
Forschungsschwerpunkt S92

Industrial Geometry

http://www.ig.jku.at

Computational Geometry

Robot Kinematics

Computer Aided Geometric Design

Image Processing

INDUSTRIAL

GEOMETRY

Classical Geometry Computer Vision

FSP Report No. 6

Pre-triangulations and liftable
complexes

O. Aichholzer, F. Aurenhammer and
T. Hackl

April 2006



Pre-Triangulations and Liftable Complexes

Oswin Aichholzer
IST, Graz University of

Technology
����� �����	� 
���
 ������������
 ���

Franz Aurenhammer
IGI, Graz University of

Technology
�����������	� ����
 ��������� ��
 ���

Thomas Hackl !
IST, Graz University of

Technology
��� ����"�# �	� 
$��
 ������������
 ���

1. INTRODUCTION%'&�(*)�+�&�,.-�(0/�&�132.(54�6�4�7985,;:=<.4>2�(�- ,.4?<@-�A�4>BC4�4�,;&�B�DE4�/�:=7F& G
85,�:=4�H=4�7E:I85,;/�&�1JB�8�,.- :=& H=8�- (K+�4�&�134�:LHL)MG�H=&�1NA�- H=85&�O�7I2C&�85,�:=79& G
A�854�PRQRST8*:=<?:=<.4U-�V�A�4�,�:0& GW/�&�132.O�:X- :=85&�,.-�(Y+�4�&�134�:LHL)�Z[8*:R7L&�&�,
BC4�/�-�134R- 2.2.- H=4�,�:\:=<@-�:\/�&�1UB.85,@-�:=&�H=8�-�(]-�,.V^+�4�&�134�:LH=85/R2�H=&�2C4�HL_
:=854�7`& G@/�4�HL:X- 85,J2C&�(*)�+�&�,@- (�/�&�132.(54�6�4�7Y2�H=& A�4WO.7L4�GaO.(�G�&�H	7E:LH=O./�:=O�HL_
85,�+U+�4�&�134�:LH=85/bV.- :X-c-�,.V^V�4�7L85+�,�8�,�+U4�d3/�854�,�:\-�(5+�&�H=8*:=<.137�QWeW(�-�7E_
7L85/�- (W4�6�- 132.(54�7R-�H=4f(58�,�43- HLHX- ,.+�4�134�,�:=70:=<@-�:c- H=857L43-�7cV�O@-�(57R& G
g ,.8*:=4>2C&�85,�:97L4�:=7ih j klZ\mn& H=&�,�&�8KV�8�-�+ HX-�1379:=<@- :9/�-�2�:=O�H=4>2�H=&�6�_
85138*:$)^85,�G�&�H=19- :=85&�,?-�13&�,�+f+�4�&�134�:LH=85/o&�B�DE4�/�:=7Jh p�Z'q�r klZ[- ,@V^:LH=8*_
- ,.+�O.(�- :=85&�,�7J:=<@-�:c/�&�,�,.4�/�:U&�HU2@-�HL:=8*:=8�&�,s+�4�&�134�:LH=85/I&�B�D$4�/�:=7U8�,
2�H=4�V�4 g ,.4�VFV�&�19-�85,.7Rh t�Zuq�r�klQ

S;<.4�H=4�- 7Y+�4�,�4�HX-�(585v�-�:=8�&�,.7	&�GC(585,.4w- HLHX-�,�+�4�134�,�:=7'-�,@Vom	&�H=&�,�&�8
V�8�-�+�HX- 137\134�-�,�P\<.85(540<.-�A�40BC4�4�,^7E:=O@V�854�VI4�6�:=4�,.7L85A�4�(5)�Z�:=<�4RV�857E_
/�& A�4�HL)J& Gx-07E:LH=O./�:=O�H=4w:=<@-�:n+�4�,.4�HX-�(585v�4�7n:LH=8�- ,.+�O�(�- :=85&�,�7WB.O�:	7E:=8�(5(
H=4�:X-�85,.7y:=<�4�8*HyB@- 7L85/z2�H=&�2C4�HL:=854�7z{|4�Q +�Q5ZR2�(�-�,@-�H=8*:$)�Z07L85132�(�4iG|- /�4
7L<.-�2C4�ZW-�,.Vz}@852.2.-�B.85(58*:$).~c<.-�2�2C4�,.4�V�13& H=4IH=4�/�4�,�:=(5)�Q��$,�-?7L&�_
/�-�(5(54�V�2.7L4�O.V�& _�:LH=8�- ,.+�O�(�- :=85&�,xZcGa-�/�4�7�BC&�O.,@V�4�V�B�)�:=<�H=4�4z/�&�,�_
/�-�A�4�/X<@- 85,.7�Z�HX-�:=<.4�H	:=<@- ,fB�)U:=<�H=4�4�(58�,�4\7L4�+�134�,�:=7�Z�-�H=4�-�(5(5&�PW4�VxQ
%`7L4�O.V�&�_l:LH=8�-�,�+�O�(�-�:=85&�,.7o4�, DE&�)i-9A�-�H=8�4�:$)>& Gw/�&�1JB.85,.- :=&�H=8�- (`-�,@V
+�4�&�134�:LH=8�/F2�H=&�2C4�HL:=8�4�7�Z�-�,.V�(54�-�V�:=&i4�d3/�854�,�:9V�- :X-i7E:LH=O./�:=O�H=4�7
- ,@V^-�(5+�& H=85:=<�137\8�,^7L4�A�4�HX- (x- H=4�- 7�Q���4�404�Q +�Q]h*q�j�Z[p�p�Z]q�Z]q���klZ.-�,@V
H=4�Ga4�H=4�,�/�4�7\:=<.4�H=4�8�,xZ�H=4�7L2C4�/�:=85A�4�(*)�Q

