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Abstract

The extraction of curvature information for surfacesis a basic problem of Geometry
Processing. Recently an integral invariant solution of this problem was presented,
which is based on principal component analysis of local neighbourhoods de ned by
kernel balls of various sizes. It is not only robust to noise, but also adjusts to the
level of detail required. In the present paper we show an asymptotic analysis of the
moments of inertia and the principal directions which are used in this approach. We
also address implementation and, brie y, robustness issues and applications.
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1 Introduction

Therole of di erential geometry in the investigation of curves and surfaces is
a very important one. The computation of local invariants such as curvatures
is frequently required for geometry processing applications. Also the global
understanding of shapes bene tsfrom di erential entities. Examples are prin-
cipal curvature lines and crest lines. References inlude Alliez et al. (2003),
Cazals and Pouget (2005), Hildebrandt et al. (2005), Ohtake et al. (2004),
and Yoshizawa et al. (2005).

Unfortunately, di erentiation is sensitiveto noise. Thus, the use of di erential
invariants requires data smoothing and de-noising prior to computation. This
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Fig. 1. Feature extraction on multiple scales using principal component analysis on
ball neighbourhoods of di erent radii. Darker regions are classi ed as features on
all scales, lighter shaded regions correspond to features extracted at only one or two
scales. The images from left: Ravines{ Original data| Ridges.

may be done in a global way via appropriate geometric ows, asin Bajaj and
Xu (2003), Clarenz et al. (2004b), and Osher and Fedkiw (2002). Local meth-
ods, using smooth approximations of the data in an appropriate neighbour-
hood, are presented by Cazals and Pouget (2003), Goldfeather and Interrante
(2004), Ohtake et al. (2004), Taubin (1995), and Tong and Tang (2005). In
both cases, preserving features which may not be considered as noise is not
an easy task and requires especially adapted algorithms. A related problem is
to suppress details smaller than a given threshold size.

Classical di erential geometry cannot be used directly for such important ob-
jects as triangle meshes. This led to the development of discrete di erential
geometry, a highly interesting and practically useful area which gained increas-
ing attention over the past years and o ers precise statements on the given
geometry and elegant extensions of the classical theory (for an introduction
with a focus on Computer Graphics, see Desbrun et al. (2005)) It is possible
to extract curvatures at multiple scales using concepts of discrete di erential
geometry: one can use a multiresolution mesh representation, which requires
a change of the underlying geometry. Some discrete operators do not need
this complication and work simply on larger neighbourhoods. Handling noisy
data is possible (cf. Hildebrandt and Polthier (2004)), but is neither the main
intent nor strength of discrete di erential geometry.



Recently we have presented an approach to the problem of robust and mul-
tiscale computation of principal curvatures via integral invariants obtained
by integration over local neighbourhoods (Yang et al. (2006)), which is an
approach initiated by Manay et al. (2004) and Clarenz et al. (2004b,a).

Our method, which is based on principal component analysis of local neigh-
bourhoods de ned via kernel balls, in a natural way leads to multiscale cur-
vature extraction. The kernel radius serves as an approximate threshold size
which distinguishes noise from features. The use of integration rather than
di erentiation has a smoothing e ect.

We do not aim at presenting yet another method for curvature estimation,
but rather investigate a new tool which takes a more global view. It computes
integrated curvature-like quantities over the chosen neighbourhoods. Only for
very small kerndl radii the invariants computed in this way are closely related
to curvatures. Their behavior on larger scalesis di erent, but consistent and
useful for applications.

1.1 Prior work on integral invariants, principal curves and feature extraction

While principal component analysis has been used to obtain shape charac-
teristics for centuries (see e.g. Taubin and Cooper (1992) for applications in
Computer Vision), local integral invariants are a rather new topic in geomet-
ric computing. Manay et al. (2004) investigate integral invariants for curves
in the plane and show their superior performance on noisy data, especially
for the reliable retrieval of shapes from geometric databases. A special case
of an integral invariant, de ned for 2D curves or 3D surfaces, has been used
by Connolly (1986) for molecular shape analysis. In the case of a surface ,
de ned as boundary of a domain D, Connolly considersthe surface area A;(p)
of the spherical patch neighbourhood N{ := D\ S;(p) (see Fig. 2); herep is
apoint of and S;(p) denotesthe sphere of radiusr centered at p. Equation
(1) which describes therelation of the Connolly function to mean curvatureH
of in a precise way, has been derived by Cazals et al. (2003). Gelfand et al.
(2005) usethevolumeV; (p) of the ball neighbourhood N{(p) := D\ B,(p) to
obtain a geometry descriptor useful for nding correspondences in matching
problems. Both Ag and V, turn out to berelated to mean curvature (cf. Hulin
and Troyanov (2003); Cazals et al. (2003); Gelfand et al. (2005)):

