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Abstract

We introduce the concept of weighted skeleton of a polygah @resent various decomposition and
optimality results for this skeletal structure when theenfying polygon is convex.

1 Introduction

Polygon decomposition is a major issue in computationahgry. Its relevance stems from breaking com-
plex shapes (modeled by polygons) into sub-polygons tleaeasier to manipulate, and from subdividing
areas of interest into parts that satisfy certain contaimimaquirements and/or optimality properties. We
refer to [13] for a nice survey on this topic. In particularrieh literature exists on decomposition into
convex polygons. Convex decompositions are most natursbiime sense. They have many applications
and can be computed efficiently; see e.qg. [7, 14, 16].

In this paper, we focus on the problem of decomposingravexpolygon such that predefined constraints
are met. More specifically, the goal is to partition a givenvax n-gon P into n convex parts, each part
being based on a single side 6f and containing a specified 'share’ éf. The share may relate, for
example, to the spanned area, to the number of containets fmm a given point set, or to the total edge
length covered from a given set of curves. Possible appitaibf such fixed-share decompositions include
priority-based or fair facility allocation, which may caero real estate or access to power lines, aguafers,
or oil wells.

We introduce the concept of weighted skeleton for a convéygonm P and exploit it to prove existence
of various types of fixed-share decompositions”of Moreover, the decompositions induced by weighted
skeletons will be shown to have several optimality propstrtiFor instance, the average normal distance
to the respective sides @ is minimized, among all decompositions Bfinto polygons with fixed areas.
Our approach is inspired by results on power diagrams in Fidwever, these substantially differ from
our setting because of the boundary conditions imposef .bylgorithmic methods in [5] can be gener-
alized to compute fixed-share decompositions but are intigrglow, at least from the theoretical point of
view. For this reason, we outline a simple and efficient a@ivisthd-conquer algorithm that produces such
decompositions, but without further optimality propestie

Weighted skeletons are generalizations of the straighetke of a polygon introduced in [2]. They
can be defined for arbitrary simple polygons, by individgalining the translation speed of polygon sides
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Figure 1: Weighted skeleton for a convex 6-gon

in the defining shrinking process. For a restricted classoofeconvex polygons, such skeletons have been
used in [3] for different purposes. Unfortunately (for reas to be explained later), weighted skeletons do
not lead to corresponding decomposition results when ottpvef the input polygon is dropped. However,
generalizations to convex polytopesi{ are possible; our methods for proving the existence of fsteate
decompositions do not depend on the underlying dimension.

2 Weighted skeletons

We start with recalling the definition of a straight skeletdiVeighted versions of this structure are then
introduced, and some of their basic properties discussed.

Let P be a polygon witln sides in the plane. The straight skeleton [2JFols a skeletal structure in the
interior of P which is defined procedurally as follows. Move inwards thermary of P in a self-parallel
fashion and at constant speed, until it contracts to area pesssibly after having split at places of prior
self-contact. During this shrinking process, the breakisoof the boundary of trace out the edges of
the skeleton, which are pieces of angle bisectorsHorThe straight skeleton exists for arbitrary simple
polygonsP. If P is convex then exactly the medial axis [15]8fis obtained: For each pointon an edge
of the skeleton, the minimum distance franto the boundary oP is realized by two or more points.

For the purposes of the present paper, a weighted versidmaiglg skeleton for @onvexpolygon is
required. LetW = (wy,...,w,) be ann-tuple that assigns an individual weight > 0 to each side; of
the given convex polygof. Weightw, expresses the speed at which (the current portion; a)translated
in the shrinking process. The structure resulting from ghiscess is termed theeighted skeletonf P,
denoted bySKy (P). The portion of the plane swept out by a given siglés called the regionyeg(e;),
of e;. We havereg(e;) = e; if and only ifw; = 0. (We say thateg(e;) is degenerate in this case.) Clearly,
SKw (P) is the classical straight skeleton Bfif and only if all weights are positive and equal. Figure 1
illustrates a weighted skeleton for a convex polygon withssiles. Numbers at sides denote side weights.

