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1 Introduction

Circular meshes are quadrilateral meshes all of whose faces possess a cir-
cumcircle, whereas conical meshes are planar quadrilateral meshes where
the faces which meet in a vertex are tangent to aright circular cone. Both
thecircular and the conical meshesarediscrete counterpartsof thenetwork
of principal curvature lines of a smooth surface. It turns out that for both
discretizations, important properties known in the smooth case carry over
to the discrete setting. Thisisespecially true for properties of the focal sur-
faces, and the developable surfaces formed by the surface normals along
principal curvaturelines.

The natural geometric setting for circular meshes is Mdbius geometry.
Conical meshes are their Laguerre geometry counterpart. The present pa-
per however isconcerned with purely Euclidean propertiesof such meshes
—their discrete normals, o setsand focal surfaces.

We study the geometry of circular and conical meshes, parallel meshes
inscribed or circumscribed to the unit sphere, the system of discrete nor-
mals, and the close relation between circular and conical meshes. Special
emphasisislaid on 0 set meshes of constant face and constant vertex dis-
tance. We also discuss meshesw hich are both circular and conical. Among
those there is a class of meshes derived from a well known discretization
of surfaces of constant negative curvature.

1.1 Previouswork

The geometry of quadrilateral meshes with planar faces (PQ meshes) has
been studied within the framework of di erence geometry, which is one of
the precursorsof discretedi erential geometry [6,10]. It has been observed
that such meshes are a discrete counterpart of conjugate curve networks
on smooth surfaces. Earlier contributionsare found in thework of R. Sauer
from the 1930 onwards, culminating in his monograph [24]. Recent con-
tributions, especially on the higher-dimensional case, include the work
of Doliwa, Santini and Mafias [13,14,18]. In the literature PQ meshes are
sometimes called simply quadrilateral meshes.

The interesting case of a circular mesh where all quads possess a cir-
cumcircle has been introduced by Martin et al. [19]. It is known to be a
discrete analogue of the network of principal curvature lines. Pointers to
the literature on PQ meshes and circular meshes are given on pp. 39 and
46 of [6]. Some papersdealing with circular meshes are the following ones:
A discretization of triply orthogonal systems was proposed by Bobenko
[2]. In Cieslinski et al. [9], discrete orthogonal nets were generalized to
arbitrary dimensions. Bobenko et al. [4] studied discrete minimal surfaces
represented by circular meshes. Conical meshes, their computation, and
their properties relevant for architectural design are the topic of [17]. It is
not di cult to see that the discrete representations of surfaces with con-
stant negative Gaussian curvature studied by W. Wunderlich and R. Sauer
[23,27] can easily be converted into PQ meshes, which areboth circular and
conical. For further related developments, see e.g. [3,12,16]. Very recently,



Fig. 1 A conical mesh possesses face/faceo set meshesat constant distance, and can be
assigned discrete normals in the vertices, which connect the vertices of the mesh with
the vertices of the o set mesh, and which form a 3D support structure all of whose
quadrilaterals are planar. This fact is relevant in the architectural design of freeform
glass structures. Images: B. Schneider.

circular and conical meshes have been treated together from the unifying
viewpoint of Lie sphere geometry [7].

1.2 Applications

The o set properties of special quadrilateral meshes and the three-di-
mensional support structures derived from them are highly relevant for
computational architectural design of freeform structures. Another aspect
important for design isthat both circular and conical meshesprovideadis-
cretization of the principal curvaturelines of asmooth surface, so the mesh
polylines represent principal features of the surface described. We would
liketo brie y demonstratethese applicationsof conical meshesin building
construction and architectural design, which are the topic of [17]. Fig. 1
showsamultilayered construction based on aconical mesh, itso sets, and
the discrete surface normals. Fig. 2 shows the result of a combination of
subdivision and mesh optimization according to [17].

2 De nitions and notation

A mappingv :Z2! RY%iscalled a quadrilateral mesh. We usually write
vij instead of v(i; j), where (i;j) 2 Z2. We will use the di erence vectors
1Vij = Vi Vij and 2Viij = Vij+1  Vij- For SImp|ICIty, we consider
a mesh to be de ned over entire Z2. We usually study the case d = 3,
but later also consider d = 4. We consider, for each index (i;j) 2 Z? the
elementary quadrilateral with vertices v, vi 1;j, Vi 1j 1, and vi; 1.



Fig. 2 A sequence of conical meshes produced by subdivision and mesh optimization
according to [17], which isthe basis of an architectural design. Images: B. Schneider.