2 H
vy = Ers Tr“+ o(r?); AL=2r% Hr3+0(r%: (1)
Most closdly related to the present work are the papers of Clarenz et al.
(2004a,b), where integral invariants are employed for feature detection. The
authors consider the surface patch neighbourhood Nj(p) = \ B"(p) and



perform PCA on this patch. They show that the distance between p and
the barycenter of N is related to mean curvature, and discuss some scaling
properties of the eigenvalues coming up in PCA. The eigenvalues resulting
from PCA on N have also been used by Pauly et al. (2003) for multi-scale
feature extraction on point-sampled surfaces.

Globally de ned features computable from principal directions are the princi-
pal curvaturelines. These curves proved to be useful for the detection of special
shapes, and also for such diverse applications as non-isotropic remeshing (by
Alliez et al. (2003)), or line-art rendering of smooth surfaces (see Hertzmann
and Zorin (2000)). Global features whose de nition relies on even higher order
di erential invariants like derivatives of principal curvatures also carry impor-
tant shape information: For instance, the curves known as feature lines and
crest lines received a lot of attention in geometry processing (see Cazals and
Pouget (2005), Clarenz et al. (2004b), Hildebrandt et al. (2005), Ohtake et al.
(2004), Pauly et al. (2003), and Yoshizawa et al. (2005)).

1.2 Contributions and overview

The main contributions of our paper are:

Section 2 presents a thorough study of principal component analysis of four
types of neighbourhoods (see Fig. 2) which can be de ned by means of
a kernd ball or kernel sphere. The precise relation of the quantities ob-
tained by PCA to the curvatures of the underlying surface is obtained by
an asymptotic analysis as the kernel radius tends to zero.

Integral invariants lead to the de nition of principal curvatures at a given
resolution level r which are consistent with theclassical theory (r ! 0). This
is discussed in Sec. 3. The multiscale behaviour of these modi ed principal
curvatures and comparison of this method with othersis the topic of Yang
et al. (2006), asis the computation of principal curves at a given scale and
multi-scale feature extraction. We only brie y discuss these applications
here.

In Sec. 4 we discuss implementation issues. We use FFT and hierarchical
re nement of sphere triangulations.

2 Principal component analysis of local neighbourhoods

Principal component analysis of a point set A requHesthe computation of its
volume V(A) = , dx, its barycenter s(A) = V(A) A X dx, and its covariance
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Fig. 2. From left to right: Kernel ball B, (p) and surface ; ball neighbourhood N ;
sphere neighbourhood Ng¢; surface patch neighbourhood Ny ; spherical intersection
curve c'.

matrix
z z

J(A) = A(x s) (x 9)Tdx = Axdex V(A)ss': (2)

We use column vector notation, so xx' isa 3 by 3 matrix of rank 1. If A is
contained in a smooth (recti able) surface, then dx means the surface area
element. If A is contained in a smooth (recti able) curve, then dx isthe arc
length element.

In our case A isalocal neighbourhood of a point de ned by a kernel of radius
r,and we areinterested in the rst termsof the Taylor expansion with respect
tor of V(A), s(A), J(A), and the eigenvalues and eigenvectors of J(A).

2.1 The principal frame and the simpli cation of volume integrals

For theoretical investigations it is convenient to work in a coordinate system
associated with a point on the surface. We repeat well known results here
{ they can be found e.g. in do Carmo (1976). For any given point of a C?
surfacethereisthe so-called principal frame, with respect to which the surface
isrealized as the graph of the function

206y) = S( 0+ I+ 0(Y) (2= x4y 3

Here ; and , denote the principal curvatures of the surface in the point
of interest, whbch is located at the origin of the principal frame. We use the

notation = xZ+ yZ also later in the text. Further, we let x = (X;y;2).
Consider now the general volume integral
z
I(fy= fX)dx; whereA=fxjx"'x r;z z(x;y)o: (4
A

The next theorem shows how to approximately compute it. We use the nota-
tion B for the half ball X2+ y?+ z2= 2+ 22 2,z 0.