The translate of a side; of P cannot re-appear after having shrunk to length zero. Thudig® that
reg(e;) is a connected set. Heg(e;) is non-degenerate then it hgsas a boundary edge. We conclude that
the edges o KCyyy (P) form a tree with exactly: leaf vertices (the vertices @) and at most. — 2 non-leaf
vertices.



Figure 2: Discontinuous region change

When all weights are positive the&f¥Cyy- (P) can be interpreted asveeighted medial axisf P. Define
the weighted distance of a pointe P to a sidee; asd(z,e;) = v(x, e;) /w;, wherev(z, e;) denotes the
normal distance of from the line supporting;. Then, for any; # j, the two regions-eg(e;) andreg(e;)
are separated by the straight line defined by all paintd equal weighted distance from bothande;.
This shows that each regiofg(e;) is the intersection of halfplanesy — 1 coming from other sides, and
one coming from the line supporting. We conclude thateg(e;) is either degenerate or a convex polygon
with at mostn edges. By convention, regions are considered as closed sets

The shrinking process we used above to defifgy (P) generalizes directly for arbitrary simple poly-
gonsP. Atree-like structure that decomposBsnto (possibly non-convex) polygonal regions is obtained.
However, when altering the weights for the individual sidég>, we face the following peculiarity: The
shape of regions does not change continuously with the wseidgkigure 2 gives an example. The entire
shaded area displaysg(e; ) for a given tuplg(w; , wa, ws, w4, ws) of weights. A slight increase afs clips
off from reg(e;) the portion shaded in light grey, and enlarges the regions,af;, andes accordingly.
This effect cannot be observed wheris a convex polygon — a property that will be crucial for thegdrof
Theorem 1 in the subsequent section.

3 Decomposition results

Weighted skeletons are capable of generating tailor-maderdpositions of convex polygons. In particular,
as will be shown in this section, fixed-share decomposit@ingrious kinds can be obtained.

Let p be any continuous density function on a given convex polygpand letu be the measure defined
by p on P. We have the following general theorem.

Theorem 1 Let P be a convex polygon in the plane, having sides .., e,. For any non-negative real
numbers4;, ..., A, whose sum i$, there exists am-tuple W of weights such that(reg(e;)) = A; holds
for each region oSKCyy (P).

Proof. For any positive numbeh € R, we haveSKy.(P) = SKw(P). This directly follows from
the procedural definition of a weighted skeleton. Resiricthe domain of weight® C R™ by requiring
>, w; = 1thus means no loss of generality. Note that, by non-negytiWiweights,D is just the convex
hull spanned by the unit vectors ofR”™. In particular,D is a bounded and closed set. Observe next that,



for each fixed index, the regionreg(e;) continuously expands whem; is increased. This property is
evident from the distance-based definitionS#€yy (P). Thus, by the assumed continuity @fthe measure
u(reg(e;)) is a continuous function af;. Consider the functio® : D — R, given by

V(W) = Z |A;|, whereA; = p(reg(e;)) — A;.

=1

¥ is a continuous and nonnegative function on a compact dgnsair achieves a global minimum.
Let W* be a corresponding-tuple. We are left with provingl (W*) = 0. Assume, to the contrary,
that W(W*) > 0. Then, asy_ A; =3 u(reg(e;)) = 1, there exist indiceg and k such thatA; < 0 and
Ay > 0. Consider all the regions of the former type (i.e., whosesuess are too small), and It be the
unique connected component of their union which contaigge; ). Expand@ by multiplying the weight
for each region irQ by a fixed factor of: > 1, wherec is chosen such that(Q) increases by an arbitrarily
small amount. This is possible becaysgé)) continuously grows witle. Thereby, some regions adjacent
to @ (which have been too large) decrease in measure, wherdaggseg () only can increase, because
separators between them do not change. For the resukiogle W', we thus havel (W’) < ¥(W*). But
this contradicts our assumption tH&t* is a global minimum. O

If the density functiorp is non-vanishing all oveP, then the weighted skeleton that achieves the re-
quired measures in Theorem 1 is unigque: Any change in ratiedsn weights results in a change of measure
for at least two regions. Takingas a suitable constant gives uniform distributionfgrand we obtain:

Corollary 1 For any choice o areas that sum up to the area Bf there exists a unique weighted skeleton
for P whose regions realize this choice.