�w<�4J- 851�&�G`:=<�8�7K2@- 2C4�H0857K:=&9+�4�,.4�HX- (58�v�4J:LH=8�-�,.+�O.(�- :=85&�,.7bG�O�HL_
:=<�4�H`�c8�,f-o,.- :=O�HX-�(�Pw-�)f- ,@VJ:=&0:=<.4�O�:=13&�7E:	85,9-0/�4�HL:X- 8�,37L4�,.7L4�Q
��,F-U2.7L4�O.V�&�_l:LH=8�-�,�+�O�(�-�:=85&�,]Z.-cGa-�/�43{|2�7L4�O@V�&�_l:LH=8�-�,�+�(54�~W857\-J7L851f_
2�(*)9/�&�,�,.4�/�:=4�V92C&�(*)�+�&�,.-�([H=4�+�85&�,9P\<.4�H=404�6�-�/�:=(*)3:=<�H=4�4KA�4�HL:=85/�4�7
<.-�A�4F,�&�H=4�}.4�6�-�,�+�(54�QT�bH=&�2.2�8�,�+�7L85132.(585/�8*:$)�Z	Pw4y- HLH=85A�4>-�:I-
/�&�,./�4�2�:yPW4�P\85(5(U/�- (5(U-��@�L�����|�X�l����������ZU- ,@VTGa&�(5(5&�P\85,.+T7LO.8*:�Z0-
�.�=���l�|���l� �������5���|�l����& Gf-�+�8�A�4�,�V�&�19- 85,]Q�Sz4i7L<.&�P�:=<@-�:F2�H=4�_
:LH=8�- ,.+�O�(�- :=85&�,�70- H=857L4o85,F:=<�H=4�4RV�8*�[4�H=4�,�:�/�&�,�:=4�6�:=7� `��,F:=<.4b/�<.- HL_
- /�:=4�H=85v�-�:=8�&�,�& G`/�&�132�(54�6�4�7�:=<.- :K- H=4c(58*G�:X-�B�(54c:=&f:=<�H=4�4�_�7L2@- /�4o8�,
-f7E:LH=&�,.+97L4�,�7L4�ZC85,F}@852>7L4�¡�O�4�,./�4�7\G�&�Hb+�4�,�4�HX-�('2C&�(*)�+�&�,.-�('/�&�1f_
2�(54�6�4�7�Z'- ,@V?-�7R+ HX-�2�<.70& Gw19- 6�8519-�(u(�&�/�-�(5(*)�/�&�,�A�4�6yG�O.,./�:=8�&�,.7�Q
¢n4�(5&�P£Pw4R+�8�A�4R7L&�134RB@- /�¤�+ H=&�O.,.V^&�,F:=<.4�7L40:=&�2.85/�7�-�,.V^B�H=8�4�}.)
&�O�:=(585,.4R&�O�H\H=4�7LO.(*:=7�Q
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1.1 Liftable complexes�w<.4R857L7LO�4c& GY/X<@- HX- /�:=4�H=85v�85,.+9/�&�132.(54�6�4�7w:=<.- :�/�-�,FBC4f¥ (58*G�:=4�Vx¥
:=&f7L2.-�/�4R<.-�7\BC4�4�,IG�H=4�¡�O.4�,�:=(*)985,�A�4�7E:=85+�-�:=4�VF85,F:=<�4019- :=<�4�19- :L_
85/�-�(W(�8*:=4�HX-�:=O�H=4�Qy¦§/�(�-�7L7L85/�- (w:=<.4�& H=4�1¨&�GK��:=4�85,.8*:=v?h p�q�k�85132�(�854�7
:=<@-�:�ZwGa& H94�A�4�HL)�2C&�(5)�+�&�,@- (K/�&�132.(54�6s85,�:=<.4y2�(�- ,.4�Zn:=<.4�H=4F4�6�_
857E:=7b-f/�&�,�A�4�6F© _�2C&�(*)�<.4�V�H=&�,^P\85:=<>857L&�13&�H=2.<�85/cBC&�O.,.V.- HL)�QW�w<.4
ªy- 6�PW4�(5(5_$enH=4�13&�,@-9:=<.4�& H=4�1yZ[7L4�4J4�Q +�Q	h ��klZu/X<@-�HX-�/�:=4�H=85v�4�7R2C&�(*)�_
+�&�,@- (]/�&�132.(54�6�4�7wP\<�&�7L4R4�V�+�4�7�- H=43{|4�6.- /�:=(*).~	:=<.40A�4�HL:=85/�-�(x2�H=& _
DE4�/�:=85&�,.7u&�G�:=<.4`4�V�+�4�7]&�G.-w2C&�(*)�<.4�V�HX-�(�7LO�HLG|-�/�4�Q	eW&�132�(54�6�4�7xP\8*:=<
:=<.857�2�H=&�2C4�HL:$)«-�H=4M7L&�134�:=85134�7i/�-�(5(54�V«�@�L�$¬��=­��|��®��¯/�&�132�(�4�6�4�7�Q
ST<�4�,�:=<.432�H=& D$4�/�:=85&�,�7LO�HLGa-�/�49857UH=4�¡�O�8*H=4�V�:=&>BC43/�&�,�A�4�6[Z':=<.4
Pw4�(�(*_�7E:=O@V�854�Vy/�(�-�7L70& G\�=�l�����5���f/�&�132.(54�6�4�7\857b&�B�:X-�85,�4�VxQ���4�A�4�HX- (
/�H=8*:=4�H=8�-3Ga&�H0/�<.- HX-�/�:=4�H=85v�85,.+^H=4�+�O.(�-�HR/�&�132�(54�6�4�7J{|85,?+�4�,�4�HX-�(`V�8*_
134�,�7L8�&�,.7X~W4�6�857E:�°�7L4�4o4�Q +�Q]h ©�kuG�&�Hb-J7L<.& HL:KB�85B.(585&�+�HX- 2.<�)�Q