Theorem 1 If the function f is of magnitude O( *Z'), then itsintegral I ()
over the domain x?+ y?+ z2 r,z z(x;y) can be expressed as

I (f) = B(f) + Ok 2+5): where
z z Z 4 0+ 2y

F(f) = . f (x) dx f(x)dz dxdy: (5

x2+y2 r2  z=0

Proof. First, theintegral | (f) is approximated by

Z Z Z
() T

z=2(Xy

) f(x)dz dxdy: (6)

X2+y2 2 z=0

The error we make isthe volume integral of f over that part & of the original
domain which lies outside the sphete x? + y? + z2 = r2, but ill inside the
cylinder x*+ y? = r2 Theintegral .f isbounded by Vol(K) maxgjfj. The
set & hascircumference 2 r and in view of (3) itsextent in the z direction
is O(r?). It has been shown by Hulin and Troyanov (2003) that the radial
thickness of & is of magnitude O(r®), so Vol(&K) r r2 r3= r® Equation (3)
implies that within the domain &, z is of magnitude r2. With f kK Z!, we
now have an upper bound on the integral which is of magnitude r®é rk(r?)'.

We further approximate the integral by neglecting the term O(r3) in the ex-
pression z(x;y), i.e., by replacing the surface by its osculating paraboloid.
Again, we assume that f = O( ¥Z'). The error is given by the integral of f
over the layer which is bounded by the graph of the function z(x;y) given by
(3) and the graph of the same function without the O(r?) term. l.e., the layer
has a thickness of magnitude O(r3). As pefore, z(x;y) is of magnitude O( 2).
Theintegral consequently hastheform 2, "_,O( %) O(*(3") dd =
O(rk+ 21+ 5).

To sum up, the two modi cations of the integral | () lead to errors of mag-
nitude r2+** and r2+!*5 respectively, so we have shown that I (f) FB(f) =
O(r2k+|+ 5).

2.2 Principal component analysis of the ball neighbour hood

We consider the surface  as the boundary of the domain D and perform
PCA on the ball neighbourhood N{ := B,(p)\ D. The volume V" of N| is
theintegral of the constant function 1, which is of magnitude O( °z°). We use
(5) to approximate the volume and get precisely the known result of anation
&1), with H 5 ( 1+ 2)=2. For the barycenter s, we have to compute xdx,

ydx, and zdx. The functions x;y are of magnitude O( z°), whereas the



z coordinate function is of magnitude O( °z'). Consequently,

3

1 6 2 3 H , 5, 1 0 6

ss= —(F(x)+ O(r®) = —r —r%+ 0O(r>) 4 0 5+ 0(r°
vy 3 4 cig

(in this computation, many terms evaluate to zero because of symmetry).
Division of power series yields

;
Ss= 0, 0 =r+ =—r? +0(rd: (7)

Now we consider the covariance matrix. The following table shows the order
O( *Z") of magnitude of the functions we are going to integrate:

f‘x2 y>  z? Xy Xz yz

(kD|(2:.0) (20 (0:2) (20) (LD (LY

We approximate the integrals over those functions according to (5): In any
case the error is at most O(r”), while B(xy) = B(xz) = F(yz) = 0 because of
symmetry. Thus, the covariance matrix reads

z
Jr= xxTdx Vs, = diag B(x?); F(y?);B(z%) + O(r")
diag O; O;4r4(gr + ?;rz) + O(r9): (8)

Note that the prodct Vs, is already known from above. This leads to the
following result:

Theorem 2 The principal moments of inertia of the ball neighbourhood (i.e.,
the eigenvalues of the covariance matrix of N/ (p)) have the Taylor expansion

ML= ML+ O(r7) (i=1,23); where
2 2
g, = iLgrs 4%(3 1+ My, = 1—5r5 (1% 3 2% (9
r — =~ ¢5 ~ + 6.
/s 10" spl it " (10)

Here ; and , arethe principal curvatures at the point p.