Theorem 1 can be shown to hold for certain non-continuousitefunctions as well. LetS be an
arbitrary subset of?, and consider the indicator functiah of S in P. Thatis,)(z) =c¢>0if z € S,
andiy(z) = 0, otherwise. The constantis chosen such that is indeed a density function aA. We may
express) as the limit of a series of continuous density functigns ;> as follows. LetK;(x) be a vertical
and downwards directed cone, with aperture adgnd apex at (fixed) heiglit above the point: € P.
The upper envelope of the conés;(z), for all z € S, is the graph of a continuous functior;, on the
plane. For a suitable choice af the pointwise maximum of; with the zero function gives a continuous
density functionp;, on P, and we have

lim p; = 1.

J—00
We conclude that Theorem 1 is valid for the meagudkefined by).

Various implications are obtained when the dimension ofpthiat setS that underlies) is varied. For
example,S may be the union of finitely many two-dimensional objecte liriangles or disks. A prescribed
assignment of their areas to the sideg’aéxists — a result with possible applications for priorigsed (or
fair) facility allocation. This also applies to one-dimenrsal objects, for instance, to a finite set of length-
measurable curves that might model power lines or aquaddys ticcessed. The measu(€)) of a subset
@ C P then becomes the total curve lengthiin More specifically, we have:

Corollary 2 Let i1 be defined by a finite set of curves (of total lengfhin a convexn-gon P. For any
non-negative real numbers, ..., /¢, that sum up tol, there exists a weighted skelet&iiCy (P) with
wu(reg(e;)) > ¢, fori =1,... n.

Observe that inequality arises above because portiongeé€might have to be shared by two (closed)
regions of Sy (P). Finally, in the case wher#£ is a finite point set, the quantity(Q) - |S| counts the
points ofS in a given subsef) of P.



Figure 3: Fixed-area decompositions are not unigue

Corollary 3 Let a convex polygo# enclose a sef of m points. For every choice of hon-negative integers
mi,...,my, Whose sum isn, there exists a weighted skeletSiCy (P) such thatireg(e;) N S| > m;, for
1=1,...,n.

4 Optimality properties

Fixed-share decompositions of a convex polygon are, inrgérmeot unique, even when decomposition into
convex pieces is required. Interestingly, those obtainthfiveighted skeletons show several optimality
properties. The present section addresses this issue.

Let us call a decomposition of a convexgon P proper if it consists of (exactlyn) simple polygons,
each having a single side in common with Clearly, every weighted skeleton fét gives rise to a proper
decomposition ofP, provided there are no degenerate regions. Corollary 3espl result proved earlier,
and by different means, in [10]: Giveld and a finite sef' of points insideP, there always exists a proper
decomposition off into convexpolygons, each containing a prescribed number of points fso Points
of S on polygon boundaries may have to be assigned approprideln when boundary ambiguities do
not arise, such fixed-cardinality decompositions need aatriique with respect to the assignment of points
in S to polygons. In fact, the decompositions constructed if fdduce assignments which are, in general,
different from those we obtain via weighted skeletons.

As has to be expected, prescribing #reasof the polygons in a proper and convex decomposition
also does not lead to a unigue solution. Figure 3 exemplifissfact. It shows, in full lines, some proper
decompositiorll of P. Dashed lines delineate the (unique) weighted skeletah thfat realizes the same
polygon areas. The fact thBtis not a weighted skeleton @t can also be seen from Lemma 1 given at the
end of this section: The three straight lines through édg&ee;, and sidees, respectively, do not concur
in a point.