±\²�³@´uµ�¶s·.¸o¹»º]¼�½u¾�¶�³@¶�¾w¿'²�À�³@µ�ÀCÁ
Sz4¯8�,�:LH=&�V�O./�4¯:=<�4¯,�&�:=85&�,Â& Gs­=��Ã3Ä����C�������X�l���R�@�E�$¬��L­��|�a®��a�|Å Z

P\<.85/X<�8�,�Ga& H=19-�(5(*)T134�-�,�7F2�H=& D$4�/�:=85A�85:�);P\8*:=<�2�H=&�B.-�B�8�(58*:$);&�,.4
- G�:=4�H�-bHX- ,@V�&�1�ÆE_�2C4�HL:=O�H=B@-�:=85&�,f& Gx:=<�4�A�4�HL:=85/�4�7	&�G[:=<�4�/�&�132�(�4�6
85,¯¡�O�4�7E:=85&�,]Q��xH=8�- ,.+�O.(�- :=85&�,�7I- H=4F2�H=& D$4�/�:=85A�4y/�&�132.(54�6�4�7U:=<@- :
- H=4c- (�7L&9/�&�1JB�8�,.- :=& H=8�- (u2�H=& D$4�/�:=85A�49{a:=<.&�O.+�<^:=<.4�)^- H=4o,�&�:�,.4�/�_
4�7L7=-�H=8�(*)iH=4�+�O�(�- H�~�Qf��/X<.(54�+�4�(nV�8�-�+�HX- 1373h*q�q�klZ'-�,@V>:=<�O.7Kmn& H=&�,.&�8
V�8�- +�HX-�137�- ,@V^2C&�PW4�HKV�8�-�+ HX-�137oh © klZ@-�H=40H=4�+�O�(�- Hb-�,@V9:=<.4�H=4�Ga&�H=4
2�H=&�DE4�/�:=85A�4�Q	Çb&�Pw4�A�4�H�Z�:=<.4�7L4b/�&�132.(54�6�4�7w-�H=4b,�&�:�/�&�1JB�8�,.- :=& H=8�- (
2�H=&�DE4�/�:=85A�4�Qf��:R857R¤�,.&�P\,i:=<.- :�Zu-�2.- HL:RG�H=&�1�7L2C4�/�8�- (n/�- 7L4�7�ZY- ,�)
13&�A�4�134�,�:c&�G�:=<.4�85HfA�4�HL:=85/�4�73V�4�7E:LH=&�)�7U:=<.4�85Hf2�H=&�DE4�/�:=85A�8*:$)[°�7L4�4
È'85+�O�H=4fq�Q