Proof. For symmetric matricesJ" and J in general, thedi erence of eigenval-
uesisbounded by kJ"  F'k, wherek k isamatrix norm. When computed with
respect to the principal frame associated with the point p, the covariance ma-
trix J" di ersfrom a diagonal matrix F only by an error of magnitude O(r"),
as shown by (8). It follows that the principal moments My, coincide with the



diagonal elements of ¥, up to O(r’). The precise values of these diagonal ele-
ments are found by computing the integrals B(x?);::: according to (5), which
is dementary but tedious. From (8) we see that My, = F(x?) + O(r’) and
M = F(y?) + O(r’). Interestingly

2
B(z?) = — r° 11
()= 3¢ (1)
does not contain any curvature information. In combination with the other
termsin (8), we get Mys.

Theorem 3 We consider the situation of Theorem 2. Asr ! 0O, the eigen-
vectors €] and €}, of the covariance matrix which correspond to the moments
M{; and M{, converge to the principal directions e;, e, associated with ;
and ,, provided ; & . The eigenvector €5 converges towards the surface
normal vector n. For €] and €, this convergence is linear, whereas for e; it
is quadratic:

Meein(ehie) ——; Aekn) rE (12)
1 2

Proof. Thestatement about convergence of eigenvectorsfollows from the\ sine
theta" theorems for perturbation of eigenvectors of Hermitean matrices due
to Davis and Kahan (1970). If ; isan eigenvalue of the matrix J, and " isthe
minimum distance from the remaining eigenvalues, then a perturbation of size
h causes a change in the eigenvector e of magnitude h=", provided h

We apply thisresult to J = diag(My; Mpp; Mys), with My, from Equations (9)
and (10). Then h= O(r”). Inthecasei = 1;2, we have" r®( »), and
inthecasei = 3, we have" r>.

The moments M{; M|, do not feature the principal curvatures in their domi-
nant terms, but their di erence does:

M ML= (1 e+ 0(r): (13)

24

2.3 Principal component analysis of the sphere neighbour hood

In this section we consider principal component analysis of the sphere neigh-
bourhood N! = S?(p)\ D in a way analogous to the previous section which
dealt with the ball neighbourhood.

Theorem 4 The barycenter ss of the sphere neighbourhood N (p) is expressed
in the principal frame as
h 1 1t 25

iT
S= 00 5r+ —o—r’+ + O(r3): (14



The principal moments of inertia of the sphere neighbourhood (i.e., eigenvalues
of the covariance matrix) satisfy M’ = M5 + O(r®), where

2 2
Ml = §r4 §(3 1t or% M= §r4 §( 1+ 3 )rs: (15)
= 6"4 g( 1+ ) (16)
Proof. Any integral I (f) over the ball neighbourhood can be written as an
iterated integral:
z z zZ,
1"(f) = f(x)dx; 1°(f)= f(x)dx =) 17(f) = 19(f)d :
=0
D\ B, (p) S (p)

Thisimpliesthe di erential relation
19(F) = 1e(r): (17)
dr '

Thus we can compute the surface area AL, the integral 1{x) used for the
barycenter, and the matrix | {xx") used for the covariance matrix, simply by
di erentiatingV{, 1 (x), and I (xxT), respectively. We get the known expression
for the surface area A given by (1), and further

“0° z “difg=ar 0 0 °
Asss=4 05+0(0%;  xx"dx=4 0 dWp=r 5+ O(r:
ré St (p) 0 0 2

For the lower right corner of the matrix | {xxT), we have di erentiated (11).
By dividing | {x) by the Taylor series of the surface area As, we get (14). Now
that the barycenter is known, we are able to compute the covariance matrix:
JO = 1qxxT)  Agsss! = diag(Mgy; Mep; Mgs) + O(r): This completes the
proof.

2.4 Principal component analysis of the spherical intersection curve

We now consider the intersection curve ¢'(p) = S"(p)\ , which is de ned
as the intersection of a kernel sphere of radius r with the smooth surface
Principal component analysis of the spherical intersection curve is included
here for the sake of completeness. It is not as robust against perturbations as
PCA of the ball or sphere neighbourhods N{(p) and N.(p). The analysis a
consists mainly of computations not all of which are repreated here. We rst
give a cylinder coordinate representation ( ; ( );z( )) of the intersection
curve, wherex = cos andy= sin .