We are going to prove that weighted skeletons exhibit aedggtimality properties. Let(x, e;) denote
the normal distance of a pointto the line supporting a given sidgof P. Then the average normal distance
is minimized in the following respect.



Theorem 2 LetIl : P — {ey,...,e,} be a proper (not necessarily convex) decomposition of theeo
polygon P, having fixed polygon aread, ..., A,. The weighted skeleton &f that assumes these areas
(uniquely) minimizes the expression

/ vz, T(z)) da (1)
zeP
over all such decompositioris.

Proof. Let SKy (P) be the weighted skeleton whose regions achieve the reqamessA, ..., A,.
SKw (P) uniquely exists by Corollary 1. Fix a decompositibinas above, but different fror§SCyy (P).

For each index, the polygonll—!(e;) as well as the regioneg(e;) of SKy (P) havee; as one side, and
both polygons have the same arelg, Thus there exists a cycle of consecutively overlappinggumts
reg(e;), 17 Y(e;), reg(e;), I t(e;), regler), M (ek), - .., reg(e;). Take some re-assignment of points
from each polygon to its successor in the cycle, such thagidli)gon areas stay unchanged, (2) the area of
reg(e;) N1~ (e;) increases for all indicesinvolved, and (3) the resulting decompositidris still proper.
This can always be achieved when the intersection of twoemrise polygons is split appropriately with
straight edges. Let noW = (wq, ..., w,). By definition,SXCy (P) assigns each poiat € P to the sidez;

of P that minimizes the weighted distaneér, ¢;) /w;. Thus, when comparing the decompositidnandIT,

we have
/ V(.T, et) dr < / l/(ZL', et) dr (2)
W Wt

€A1 (esr) x€ll~1(et)

for the indicest above. Clearly, for all remaining indices, equality holds(2). Dividing by w;, and
summing up over all sides, shows thall does not minimize the integral in (1). The theorem follows.

Define thealtitude of a polygon@ = I1~!(e;) as the maximum normal distaneér, e;) that occurs for
a pointz € Q. Let thealtitude of II be the largest altitude of a polygonlih We have:

Corollary 4 Among all proper decompositions £fwith fixed polygon areas, the weighted skeleto®of
that assumes these areas is minimal in altitude.

Proof. Using the same construction as in the proof of Theorem 2 \tblicae-assignment of points gives

max l/(x¢€t) < max V(xvet)

z€A"(er) Wt z€ll-1(er) Wt

Dividing by w;, and taking the maximum over all sideg implies that the altitude dfl, which is given by
max v(z, 17 1(z)), is minimized ifll = SKyy (P). O
e

There also exist discrete variants of Theorem 2 and CoyodlaiThey assert that the sum (or the max-
imum) of the normal distances in a given finite point Set. P to the respective supporting lines Bfis
minimized over all assignments — {ey, ..., e, } of fixed subset cardinalities. The proofs are similar and
are left to the interested reader.

Theorem 2 has an obvious geometric interpretation. The aladistance/(x, ¢;) is a linear functiong;,
on P. The corresponding plane= g;(z) in R? has slope and contains the sidg. For any given proper
decompositionlI of P, the integral in (1) gives the sum of the volumes abbvé (e;) and belowg;, for
i =1,...,n. Inthis senseSKy (P) gives minimal volume for fixed region areas.

Related is a three-dimensional interpretatiorSéiy, (P), namely, as the lower envelope of the linear
functions f; = v(x, e;)/w; on P (which now correspond to planes with slopgsthrough the sides;). In
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particular, if all weights are equal tbthen we havef; = g;, and the volume expressed in (1) is minimum
possible forall proper decomposition of, without restrictions on areas. Clearl§/Cy (P) is just the
medial axis ofP in this case.