A meshisaPQ mesh,if all elementary quadrilateralsspan a2-dimensional
a nesubspaceF;j,i.e.,, aplane. Thisplaneiscalled theface plane. Thever-
tex vjj iscontained in the planes F;j, Fi+ 1, Fi+1j+1, and Fi;j+1, We denote by
P the set of oriented planes of Euclidean R3. The mapping F: Z?! P
is a plane-valued mesh dual to the original one. An oriented planeis de-
termined by its unit normal vector n = (ng;ny;n3) 2 S? and the absolute
coe cient ng in the equation of the plane: np + m;xi = 0. Using these
coordinates, P R# and F can also be seen as an R*-valued mesh.

Themesh viscircular, if all elementary quadrilaterals possessacircum-
circle. It is conical, if for all vertices v;; thereis an oriented sphere, such that
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Fig. 3 Two meshes which are Combescure transforms of each other: m is a circular
mesh, and & isa parallel mesh whose vertices are contained in the unit sphere.

the oriented planes incident with v;; are tangent to that sphere. In coor-
dinates, this means the following: The oriented plane (hg;n) 2 P and the
oriented sphere (r;m) with center m 2 R® and radiusr 2 R arein oriented
contact, if and only if ng+n;mi = r.In order to avoid degenerate cases, the
de nition of conical mesh requires that the sphere mentioned there must
not have zero radius, so without loss of generality we may assume that
theradiusequals 1. Planes which passthrough a point and are in addition
tangent to asphere are also tangent to a cone of revolution, which explains
thename conical. The axis of that coneistheline spanned by thevertex and
the center of the sphere.

Quadrilateralsay;:::;asand a(l’; i ;a?1 arecalled parallel, if correspond-
ing edges are parallel. Meshes v; w are Combescuretransforms of each other,
or are paralld meshes, if corresponding quads are parallel. We could also
de nethis by requiring that corresponding edges are parallel. PQ meshes
arefaceo sasof each other, if they areparallel and their facesare at constant
oriented distance. They are vertex o sets of each other, if they are parallel
meshes, but no translates of each other, and their vertices are at constant
nonzero oriented distance. All concepts de ned here are well known, ex-
cept the conical meshes which have been considered rstin [17].

3 Geometry of conical and circular meshes
3.1 Conical meshes

Conical meshes have been introduced by Liu et al. [17]. It has been shown
[17] and in [26] that meshes which have nontrivial face 0 sets are conical,
and that translating the face planes of a conical mesh by a xed distancein
the direction of normal vectorsyieldsface o sets. Thisfact isemployed in
[17] in applications of conical meshesto architectural design.

The computation of conical meshes according to [17] is based on an
optimization algorithm which perturbs a PQ mesh such that it becomes
conical. The conical property at vertices can be expressed in terms of the



from that vertex:

Proposition 1 A guad mesh is conical if and only if for al vertices, the four

VG’t@(CbQ/!1+!3:!2+!4.

A proof is given in [26]. For the following result concerning parallel
meshes of conical meshes, we consider the unit sphere to be oriented such
that normal vectors point outwards. If we choose the origin of the coor-
dinate system as center, and radius 1, this is consistent with the previous
de nition of oriented contact.

Proposition 2 For each conical mesh v thereis a unique conical meshe parald
to v whose faces are tangent to the unit sphere (provided adjacent faces are not
co-planar; it may happen that certain edges become zero).

Proof Consider thefacesF:Z?! P of the given mesh. For each oriented

planeF;j thereisan oriented plane;; tangent totheunit sphere. The4-tuple
of faces Fij, Fi+1j, Fi+1;j+1, Fijj+1, incident with v;; and the corresponding 4-

tuple &, .1, Fisj+1, Fij+1 are parallel translates of each other, both being
tangent to a sphere of radius 1. Consequently these four planes intersect
in a common vertex &;;. Because of the parallelity of corresponding faces,
the meshesv and & have parallel corresponding edges (here we have used
that adjacent faces are not co-planar).

3.2 Circular meshes

In some respects, properties of circular meshes are similar or dual to prop-
erties of conical meshes. It istherefore to be expected that circular meshes
possess a parallel mesh which is closely associated with the unit sphere,
just asthe conical meshes do. It turns out that thisistrue, but without the
uniqueness we encountered in the conical case.

The proof of the following result relies on the theorem of inscribed
angles of elementary Euclidean geometry.

Lemma 3 If aquadrilateral hasacircumcircle then thisistruefor every parald
quadrilateral (in thecaseof coincident vertices, their a nespan, which is used for
testing for paralldity of edges, is replaced by thetangent of thecircumcirde).

Thefollowing proposition hasbeen shownin [16, p. 3084] in amoregen-
eral context. For the convenience of the reader, we include an elementary
proof. Thisresult has nice consequences, which seem to be new.

Proposition 4 Any dircular mesh v has a paralld meshe : 22 |  S? whose
vertices are contained in the unit sphere One vertex, say &g, can be chosen
arhitrarily, and themesh & iscircular (zero edges may occur).