Theintersection of theplanex : y = cos :sin with thesurface of (3) results
inthecurvez( ; )= 1 ()% 2+ O( %), where the expression

n( )= 1c08 + ,sin? (18)

has an interpretation asthe normal curvature of the surface associated with
the direction x : y = cos :sin (cf. do Carmo (1976)). Intersection of that
curve z = z( ; ), = congt, with the sphere 2+ z2 = r2? requires some
elementary computations and leads to the following parametrization of the
intersection curve:

Ci (=1 (PO 2 )= W )P0 (19)

Thearclength di erential in cylinder coordinatesreads(ds=d )? = 2+ 2+272.
Herethe subscript indicatesdi erentiation. Weget s = r2+ 3( 2. 2)+
O(r®). Taking the square root via the binomial seriesyieldss = r+ $( 2.
2)r3+ O(r*). When we expand this expression and integrate, we can compute
the arc length of c':
o dse Py Corh (2 10, ,+ Jrrord): (@
c= ds= _qd=2r 21 12t I (r): (20
Barycenter and pripcipal components are subsequently found by integration.
We have s, = & X( )(ds=d )d , and the covariance matrix is given by
J(c) = ﬁ X( )x( )T (ds=d )d . After thesubstitutionx( )= ( )cos and
y( ) = ()sin , these integrations are elementary and will not be carried
out in detail. The results are similar to the ball and sphere neighbourhood
case:

Theorem 5 The barycenter s, of the spherical intersection curve c'(p) is
expressed in the principal frame as s = [0; 0; +5-2r?]" + O(r®): The principal
moments of inertia of the curve ¢’ (p) satisfy

M= ri+ a(( 1 2% 12 5( 1+ )P+ O(r;

M= —(1 2)°+0O(°:

16

The formula for M, is the one for M; with indices 1 and 2 exchanged.
2.5 PCA of the surface patch neighbourhood

We now discuss principal component analysis of the surface patch neigh-
bourhood N, thereby providing more precise estimates than those given by
Clarenz et al. (2004b). While the surface patch neighbourhood is of equal ge-
ometric interest as the ball and sphere neighbourhoods, it has been shown by

10



the numerical experiments of Yang et al. (2006) that it isnot asrobust against
noise. This is only to be expected, since a variation of the surface causes a
variation in the surface area which can be bounded only if we know bounds
on the derivatives of the surface.

Like in the case of the spherical intersection curve c¢', the mathematics con-
sists almoste entirely of computations, which are not repeated here. We again
refer to the cylinder coordinate representation x = cos ,y = sSh ,z=
z( cos ; sin ), of thesurface(3). The surface area element isgiven by dA =
(1+ (dz=dx)?+ (dz=dy)?)*2dxdy = ( +1 3( 2cos®> + 3sin® )+O( %))d d .
The surface area is computed asthe integral 2:0 =(0) dA, where () istaken
from (19). Theresult is

Ap= 1?4 E( 1 2)rt+ o(rd): (21)
The remaining computations of barycenter and principal components are sim-
ilar to the curve case:

Theorem 6 The barycenter s, of the spherical path neighbourhood N7 (p) =
B:(p)\ isexpressed in the principal frame as s, = [0; 0; 25-2r2]" + O(r?)
The principal moments of inertia of the patch neighbourhood (i.e., eigenvalues
of the covariance matrix) satisfy

Ml = Zr“+ @( 2 32 641 )r°+ 0(r');
M= 7553 1+ 32 21 2)r®+ O(r):

The formula for My, is the one for My; with indices 1 and 2 exchanged.

3 Geometry descriptors from integral invariants

For many geometry processing tasks it is important to compute numerical
geometry descriptors which act as a low pass lter, i.e, ignore details which
are smaller than a certain threshold size. One way to de ne such descriptors
is described below.

3.1 Principal curvatures at a given scale

The relationship between principal moments of inertia with the principal cur-
vatures leadsto the de nition of principal curvatures at scaler, wherer isthe
kernel ball radius. Thisis done by ignoring the O(r ")-terms in (9) and solving

11



for 1; ». We get

6 8 6 8
b = ?(Méz 3Mpy) + 57; b = ?(Mtrn 3Mpp) + 571 (22)

Theorem 4 likewise makesit possibletode neprincipal curvatures ¢ and o,
using the moments Mg; and Mg,. And of course also the moments computed
from the curve ¢ or the surface patch N can be used as well. The arithmetic
mean ( [+ [,)=2isapossiblede nition of the mean curvature at scaler, but
also other formulae (e.g., the ones involving barycenters, volumes, or areas)
can be used to de ne a mean curvature at scale r. Any of these di erent
de nitions of principal curvatures or mean curvature at scaler yields a family
of geometry descriptors which approximates curvatures as the kernel radius
tends to zero.