The question arises when a given decomposition of a polyganctually is the weighted skeleton 6%
for a suitable set of weights. Based on their embedding inesacomplete characterization can be given for
weighted skeletons of convex polygons. Lgk) denote the straight line containing a given line segment

Lemmal Let II be a (proper) decomposition &f into convex polygon&1, ..., Q,, such that); shares
sidee; with P. ThenlII is the weighted skeleton @ for some set of weights if and only if, for each
edgeb = @Q; N Q; of II, the conditionL(e;) N L(e;) € L(b) holds.

Proof. Let f; = v(x,e;)/w;, as before. The conditiof(e;) N L(e;) € L(b) implies thatb is contained
in the vertical projection of the intersection line of twapksz = f; andz = f;, for suitable weightsy;
andw;. Thus the condition necessarily holds for any weightedetkal by the lower envelope picture
described above. On the other hand, givénmvith this condition holding for each edde we prove the
existence of: planesz = f; whose lower envelope definéks This impliesIl = SKy (P) for the resulting
tupleW = (wq,...,w,) of weights.

As the edges ofl define a tree insidé’, at least one polygon dil, say@y, is a triangle. Let sidey
be adjacent to sides; ande;. Removinge;, and prolonging sides; ande; gives an(n — 1)-gon P’.
(Forn > 4, sidee, can always be chosen such tiftis bounded.) Consider the edge= Q; N @, of II.
We haveL(e;) N L(e;) € L(b), so prolonging yields a proper decompositidfl of P’. Assume inductively
that the planes in question do exist fdfand P’. This is obviously true in the base case= 3. As Q. has
a single vertex inside P, namely the one it shares with; and@;, the desired plane = f;, for sideey,
uniquely exists; it passes through and the vertical projection af onto the plane: = f; (or, equivalently,
ontoz = f;). |

Using their spatial interpretation, we get another prgpeftweighted skeletons, which might be inter-
esting from the physicist’s (or the architect’s) viewpoint

Lemma?2 LetSK be any weighted skeleton of a convex poly@bhmvith non-vanishing region areas. Then
each internal edge of SXC can be associated with a positive tenside) such that all internal vertices of
SK are in equilibrium state.

Proof. The lower envelope of4, ..., f,, describes (together witR) the boundary of a convex polyhedron
in R3. ThusSK, being the vertical projection of this envelope B is a so-called Schlegel diagram;
see [11]. Itis well known that edge tensions as above do Bxistuuch diagrams [9, 4]. O

Finally, let us mention a negative result. See Figure 3. érdiiacomposition drawn in full lines, callli
again, each internal vertex is incident to three angle%’lofHence,H is the Steiner minimal tree [12] of
the vertices of the underlying polygdh, the shortest possible connection for the vertice® of his shows
that weighted skeletons, in general, do not achieve mininaiad edge length over all proper decomposi-
tions with fixed polygon areas. Observe that a minimum-lemybper decomposition a? (without area
restrictions) does not always exist, namely, if the Stem&imal tree of P’s vertices runs via sides a?.
Note finally that tensions as in Lemmad® exist for the decompositiofl in Figure 3; for instance, take
7(e;) = 1fori =1,...,4. Thus the existence of such tensions is not sufficient (bcessary) for a proper
decomposition to be a weighted skeleton.



Figure 4: Equal-area decomposition of a disk

5 Algorithmic aspects

Let us turn to the problem of computing weighted skeletonsémvex polygons under given requirements.
As the easiest variant, the weighted skelefi6y, (P) for a convexn-gon P and a given weight tuplél

is to be constructed. From Section 4, we know an equivalenmdtation of this problem: Construct the
intersectionC' of n halfspaces iR?3, with the property tha€ intersects the plane containidgjjust in P.
This is exactly the setting where the determinig?ig: )-time algorithm in [1] applies. Clearly, the halfspace
description ofC' can be derived fromP and W in O(n) time. A linear-time algorithm for computing
SKw (P) follows. From a practical point of view, th@(n)-time randomized incremental algorithm in [8]
may be preferable. Designed for computing the medial axes adnvex polygon, this algorithm (and its
analysis) directly extends to weighted skeletons.