Conversdy, any PQ mesh v which hasanontrivial parald meshe in theunit
sphere, isacircular mesh.



Proof A line which intersects the sphere S? in a point has a unique second
intersection point whichisdi erent fromthe rstoneif and only if theline
is not tangent to S2. It follows that from &gy we can successively construct
g0 and &g for all i;j 2 Z. Asto other indices, it is obviously su cient to
show how to construct &;:1;j+1 from the three points &jj, &;+1j, and &;;j+1:
We intersect the line through g;.1;j parallel to ,vi.y;j and theline through
g;;j+1 parallel to qvij+1. It follows from Lemma 3 that the elementary
quadrilateral &;;;::: has a circumcircle, then contained in S?. Thisimplies
that &+ 1;j+1 2 S

The converseis easy to show: Any PQ mesh in the unit sphereis obvi-
ously circular, and by Lemma 3 so are its parallel meshes.

Remark 5 The construction of the previous proof can result in zero edges, i.e,
coincident vertices. The result remains valid if we replacethea ne span of two
coincident vertices, whichisused for testing for paralldity, by thecommon tangent
of thecircumcircles which pass through this paint.

Remark 6 The construction of a discrete minimal surface from an iscthermic
meshv : Z? | S via adiscrete Christo d duality as described in [5] is an
inverse of the construction of Proposition 4.

Theorem 7 Acircular meshv : Z2! RS2 hasafamily of paralld circular meshes
v (r 2 R) whicharenotransatesof v, suchthat kvi(;) vi(js)k: jr s, independent
of indicesi and j.

Proof Find aparallelmeshe : 22! S?andletv(® := v+re. By construction,
themesh v isparallel tov,and v v = (r s)g, with kek =const= 1. As

& is not the constant mesh, the meshes constructed here are no translates
of v.

Note that the parallel meshes constructed here rely on the meshes& of
Proposition 4, which are not unique.

Theorem 8 The PQ mesh v isdrcular if and only if it has avertex o sat vO at
distanced, O.

Proof The existence of vOfollowsfrom the previoustheorem withr = Oand
s= 1. Sarting with v% welet & = (v0 v)=d. By construction, the mesh &
is parallel to v, and is contained in the unit sphere. Our assumption on v°
implies that & is not a constant mesh. It now follows from Proposition 4
that v iscircular.

These properties of circular meshes show that also circular meshes are
interesting for applications, e.g. in architectural design.
3.3 The Gaussian image

Di erential geometry employs the Gaussian image of a smooth surface,
which isthe mapping of that surface to the unit sphere viaits unit normal



vectors. In the context of circular and conical meshes, there are two obvi-
ous candidates for a discrete version of this concept. Meshes are always
oriented.

De nition 9 For aconical mesh v, consider the unit vectors n;; which indicate
thedirection of the cone axis at thevertex v;;. For acircular mesh v, consider the
unit normal vectors n;; of thefaceplanes ;. In both cases, themeshn : 22! S?
is called the Gaussian imageof v.

We show arelation between the Gaussian image of a circular mesh and
its spherical Combescure transforms:

Lemma10 For any circular meshv : Z2 ! RS2, consider the Gaussian image
meshn :Z2! S?andaparald meshe : 22! S? Then the mesh n consists
of the spherical centers of the circumcircles of &, and adjacent vertices of & lie
symmetric with respect tothelinear subspaces spanned by adjacent vertices of n.

Proof The faces of & and of v are parallel, therefore so are the axes of cir-
cumcircles, and the statement about centers of circumcircles follows. N ow
consider two adjacent vertices of &, say &;; and 8;.1;j. They are contained in
two circumcircles: one with center n;j, and one with center n;; 1. Thetwo
intersection points of these circumcircles lie symmetric with respect to the
subspace spanned by the vectors njj; nj;j 1.

Remark 11 Lemma 10 yidds ancther way of constructing the spherical mesh &
paralld to a given circular mesh v, once a vertex &g is chasen: We successivedy
apply re ections in the subspaces spanned by the origin and the edges of the
Gaussian image mesh.

4 M dbius and Laguerre geometry

We rst brie y review the connection between circular meshesin R3 and
Mobius geometry. For a more detailed treatment of Mobius geometry
the interested reader is referred to [15]. Three-dimensional M obius space
R3[ f1 geonsistsof Euclidean 3-space plusapoint at in nity. Its standard
point model is the sphere S°. The passage from S° to R® is achieved by a
stereographic projection from the point (0; 0; 0; 1) onto the equator 3-space.
The north pole thereby is mapped to the point at in nity. Circles of R3
are represented as circlesin S® which do not pass through the north pole,
whereas the straight lines of R3 correspond to those circles of S* which
contain the north pole. If we assume that such circles do not occur, there
is an obvious bijection between the circular meshes in R2 and the circular
meshes in S°. S itself would be a more natural geometry setting for the
discussion of circular meshes. Any planar quadrilateral whose verticeslie
in S® hasacircumcircle, so the set of circular meshesv : 22! S®coincides
with the set of planar quadrilateral meshesv : Z21 S°
A similar relation istruefor conical meshesand Laguerre geometry. We
rst brie y review Laguerre geometry [1,8]: Via coordinates (ng;n) with