±\²�³C´uµ�¶�Éx¸o¹ËÊYÌ�¶�´'¿uÍ�ÎLÏ�µ ²�À@Ð]³C´'¾�À�Ï�²�ÍCÐ
Ñ ,f:=<.4\& :=<.4�Hn<@- ,@VxZ�:=<.4\/�&�132�(54�6J7L<�&�P\,I85,9È'85+�O�H=4RpJ{a:X- ¤�4�,

G�H=&�1Òh*q�k�~\8�7b,.&�:K2�H=&�DE4�/�:=85A�4�ZxBC4�/�- O.7L4o:=<.4c4�V�+�4JV�HX-�P\,?85,>BC&�(�V



FR
C

FH
PT

CP CR
PR T

� ����������� 	�
�����
��������������������
��� ��������
������! "��#�$���%�&����'�����������������
('� �������� "����)* "%+
���
�$��+
,)"%������
� ( �����������-&�%���
,)*�� "%+
��.�� "��/"����)"% 01�'�������������2���
��3 ��������
������!4��������")5�������������2���
� � �����������-&�%���
,)*�� "%+
��. *��
�$��+
� ��������������2���
('6 ���������"��$�#����7)" *%+
���
�$��+
,)"%������
6 ������)" *%+
���
�$��+
,)"%������
8 �����:9 ���+
�$��;
�	<)* "%+
���
�$��+
,)"%������=�������>)* *
�%�����#?&1	A@

B �"4;
�#���#�CD���������E�F
,)"%����G�H�� 9 ���+
�$��;
�	?��%���%��I$��J�������������K���L@

±\²�³C´uµ�¶NMx¸<Oy²�¶�µ�À�µ�¼ ½QPMÍ�R�Ê`ÍC¾�Px³@ÍCÐuÀ.¾�¼�Í[Á�Ê'¾�¶�S]¶�Ì3²aÐ¯Ài³C²�TC¶�Ð�µ ¶�³C²�ÍCÐVU

/�-�,�BC497L<.&�P\,z:=&y}C-�:L:=4�,�&�O�:c8�,s- (5(w2C&�7L7L85B.(54I2�H=&�DE4�/�:=8�&�,s7LO�HL_
Ga-�/�4�7�Q>¢WO�:cÆL_�2C4�HL:=O�H=B.85,.+y-�(513&�7E:c7LO�H=4�(5)?H=4�7E:=& H=4�7c2�H=&�DE4�/�:=85A�8*:$)
85,o:=<.857'/�- 7L4�Z :=<@- :u857�Z�:=<�8�7u/�&�132�(�4�6R857'/�&�1UB.85,@-�:=&�H=8�-�(�2�H=& D$4�/�:=85A�4�Q

