ort,sin
e the ℓ2 approximation should be 
omputed anyway, in order to obtain a suitable initialvalue for the iteration pro
ess.Example 5.2 Fig. 4 shows a point set that was obtained from the data of the previous exampleby adding some additional noise. Also the single outlier was eliminated. From top to bottomone 
an see again an approximate ℓ1 �t, an ℓ2 approximation and an approximate ℓ∞ �t. Again,the magnitudes of the 
orresponding errors in the right 
olumn show that the maximal errorde
reases, while the distribution be
omes more uniform. However, the di�eren
e between theapproximate ℓ1 �t and the ℓ2 �t are not that signi�
ant, sin
e the data points were perturbedwith a uniform random error.Example 5.3 In order to demonstrate the quadrati
 
onvergen
e rate in the zero-residual 
ase,we �tted an ellipse shaped point 
loud, as one 
an see in Fig. 5. The model 
urve and theshape parameters were 
hosen a

ording to Example 2.2. The errors in the �rst 7 steps arereported in the table. After 3 steps the new error is essentially the square root of the previous
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lusionWe showed that the generalized �tting problem (6) for 
urves (and similarly for surfa
es) 
anbe solved iteratively by a Gauss-Newton-type method. This method has been shown to beequivalent to the te
hnique of iteratively re-weighted least-squares, where the weights w(x) and
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orresponding norm-like fun
tion N(x) are related by N ′(x) = xw(x). In addition, basedon 
lassi
al results about Gauss-Newton methods, we analyzed its 
onvergen
e properties. By
hoosing other norm-like fun
tions than N(x) = x2, whi
h 
orresponds to the ℓ2 norm, onemay e�
iently deal with data 
ontaining outliers, and one may �nd 
urves and surfa
es thatminimize the maximum distan
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