knk = 1for oriented planes,theset P of oriented planesisidenti ed withthe
Blaschkecylinder R S?. We seethat the set of oriented tangent planes of the
sphere (r;m)isgiven by (R $°)\ U,whereU isa3-dimensional subspace
de ned by the linear equation Xg + X;m; + Xomy + XMz = Xg + hx;mi = r.
Laguerre transformations, which are the projective automorphisms of the
Blaschke cylinder, map 3-dimensional subspaces not parallel to (1;0;0; 0)
to subspaces which have the same property. It follows that being tangent
toacommon sphereisalaguerreinvariant of ak-tuple of oriented planes.
So isbeing tangent to two spheres. If ak-tuple of oriented planesistangent
to two spheres of di erent radius, there is also a point contained in all
of them. This last property however is not a Laguerre invariant. These
considerations lead to the following theorem:

Theorem 12 For any conical meshv : Z2 ! R?, we consider the face planes
F; and the corresponding coordinate vectors fj; 2 RS2 Then f : 22! R*
is a planar quad mesh which takes values in the Blaschke cylinder and whose
faceplanes arenat paralld to ey = (1;0; 0; 0). Conversdy, any planar quad mesh
f:Z2! R S?withthisproperty arisesin thisway (if vertices areallowed to be
a in nity). Theconical property of meshesisalLaguerre geometry invariant.

Proof Only onething remainsto be shown. Westart with aPQ mesh finthe
Blaschke cylinder and construct a conical mesh | from it. An elementary
quadrilateral fij, fi+y;j, firyj+1, fi;j+1 liesin a2-dimensional subspace V with
\Weo. We can choosetwo 3-dimensional a nesubspacesU; Uwith U\ U°=
V and U;U%e,. It follows that the planes corresponding to these four
points of the Blaschke cylinder are tangent to two spheres, i.e., areincident
with a common vertex, possibly at in nity. Therefore the oriented planes
corresponding to f;; occur as face planes of a mesh, which is conical by
construction.

The geometries of Mdbiusand Laguerre can betreated inauni ed way
within the framework of Lie sphere geometry [8]. A discussion of conical
and circular meshes from that perspectiveisgivenin [7].

5 The discrete normals of circular and conical meshes

From di erential geometry we know that the principal curvature centers
of a surface form the so-called focal surface, which usually consists of two
sheets [20,11,22]. The surface of normals along a principal curvature line
is developable and touches these two sheets along a curve, whereas the
singular curve of this developable surface is contained in the other focal
sheet. Becausewehavetwo familiesof principal curvaturelines, each sheet
is covered by both contact curves and singular curves. They constitute a
conjugate network. All these facts have discrete analogues for circular and
conical meshes.
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Fig. 4 Left: A conical mesh v with aface o set v®and discrete normals which connect
vertices vij; with v?j. Right: The discrete developables consisting of discrete surface

normals along the grid polylines of a conical mesh v, together with the two focal
meshes r®and r®

5.1 Normal developables and focal surfaces

By de nition, every vertex v;; of a conical mesh is associated with a cone
axis Nj;. We consider it as a discrete surface normal. Likewise, every face
Fij of a circular mesh is associated with its circumcircle. We consider the
axis Nj; of this circle as a discrete surface normal. In both cases it is easy
to see that the axes N;j and Nj.1;; are coplanar, and so are the axes N;; and
Ni;j+1 (see[17] for the conical case).

For xedi,theaxesNj; (j 2 Z) constitute adiscrete developable strip in
the sense of [17]. The points rioj = N;jj;\ Nj;j+1 areconsidered discrete centers

of curvature. Similarly we consider axes N;; with j xed and i running,
and get points riOJ.D: Nij\ Ni;j+1. We call the two meshes r% r® the two focal

meshes of the mesh we started with. Thisisillustrated by Figures 4 and 5.

Proposition 13 Thetwofocal meshesof aconical or circular mesh are PQ meshes
(possibly degenerate).

Proof The points ri‘};ri0 1 2 Nij and ri‘?j ure 1 1 2 Nijj 1 are distributed on
two coplanar lines, so they are co-planar. This shows that the elementary
quadrilaterals of the mesh r° are planar. A similar argument shows the
same for the mesh r®.

Analogous to the smooth setting, singularities of face o set meshes
occur at the focal meshes.