An important property of principal curvatures at a given scaleisthat features
of the surface under investigation which are smaller than the kernel radius are
considered as noise and are in general smoothed away. When we use principal
curvatures at various di erent scalesrq;r,;::: in order to recognize features
on a surface, it may happen that some features are detected only for onerj,
whereas others (the persistent ones) are detected for several radii r;. Thishelps
to distinguish between unimportant and important features of given data.
Examples are given by Yang et al. (2006). One instance of such a computation
is shown by Fig. 1.

3.2 Principal curves on multiple scales

PCA on local neighbourhoods provides a way to obtain principal directions
e}; e, on di erent scales. These directions need not be tangential to the given
surface at p, since they are computed in a global way from the chosen neigh-
bourhood. In fact, they should not follow details which are small compared to
r. In order to obtain vector elds which are tangent to the given surface, €]
and €, are projected onto the surface. Note that the projected directions need
not be orthogonal anymore. However, this is not important and actually an
advantage when we now integrate these two vector elds to obtain principal
curves at the chosen scale r. By doing the projection not orthogonally to the
surface, but via the eigenvector ez, principal curves become less sensitive to
local surface deviations.

Applications of principal curves at a given resolution r include remeshing for
the purpose of constructing a quad-dominant mesh with planar faces approx-
imating a given surface, as presented by Liu et al. (2006).

Due to the robustness of these principal curves, it seems feasible to use such
curves for detecting special shapes such as pipe surfaces, rotational surfaces,

12
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Fig. 3. Surface interrogation with principal curves at a certain scale r, computed
for models which contain developable surfaces. Left: pipe surfaces which contain
cylindrical parts. Right: D-form. One kernel ball is depicted in each case.

canal surfaces and developable surfaces (see Fig. 3). Non-planar developable
surfaces can be characterized by the fact that exactly one principal curvature
vanishes; they have one family of straight principal curvature lines. Recogniz-
ing and especially reconstructing developable surfaces from measurement data
isnot an easy task (see the discussion by Peternell (2004)). Classical principal
curvature lines can hardly be employed for computations where robustness is
essential. However it turns out that principal curvatures at alarger scaler are
useful for such purposes. Thisisillustrated by Fig. 3: Apart from smoothing
e ects near sharp edges, we can nicely observe one family of nearly straight
principal curves. They are good candidates for rulings in an approximating
surface. The 'D-form' model of Fig. 3, right, is a triangle mesh generated
from a laser scan of a paper model. For more facts on D-forms, the interested
reader isreferred to pp. 317, 401, and 418 of the monograph by Pottmann and
Wallner (2001).

3.3 Comparison with other methods, robustness, and multiscale behaviour

Yang et al. (2006) compare the principal curvatures obtained via the ball and
sphere neighbourhood with other methods:

| Principal components of the patch neighbourhood according to Clarenz
et al. (2004b) and Pauly et al. (2003)

| The method of normal cycles of Cohen-Steiner and Morvan (2003);

| A tting method (osculating jets by Cazals and Pouget (2003)). It turns

13



(a) (b)

(© (d)

Fig. 4. Level setsof curvatures computed for the Stanford bunny dataset. (a) Sphere
neighbourhood, small kernel radius; (b) Sphere neighbourhood, large kernel radius;
(c) Ball neighbourhood, small kernel radius; (d) Ball neighbourhood, large kernel
radius.

out that PCA of the patch neighbourhood is quite sensitive to noise, normal
cyclesless so. PCA of the ball and sphere neighbourhoods compare favourably
with these three methods. The multiscale behaviour of thesedi erent methods
isgood for low noise levels, whilelocal tting methods apparently have defects
at coarse scales.

The multiscale behaviour of integral invariants de ned via the ball and sphere
neighbourhoods is illustrated in Fig. 4, which shows curvatures computed in
various ways.

14



4 Implementation
4.1 Ball neighbourhood computations via FFT

Integral invariants de ned via the ball neighbourhood can easily be com-
puted by convolution, which means that FFT can be employed. In more de-
tail, this is done as follows: In order to do PCA on the ball neighbourhood
N"(p) = B"(p)\ D, wecomputetheintegrals| (1), I (x), | (xxT). It does not
matter which coordinate system we use for computing the moments of inertia
of N"(p), as long as we consistently use the same coordinate system while we
work with the point p. We trandate the world coordinate system such that the
origin varies, and we indicate the origin used for computation by a subscript,
i.e., we will write I ,(x) and so on.