��,���4�/�:=8�&�,.7U©y:=<�H=&�O�+�<XWyPW4^V�4�H=85A�4I->/�H=8*:=4�H=85&�,�:=<@-�:J/�&�1f_
2�(54�:=4�(*)R/X<@- HX- /�:=4�H=85v�4�7xP\<.4�,o-�+�8�A�4�,R2C&�(*)�+�&�,@-�(�/�&�132.(54�6K857u/�&�1f_
B�85,@- :=& H=8�-�(�2�H=&�DE4�/�:=85A�4�QT�w<.8573/X<@-�HX-�/�:=4�H=85v�-�:=85&�,T<.85,�+�4�73&�,�:=<�4
/�&�,./�4�2�:	&�G@2�H=4�_l:LH=8�-�,�+�O.(�-�:=8�&�,.7�Z�85,�:LH=&�V�O�/�4�Vc8�,3��4�/�:=85&�,3©�Q	ªF& H=4
7L2C4�/�8 g /�- (�(*)�Z�-�/�&�132.(54�6b857'/�&�1UB.85,@-�:=&�H=8�-�(�2�H=& D$4�/�:=85A�4W8*G.-�,.Vo&�,.(*)
8*G�8*:u/�&�85,./�8�V�4�7uP\8*:=<c8*:=7�Yi�>Z\[������������uZ�-�/�4�HL:X- 85,c2�H=4�_l:LH=8�-�,.+�O.(�- :=85&�,
V�4 g ,�4�Vy85,���4�/�:=85&�,^]�QK�$,y:=<@-�:07L4�/�:=8�&�,>Pw4U-�(57L&^7L<�&�P�:=<@-�:K:=<�4
7LO�HLG|- /�4I:=<�4�&�H=4�1�Ga&�HU2.7L4�O@V�& _l:LH=8�- ,.+�O.(�- :=85&�,�7U85,Th*q�kW<.&�(�V�7o8�,z-
13& H=4w+�4�,.4�HX- (�7L4�:L:=85,�+�Q�_x&�&�7L4�(*)U7L2C4�-�¤�85,.+�Z�:=<.857':=<�4�&�H=4�1�- 7L7L4�HL:=7
:=<.- :K:=<�H=4�4I{|,.&�,�_l:LH=85A�8�- (�~\A�4�HL:=4�6F<.4�85+�<�:=7b2C4�HbGa-�/�4U/�-�,?BC4c/�<�&�_
7L4�,M85,M-�,�)�+�85A�4�,M2�7L4�O@V�&�_l:LH=8�-�,.+�O.(�- :=85&�,M7LO�/�<�:=<@-�:34�- /�<sG|- /�4
(58*G�:=79:=&z2�(�- ,@-�H=85:�)�Q;Sz4F/�<.- HX-�/�:=4�H=85v�4>:=<.4y/�(�- 7L7^& GR/�&�132�(54�6�4�7
P\<�4�H=4f:=<.4U7LO�HLGa-�/�4f:=<�4�&�H=4�1�-�2.2�(58�4�7�Q9�w<.857R(54�-�V�7R:=&^:=<.4U/�(�-�7L7
& G[7L&�_�/�- (�(54�V�`���­X�����L��a �.­��|Ä�����/�&�132.(54�6�4�7'P\<.85/X<f/�&�,�:X- 85,.7Y:=<.4w2�H=4�_
:LH=8�- ,.+�O�(�- :=85&�,�70-�7�-J2�H=&�2C4�H�7LO�BC/�(�-�7L7�Q

��,;��4�/�:=85&�,;�?PW4F:=O�H=,s:=&�/�&�,�A�4�6s2�H=&�DE4�/�:=85&�,;7LO�HLG|-�/�4�7I-�,@V
V�4 g ,�4�­=��Ã3Ä��a�@�������X�l���c�=�l�����5�������|Å�Zf-;2�H=&�2C4�HL:$)£7E:LH=&�,.+�4�Hi:=<@-�,
/�&�1JB�85,@- :=& H=8�-�(	2�H=&�DE4�/�:=85A�8*:$)�QfS�4f85,�:LH=&�V�O./�4J:=<.4f/�(�- 7L7o&�G�`���­����
b ���[�FZ=�n/�&�132�(�4�6�4�7�Z�P\<.85/�<I-�H=4bB@- 7L85/�-�(5(*)9:=<.&�7L4�P\<.4�H=4�4�- /�<I7L85,�_
+�(54cGa-�/�4c/�-�,>BC4R(58*G�:=4�V>:=&9-3V�8*�[4�H=4�,�:�2.(�-�,�4�Q\¢W& :=<yG|-�/�4�_�<.&�,�4�7E:
/�&�132.(54�6�4�7K-�,.Vy/�&�1UB.85,@-�:=&�H=8�-�(]H=4�+�O�(�-�H0/�&�132.(54�6�4�7K- H=4o/�4�HL:X- 85,
2�H=4�_l:LH=8�-�,.+�O.(�- :=85&�,.7�QneW&�1UB.85,@-�:=&�H=8�-�(�H=4�+�O.(�- Hn/�&�132�(54�6�4�7'85,f7L851f_
2�(*)?/�&�,�,.4�/�:=4�V?H=4�+�85&�,.7o-�H=4f7L<.&�P\,?:=&FBC4cG|-�/�4�_�<.&�,�4�7E:R2�7L4�O@V�&�_
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YZ
:=<.4�,z:=<.4�H=4I857J,.&?7LO�B.7L4�:"��&�G\G|- /�4�7f& G#
�P\<.4�H=4$�i8�7J8�,�/�&�1f_
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