A circular mesh m : Z2! R® has more than just one way of de ning
a system of lines “orthogonal' to the mesh. For any parallel mesh m° of
constant vertex distance we can consider the lines spanned by the points
m;; and m?j as discrete normals. It is interesting that this system of lines

has properties similar to the previously de ned discrete normals.
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Fig.5 A circular mesh v with discrete normal developables and focal meshesr®and r®,
The mesh r® here degeneratesinto a polygon, as v is adiscrete canal surface.

Theorem 14 Consider a circular mesh m and a vertex o s m® at nonzero
distance according to Theorem 8. Therows and the columns of the system of lines
Lij = mij _ m{) form discrete devel opable surfaces.

Thesingular palygons of column devel opables (Lij)i2z haveverticessi"j =L\
Li+1;j. Similarly, therow deve opables haveve'tioessﬂ? = Ljj\ Lij+1. Thediscrete
focal meshes s° and s® of the system of lines Ljj are planar quadrilateral meshes.

Proof Asin the proof of Theorem 8, we consider the mesh m : 22! &?
de ned by m = (m® m)=d, which isparallel to m. Parallelity implies that
f&ij; ®is1j;Mi+y;;  myjgislinearly dependent. Therefore the lines Lij, Li+q;
are co-planar, and the lines L;; form discrete developables along the rows
in the mesh. The argument for columnsis analogous.

The argument why the meshes s® and s® are planar is exactly the same
asin the proof of Proposition 13.

5.2 Therelation between circular and conical meshes

There is some formal duality between circular and conical meshes. How-
ever, therelation of these two types of meshesis much closer: from amesh
of one type we can easily construct meshes of the other type, such that
both meshes represent the same underlying surface. In this subsection,
m :Z?! RS®will always beacircular meshand | : Z? ! R® will be
a conical mesh. This is easy to memorize, since conical meshes belong to
Laguerre geometry, and circular meshes to Mobius geometry.

Theorem 15 For each conical mesh | : 22! R3 with face planes Fjj thereis a
two-parameter family of circular meshesm : 22! R? such that mj; 2 F;j. The
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vertices of m lie symmetric with respect to the edges of |. Cone axes of themesh |
coincidewith circle axes of themesh m.

Proof Westart with aconical mesh | and chooseavertex, say mq, in theface
Foo. Weinductively construct theremaining pointsm;; by the condition that
verticesof thecircular mesh contained in adjacent faces of the conical mesh
lie symmetric with respect to the edge which these faces have in common
(seeFig. 6, left) In order to show that thisconstructionisconsistent, wehave
to show that successive re ection of the point mjj in the edges emanating
from the vertex |;; eventually leads to m;; again. Here re ection' means
re ection with respect to theintrinsic geometry of the mesh. We could also
say that we usere ection in the bisector plane of the faces which contain
the new vertices in question — this bisector contains the common edge of
thesefaces, and also the cone axis associated with thevertex |;;. Fig. 6, right
explains why thisis the case. First, the distance from I;; is not a ected by
re ection, and both the original point and the result of re ection liein a
common planeorthogonal to the cone axesat the point |;;. Second, consider

lij according to Proposition 1, and consider theangle = ~(lj+1jli;jmjj). The
angles ; ; indicated inthe gurehavevalues =!, , =1,  and

=13 . Consistency meansthat must equal ! 4 . Expanding the
de nitionsof , ,and and usingtheequality! ;+!3="1,+! ,shows
that thisisindeed the case. The statement about the axesis obvious.

Theorem 16 For any conical mesh |, and any given vertex meg, thereisaunique
circular mesh m such that the cone axes of | coincidewith thecirdle axes of m. If
Moo happensto liein the face plane Fy of the conical mesh |, this mesh m isthe
one constructed by Theorem 15, otherwise the vertices of m are contained in the
faceplanes of afaceo sat of I.

All meshes m constructed in thisway are paralld to each other.

Proof By replacing | by afaceo set mesh we can without loss of generality
assumethat mgo 2 Fgo. Neighbouring verticesm;; and m;;; ; are at constant
distance from cone axesat |;; and l;.+1;j. Thisimpliesthat they lie symmetric
with respect to the edge ljjli+1;j. For verticesm;; and m; 1;; we useasimilar
argument. Thisshowsthesymmetry which isused in the proof of Theorem
15 for constructing the mesh m.

Asedges of m are orthogonal both to the corresponding edges of | and
the adjacent cone axes of |, all meshes m are parallel to each other.

Corollary 17 The circular mesh constructed from a conical mesh according to
Theorem 15 has the samediscrete normals as the original mesh.