Computing weighted skeletons that realize fixed-sharerdpositions for a convex-gon P is much
harder. The main problem consists of finding a suitable weighie W that makes the regions 6%Cyy (P)
contain the prescribed shares. (The existencB/of guaranteed by the results in Section 3.) If share is
defined as the number of points from a givenpoint set, then the incremental algorithm in [5] can be
adapted to computld’. This algorithm inserts the given points one at a time, arjdsésl the weights of
P’s sides such that shares are not exceeded for any regiamdtim (roughly)O(n?m) time and optimal
O(n + m) space.

If share is based on a continuous meaguoa P, thenW can be approximated using a gradient-descent
method; see, e.g., [6]. Let us assume that the underlyingitgefunction p has a constant description
within any given triangleA c P. (For example, lei: measure area.) Recall the functid!V') defined
in Section 3. Ifp is continuous thews can be shown to be convex and smooth. The problem in question
now amounts to finding the weight tupl&* where ¥ attains its unique minimur@ (W*) = 0. To solve
this optimization problem, we utilize the gradievitl of ¥. VW is given by(g1, ..., gn), Whereg; is the
partial derivative of¥ in the variablew;. That is,g; = (f;)’, wheref; = |u(reg(e;)) — A;| is considered
as a function ofw;. For fixedW, the functionsf; (and thus,g;) can be derived fronS/Cyy (P) in time
proportional to the number of sides ofg(e;). So we get the gradiet (W) of ¥ at W in O(n) time.
Application of the iteration scheme

Wit = Wi + tg - VI(Wy)



for appropriate step sizeg guarantees convergence 16f; to the optimal solutioni?* at a superlinear
rate [6]. The iteration is stoppedf(17}) < ¢, for a predefined accuraey> 0. As ;(A) can be computed
in O(1) time for any triangleA C P, we can calculatd (1¥}) in O(n) time, which gives linear time per
iteration step.

As a nice property, for a fixedrea decomposition of a given triangle with sharés, A,, A3, corres-
ponding side weights can be calculated directly, by putting= ‘fﬁ where|e;| denotes side length. Unfor-
tunately, this property is lost for > 4. Still, to get a good starting value for the iteration pracabove, it
seems plausible to take the tupig = (A 4n ) if the measure: is area.

fex]” """ en]

An alternative to the gradient-descent method is to apprate the given measugein a discrete way:
Randomly choose points drawn from the density funcipand computeSCyy (P) such that the fractions
of points its regions contain are proportional to the pribecr shares. This approach also works in cases
wherep is discontinuous. The insertion algorithm mentioned keefons (nearly) linear in the numbet
of points, so satisfactory approximations seem achieviabteasonable time, especially whenthe size
of P, is small.

If we do not insist on computing fixed-share decompositioiasweighted skeletons, then more effi-
ciency is possible; optimality properties related to weégghskeletons are then, of course, lost. We propose
the divide-and-conquer algorithm below, which can be seearaextension to general measures of the
inductive method used in [10].

The input consists of a convex polygdn and a measurg on P, along with non-negative shares
Aq,..., Ay, to be attained by: convex polygons attached to the sidesFof Call a polygon sideactive
if its assigned share is (strictly) positive.

Base: If P is a triangle, or ifP has only two active sides, then construct the decompoditio® and
its (at most three positive) shares for sides directly. Qtise:

Divide: Split P with with a diagonald that halves the set of its active sides. For the obtained sub-
polygons P, and P, calculate the sum of shares for their sides (exe@pt-or one sub-polygon, sal;,
this sum is at most(P; ). Let A > 0 be the difference betweern( P;) and this sum.

Recur: Construct the decompositiofl,;, for P, recursively, usingd as the share assigned to the side
of P,. Let P; be the convex polygon (with measu#g constructed fotl.

Recur: Construct the decompositiohl,, for the convex polygo U P, recursively, taking share zero
for all sides that came fron®;.