We use the notation 1p (x) for theindicator function of the domain D, which
isde ned by 1p(x) = 1if x 2 D and 1p(x) = O otherwise. Likewise, we
de ne 13 (x) to be the indicator function of the ball with center o and radius
r. Apparently, the de nitions of | (1), I (x), and I (xx) can be rewritten as
z
(1) = 15 (X)1g (x)dx;
Vi

|p(X):ZR31D(X)( (P x)s(p x)dx;
lp(xxT) = Rle(X)(p X)p x)'Le(p X):

Notethat wewritep x instead of x p, whichisjusty ed by the symmetries
present. We use convolution notation, i.e,, (f g)(p) = f(x)g(p x)dx. Then
the formulas above read

1,(D) = (b 1s)(p)
lb(X)= (1o (1g f)(p); wheref(x)= x;
L(xxT)= (1o (L g)(p); whereg(x) = xx":

This means that we may compute all necessary information by convolving the
indicator function 15 with the10di erent functions1s(x;y;z), X 1g(X;Y;2),

y 1e(X;y;2), z 1s(X;y;2), X2 1g(X;y;2), ¥? 1s(X;y;2), 2° 15(X;V;2),
Xy la(x;y;2), xz 1g(X;y;2), yz 1g(X:y;2).

For the actual computation, the indicator function 1p is represented as an
occupancy voxel grid, as discussed by Gelfand et al. (2005). Computing con-
volutions via FFT means that we compute the result of convolution for all
points in a cube-shaped domain at once. In order to optimize computation
time, we need to cover the boundary of D (i.e., the surface to be analyzed)
by suitable collection of cubes, so asnot to computetoo many valuesirrelevant

15



for curvature information at the boundary of the domain D.

4.2 Sphere neighbourhood computations

Here we use a more geometric method, which is based on an almost uniform
multilevel discretization of the sphere S;(p). By discrete integration over the
mesh faces, we can compute any integral invariant which is de ned via the
sphere neighbourhood.

To accelerate the computation of the sphere neighbourhood D\ S;(p), we use
a 4-level hierarchical representation of the sphere. It has a highly regular tri-
angulation with 218 faces at the coarsest level. The next ner level isobtained
by splitting each triangleinto 4 sub-triangles, where new vertices get projected
onto the sphere. During re nement, we maintain a list of pointsinside D. A
speci ed face F at a given level is put into this list, if all 3 verticesarein D.
Otherwise, we split the face into 4 sub-faces and judge them one by one in
the next level. If wereach the nest discretization level, we use the barycenter
of the face to judge inside-outside information. After a hierarchical traversal,
we get a list of inside faces which may belong to di erent discretized sphere

M odel Number of | time for time for Figure
triangles PCA ball PCA sphere | number
pillow 24576 23.3s 8.1s *2 and *3
dragon || 209227 839s 39.1s *4 and *5
bunny 69451 50.1s 151s 4
Table 1

Computation times for principal component analysis. A star beforea gure number
refersto guresin the paper Yang et al. (2006).

Model No. of type time timefor | Figure
triangles | of PCA for PCA | curves number
horse 114560 ball 46.7s 56.6s *6, left
pipe 30560 ball 39.7s 5.5s 3, left
D-form | 16384 sphere 4.8s 2.8s 3, right
Table 2

Computation times for principal curves. A star before a gure number refers to
gures in the paper Yang et al. (2006).
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levels. PCA is based on the union of these inside faces.

Table 1 gives some computation times of PCA on ball and sphere neighbour-
hood, respectively. We have done the experiments on a 2.8 GHz PC with 2GB
RAM. Table 2 shows the computation times for principal curves.

5 Conclusion

Principal component analysis of local neighbourhoods de ned by a ball kernel
or spherical kernel allows to de ne principal directions and principal curva-
tures on a given scale. We have shown an asymptotic analysis of the principal
moments and directions of inertia, and their relation to principal curvatures.
Geometry descriptors derived in this way are robust against noise and ex-
hibit multiscale behaviour suitable for applications like feature extraction and
computation of princical curves.
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