Remark 18 When constructing afaceo set 1) of a conical mesh, vertices move
aong their cone axes. The axes remain discrete normals (cone axes) aso for the
0 sas. Now consider the construction of Theorem 15 of a circular mesh whose
vertices lie in the faces of a given conical mesh |. We start with a vertex mqy,
which ischosen arbitrarily in theface Fog of themesh |. Wea sowant to construct

adircular mesh m® associated with the o set 1. When we choose mg, such that
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liv1;

lisj 1
Fig. 6 Left: Construction of acircular mesh (thin lines) from a conical mesh (bold lines)

by successivere ection of avertex myg in the edges of the conical mesh. Right: Top view
in the direction of the cone axis at |;;.

mgo Moo is orthogonal to theface Fyo, then there ections employed in the proof
of Theorem 15 which successivdy generate the mesh m, will at the same time
generate the mesh m® Obviously, m®is a vertex o set of m. It follows that the
construction given in Theorem 15iso set-invariant.

In view of Theorem 15 it is not surprising that we can also start with
acircular mesh m and obtain a two-parameter family of conical meshes |
which aretied to it in exactly the samerelationship. The construction isin
some sense dual to the one described above.

Theorem 19 For each circular mesh m : Z? | R? thereis a two-parameter
family of conical meshes | with face planes Fj such that m;; 2 F;j. The planes F;
liesymmetricwith respect totheedges of m. Coneaxes of themesh | coincidewith
thecirdeaxes of themesh m.

Proof We choose a face plane, say Foy, of the conical mesh | we want to
construct. The only condition isthat mgy 2 Foo. The other planes are con-
structed inductively by the requirement that the planes associated with
adjacent vertices of the given circular mesh are symmetric with respect to
there ection which exchanges those two vertices. E.g., we construct Fi,q;
by re ecting Fj in the symmetry plane of the vertices m;; and mj.q;j. For
consistency, we have to show that when traversing an elementary quadri-
lateral and constructing the planes associated with its vertices, after four
re ections we get the plane we started with. This follows from the fact
that the composition of the four re ectionsin the symmetry planes of the
edges of a quadrilateral which isinscribed in acircle is a rotation by 360
degrees about the axis of that circle. Neighbouring faces (which are related
by re ection) intersect in a line (contained in the symmetry plane of that
re ection) which intersects the axis of the circumcircle. Further re ection
doesnot a ect this point, which shows that the newly constructed planes
actually de needgeswhich meet in the circle axes of the original mesh m.
Thisshowsthat | can be constructed, and that itsdiscrete normals coincide
with the discrete normals of the mesh m.
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Corollary 20 Theconstructions of Theorems 15 and 19 areinverseto each other.

Remark 21 Theconstructionsaof circular and conical meshesin Theorems 15 and
19 guarantee that a vertex m;; of the circular mesh lies in the face plane F;j of
the conical mesh. However in general we cannot expect that the vertices m;; are
contained in theactua faces of |, which usually would bedesirablefor applications
in geometric modding.

The freedom we havein constructing a circular mesh associated with a
conical mesh (pick one vertex, the rest is unique) is exactly the same free-
dom we have in constructing a parallel spherical mesh to a given circular
mesh (again, pick one vertex, therest isunique). Thisisno coincidence, as
shown by Proposition 24 below.

5.3 Polar duals of meshes

De nition 22 PQ meshes m and ¥ are called pdar duals of each cther, if the

vertices of @ are contained in the unit sphere, and the faces F;j of the mesh® are
thepdar duals of the vertices m;;.

Lemma23 Ifm : Z2! S?isaPQ mesh, then it has a polar dual, which is a
conical mesh. Conversdy, a conical mesh circumscribed to the unit sphere has a
polar dual m : 221 S

Proof Polarity maps co-planar vertices to planes which have a point in
common. Points of S? are mapped to tangent planes of S?, and vice versa.

The following result shows a construction of the family of conical
meshes associated with a circular mesh according to Theorem 19. We es-
tablish a direct correspondence between associated conical meshes and
associated parallel meshesin the unit sphere.

Proposition 24 Consider a circular mesh m and a conical mesh | constructed
from m according to Theorem 19. Further, consider acircular meshm : 221 S
paralld tom such that B istheunit vector of theface plane Fy. Then the polar

dual§ of @ isparald tol.

I.e, | could be constructed by translating the faces of ¢ trough the vertices of
m.

Proof The construction of Theorem 19 begins with the choice of a face Fy.
The relation between @ and § by construction is exactly as described by

Theorems 15 and 19. In particular, adjacent faces of § — passing through
adjacent vertices of &, resp. — are related viare ection in the symmetry
planeof thesetwovertices. Thissymmetry planeisparallel totheanalogous
symmetry planes used in the construction of Theorem 19 (because m and
m are parallel meshes). It follows that corresponding faces of | and ¢ are

parallel, so| and ¢ are parallel meshes.
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Remark 25 The construction of a conical mesh which represents a discrete min-
imal surface in [25] by translating the tangent planes of an isothermic mesh
@ : 221 S through the vertices of the discrete Christo d dual mesh v is a
special case of Propaosition 24.