Conquer: Concatenat@l; andIls. This yields the required fixed-share decompositio®of

The runtime of this algorithm is determined by the base stepthe divide step; the other steps can be
handled in time linear in the size of the objects involvedt wsefirst analyse the total number of sides of all
the polygons considered. This number is cleéry.) for the base steps, because the final decomposiliipn,
of P, which has siz&(n), is a concatenation of objects constructed in base caseer A= divide steps,
any side considered is either a diagonal or a sid®0br an (inactive) side showing up ii. The used
diagonals pairwise do not cross, aftdhasn sides, so the number of sidesnstructedis O(n) as well.
Once constructed, a fixed side may be conside€pglbg n) times, as it can be part of the boundary of
O(logn) polygons, at most one for each level of recursion. We corcthdt the total size of all polygons
considered in the divide steps@¥n logn).

For decomposition with respect to non-discrete measuressippose for the moment thatA) for a
given triangleA can be computed in constant time. We show that, under thisvgst®on, O(s) time per
polygon @ with s sides suffices, for both the base step and the divide steps. i bbvious for the divide
step, becaus€ can be triangulated i®(s) time such that a given diagonal is included. For the base case
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where( has only two active sideg,ande’ say, we use a triangulation 6f with diagonals incident to the
vertex shared by ande’. In O(s) time, we single out the trianglA that splitsQ into two sub-polygons of
measures not exceeding the shares famde’, respectively. FoA\, an optimization problem of constant size
remains, namely, wher& has two active sides. Similar is the other possible base edmre() already is a
triangle, now with three active sides. Both optimizationkgems can be solved ifi(1) time. We conclude
a total running time o (n log n), as this is the sum of sizes of all the polygons considered.

To cover more substantial measures,Tletlenote the maximal time complexity for computipgA ),
over all trianglesA C P. Along the lines above, the runtime of the algorithm beco®é% - nlogn).
This setting now fits scenarios where shares are to be tagantfre union ofO(7") constant-size objects
inside P, for example, triangles, disks, or curves of constant degfegure4 shows how the algorithm
decomposes a given disk insideinto pieces of equal area. The decomposition is drawn idifds. The
first divide step proceeds along the diagonal shown in dashed

Assume now that the measure concerns the number of poimisafigivenm-point set. Dividing mainly
involves shuffling points from one side of a diagonal to tHeeat Thereby, each point is considered at most
once at each level of recursion, which gives a total work¢fn log n). For analyzing the base cases, let
the current polygon), containk points. IfQ) has only two active sidesande’, then consider these points
in angular order around the vertex= e N ¢/, and use aW (k)-time median algorithm to compute the angle
of a line throughv that splitsQ into two sub-polygons containing the required shares oftgoilf Q) is
a triangle with three active sides, then sgjitinto three triangles based on these sides and containing the
required shares, using th&(k)-time splitting algorithm in [17]. No point is consideredite during all
the base cases, hence they téKen) time in total. In conclusion, a runtime @#(m logn) results for the
m-point set case.

6 Higher dimensions

The concept of weighted skeleton (or weighted medial asig)at limited to two dimensions. Given a
convex polytopeP in R? and an assignment of positive weights to its facets, a uriqueex cell complex
inside P can be defined, either by the respective shrinking procesbased on weighted distances to
the hyperplanes that suppart In fact, the decomposition and optimality results presénh Section 3
and Section 4, respectively, directly generalize to higherensions. Moreover, a weighted skeleton for a
convex polytope ifR? can be computed by intersectinghalfspaces ilR%*, one for each polytope facet.
Equivalently, the convex hull of points inIR%*! has to be constructed. In the probably most interesting
cased = 3, this leads to ar)(n?)-time algorithm, which is optimal in the worst case as suchedeson
may consist 0B (n?) components.

The problem of analyzing and constructing weighted or ughteid skeletons for (well-behaved) non-
convex polytopes ifR¢ is left as a topic for further research.
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