5.4 Integrable distributions and normal congruences

For any 2-parameter family of straight lines N(u;v) which locally are a
bration we can ask the question if these lines occur asthe surface normals
of a smooth surface f(u;Vv) (in which case they are the surface normals of
all o set surfaces as well). This is the case if and only if the distribution
of all tangent planes (p; (p)) with p2 L(u;v) and ? L(u;v) isintegrable.
The system of tangent planes orthogonal to the discrete normals of either
acircular or conical mesh isan integrable distribution in a discrete sense:

Corollary 26 If thediscreenormal congruenceof aconical mesh or of acircular
mesh isgiven, then for any choiceof avertex mgg thereisacircular mesh m which
hasthegiven lines as discrete normals.

Proof If the normals of aconical mesh are given, the existence of m follows
from Theorem 16. If the normals of a circular mesh are given, thisis also
true, because there exists a conical mesh with the same normals.

6 Meshes which are both circular and conical

Given the close relation between circular and conical meshes, it is natural
to study those meshes which are both circular and conical. This means
that we have to nd all meshes which are parallel to a mesh & whose
vertices lie in the unit sphere $? and at the same time are parallel to a

possibly di erent mesh & whose face planes are tangent to S?. As & and

# then are parallel meshes, and both circularity and conicality isinvariant
under mesh parallelism, it is clearly su cient to construct a conical mesh
@ :Z2! S (which theniscircular, being a PQ mesh in S?). Such a mesh
can be constructed from Cauchy-like data: we may prescribe two adjacent
row polygons mj, and ®;; and a column polygon ®i;. From there we
reconstruct m by enforcing the conical condition at each vertex.

We are going to investigate an interesting subfamily of such meshes.
First we discuss meshesin the unit sphere.

6.1 Constant radius meshes and rhombic meshesin the unit sphere

In this subsection we consider circular meshes in the sphere whose cir-
cumcircles have constant radius (SCR meshes), and collect some of their
properties. It will turn out (see the next subsection) that they are closely re-
lated to the problem of nding mesheswhich have parallel meshes which
are both face 0 setsand vertex o sets.
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Fig. 7 Rhombicmeshr : Z21 & (left) and its two diagonal meshes m and € (right).
Any mesh m parallel to e is both circular and conical, and haso set meshes which lie
at both constant face distance and constant vertex distance from m.

We assume now that @ : Z2! S?isan SCR mesh. For each face Fjj,
which carries an elementary quadrilateral, we consider the circumcircle

€i; and its spherical center @. For all i;j we connect the point € with
the vertices ®jj, Bi+1;j, Bi+1;j+1, Bij+1. Thus we obtain a rhombic mesh
r:z2! S?(seeFig.7, left), whose vertex set is the union of vertex sets of
® and €. All edges of r have constant length, i.e., all faces are non-planar
rhomboids, and the two meshes m and € are the two diagonal meshes of r
(seeFig. 7, right).

Proposition 27 Any SCR mesh e : Z2 ! S? together with the mesh e of its
spherical centers of circumcirces arise as the two diagonal meshes of a rhombic
mesh r. For all rhombic meshes, the two diagonal meshes are SCR meshes, and
they arein thisrdationship.

Proof The rst partisthediscussion above. Astothe second statement, we
start with arhombicmeshr : Z2! S? and denoteitstwo diagonal meshes
by & and €, where theindices are chosen such that the distanceske;; #jk,
keij ik kei; ik and ke;; .1k which aremeasured along edges
of r, are constant. Thismeansthat all points of an elementary quadrilateral
of @ are at constant distance from &;j, i.e., the elementary quadrilateral is
planar, and has a circumcircle whose radius does not depend on i; j.

Proposition 28 Any SCR mesh & of radius r is also conical of constant cone
opening angle , with cos( =2) = r. The mesh & of spherical centers associated
with e hasthesameproperty. Thepolar dual of e equals% ¢, andviceversa

Proof The statement about polar dualsiselementary: thetangent planesin
the points of acirclejn S? having spherical center c and Euclidean radiusr

meet in the pointr= 1 r2c. Astothe rst statement, assume that points
liein acircle of radius r contained in S%. Polar duality maps these points
to planes tangent to a cone of revolution, whose opening angle obeys
cos( =2) = r. Thisshowsthe rst statement. The fact that € has the same
propertiesfollowsfrom thefact that both e and e arisein the same manner
as diagonal mesh of arhombic mesh.
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Fig. 8 A discrete surface of negative Gaussian curvaturein the shape of a circular mesh
(right), which arises as the diagonal mesh of a rhombic mesh (left). It is circular of
constant radius, and also conical of constant opening angle. The mesh is also shown by
Fig. 4, together with aface+tvertex o set.

6.2 Meshes which possess face+vertex o sets

Ameshm:Z2! R2whichisboth conical and circular possessesaparallel
mesh m®at constant face distance D , 0 (aface o set) and also a parallel
mesh m® at constant vertex distance d , 0 (a vertex o set). The most
interesting case hereisthat thereisamesh with both properties, i.e., where
we can choose m%= m®:

Proposition 29 Ifameshm : Z?! RS3 hasaparald mesh m®whichis aface
0 s4 for distanceD and vertex 0 set eﬁdistanced, then it hasaparalld SCR mesh
m:Z?! Swithdrderadiusr = 1 D2=02. Conversdy, any mesh paralld
toan SCR mesh e haso st meshes which arenct only at constant facedistance,
but also at constant vertex distance Such meshes are also conical, with constant
coneagpening angle

Proof By our assumptions, the mesh & := (—1,(m0 m) has vertices in the
unit sphere, and its faces are at distance D=d from the origin o. Obviously,

D=d < 1. Consider theface planes®;; of ® and thecircles€; = S*\ &;.Since

dist(fj; 0) = D=d = const, the radius of the circles €;; is as stated above.
Conversely we may start with e and consider any mesh m parallel to
m. Themesh m®= m + m isat vertex distance and, by construction, at
face distance 3.
The statement about the cone opening angle follows directly from

Proposition 28 via parallelity.

We combine previousresults on therelationship of conical meshes and
circular meshes to this case of meshes with both properties:

Theorem 30 A mesh m which haso set meshes at both constant faceand vertex
distanceis circular and conical of constant cone opening angle Thereis ancther
mesh ¢ with the same properties and the same cone opening angle, whose face
planes pass through the vertices of m, and such that there is a rhombic mesh
r:Z2! S?whosediagona meshesm ande areparalld tom and c, respectivey.
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Proof We construct m and the SCR mesh & parallel to m according to
Proposition 29, so that there is a rhombic mesh r whose diagonal mesh is
/. Theother diagonal mesheisalso an SCR mesh of the same coneopening
angle. We now construct a conical mesh c associated with m according to
the procedure described by Proposition 24, and we choose the mesh & for
that. Then cis parallel to the polar dual of en. Aseis a homothetical copy
of that polar dual, c and € are parallel. Now the properties of c¢ stated in
the theorem follow from Proposition 29 — neither of m, cis distinguished
before the other, as the two diagonal meshes of a given rhombic mesh are
completely interchangeable.

6.3 Discrete surfaces of constant negative Gaussian curvature

There is one special instance of mesh pairs m, ¢ according to Theorem
30 which has to be mentioned. These meshes are diagonal meshes of a
rhombic mesh with planar vertex stars. Such rhombic meshes have been
studied by W. Wunderlich [27] as discrete surfaces with constant negative
Gaussian curvature. The meshes shown by Figures4 and 8 are of that type.
It should be noted that in this special case, both meshes m and ¢ have
constant circumcircle radius. By construction, the vertices of c lie in the
face planes of m, and vice versa.

7 Conclusion and futureresearch

We have studied conical meshes and circular meshes with an emphasis
on discrete surface normals. We rst considered parallel meshesinscribed
or circumscribed to the unit sphere, and parallel meshes at constant face
or vertex distance. Brie y we have related the geometry of circular and
conical meshesto Mobiusand Laguerregeometry. Thediscretenormalsof a
circular or conical mesh can bearranged in discrete developablesanalogous
to the discrete developables associated with the principal curvature lines
of asmooth surface. Their singular polygonsform two focal surfaces. Such
aconstruction isnot only possible for the discrete normals, but also for the
lines which connect a circular mesh with its parallel meshes at constant
vertex distance.

The 2-parameter family of conical meshes associated with a circular
mesh and viceversaarethetopic of Section 5.2. The construction of meshes
of the other type which belong to the same underlying surface makes use
either of an inductive construction viare ections, or of the polar dual with
respect to the unit sphere.

The last section deals with meshes which are both circular and conical,
and in particular with meshes which have o sets, which are not only at
constant face distance, but at the sametimealso at constant vertex distance.
They turn out to be closely related to rhombic meshes in the sphere. A
special case of such meshes is derived from rhombic meshes of constant
negative Gaussian curvature.
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There are several natural generalizations of the present work. We have
studied meshes which possess face 0 setsand/or vertex o sets. For archi-
tectural applicationsthe case of aparallel mesh where edges are at constant
distanceis particularly interesting. This means that there exists a Combes-
cure transform whose edges are tangent to the unit sphere. Meshes with
this property are Laguerre geometric counterparts of S-isothermic meshes
[4]. They are the topic of a forthcoming publication; for initial results, see
[21]. The systematic approach to o set properties via Combescure trans-
formstangent to unit balls carries over to Minkowski geometry and leads
to various discretizations of therelative principal curvature lines [21].
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