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On the the topology of f(x,y)=0
¥ The algebraic algorithm (after RaimundOs talk)
¥The numerical version
¥The algorithm @y valuesO
¥ Applications: intersections and offsets

Closed form solutions
¥Interference analysis for conics and quadrics

Conclusions
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Solving intersection problems in CAGD implies:

dealing with real algebraic plane curves implicitley defined.

+

&+

fl(S, t)

q(s, t)
fz(S, t)

a(s, t)
f3(S, t)

q(s. t)

x=A m>» HAYZz2=0

=2 H(x,y,2)=0

L #50&() * #0%&+,

But many other problems require to analyze f(x,y)=0 but with a certified
topological answer and big degrees.

D(2'16@"16&.061"20+%JKLI9<MNO

g(x,y) = 279756 + 279936y " 559693 " 1558%° + 217 + LEEx? " By Bx6 + 370656

uc

" 32U\ 2 0 79774252 + &547),2)(4 + 1296/ + 46728/*x% + 155882

5

3 4 37333439
T




The problem of computing the graph (topological) of a
planar algebraic curve defined implicitely has received
a special attention from Symbolic Computation:

¥subresultants,

¥Sturm-Habicht sequences,

¥ real root counting,

¥real algebraic numbers,

¥infinitesimal computations,

¥cylindrical algebraic decomposition,

,,,,,,,,,,,,,

¥EEEEEEEEEEEEEEEEE.
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D(=D/,+6P%(+.'$61Q2

A curve debPnedby a squarefreepolynomial f (x,y) # IR[X,y] isin
generalposition

¥ if its ybleadingcoe!cien t has no real roots, and

¥ if the number of critical points overany ! # IR is O or 1.

L. Gonzalez-Vega and |. Necula
Efficient topology determination of implicitely defined algebraic plane curves
Computer Aided Geometric Design 19, 719-743, 2002
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Piza, x*+ agx®+ a, x°+ ay x+ ag  Q:=bsx3+ b, x>+ by x+ by

Resultant:=det(M,)=Sres,(P,Q)
?

|

Sres, (P,Q):=det(M,,)x+det(M,,)

SRR
o
&
&
&
D
O 0o o ® o o

0 0 0 by b, b, b

%

0
dg
3 0
0O by b, by by O
0 bo%
0
bo%%

! dz dy 1
M,:=#3 by, by by
0 by by b T

Sres,(P,Q):= det(M,,)x2+ det(M,,)x+ det(M.,,)
e 5P Meeting, Vorau, Noverber 2006

. f(x,y)=0
— N
— — | = ) Y898 {C' 846 &
— | — #f
- D (x) = resultart, f,#—

Hi(x,y) = StHa;(f) = hy(x)y" + hy;i 1(X)y"' 2+ ...+ h; o(X)

1 hk,k! 1(X) I_f for_ every k#{1,..., t} andj # {1,..., sk} the following condi-
. tion is veriped:
k hy(x)

re(x) =
He(! 9,9) = he(t )y ")
thep the curve C(f ) isin &enericposition.

() g Kkt !kt _ 0
v > Y =
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11 k k
j( = M(! J( ))

it 0.7 0,y) =




RS(AS' 8708
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=8+ 44+ 6+ 54+ 6n 2,5 n +
Polyp = y° + 25y"x™ + 61y° + 62x°y* + x° " b5x“y>" 11xy 10000003/

| Digits || l,and! 5 |

10 || 0.909090909410 8

0.909090909410 8

20 || 0.909090909090909090%10 8
0.909090909090909090%1.0' 8

30 |/ 0.909090909090909090909090909GAD ®
0.909090909090909090909090909GAD ©

40 | 0.90909090909090909090909090909090733344A@H3
0.9090909090909090909090909090909108483ATh 8

Table 2: Two real roots of the discriminant very close

Termination: Yap 2006
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HQY%(8#2%$67"+(@%$86'&('K(1Q%(=D/,+6P%("+.'$61
yI5 4+ 7y " Bxy4+ 5yB+ 2x5y3 + TxAyA " yB " xTyd 2x7y5 + 8x3y9 + 8x2ylo

+8 xBy5 + x5y8 + 10x4y® + 4x8y6 + yl0x4 " 4x3yll" 10xy13

= 1" T7A7" 8%8' KAk, (W6 P&YBS:
— ¥Discriminant - #' computation

H ' 8:
¥Bezout Matrix

¥Generalized Eigenvalue Problem:
+ for computing the real roots of - #'
¥SVD [kernel computations]:

<
+ for computing '
U' A#818988(B8#%Y8:
¥ Matrix Perturbation for GEP and SVD

¥ Geometrical clustering

=——

Precision=50, Time= 248 s.

UC  wanochagDemmel, 199¢, 1995 [ESpiainaaruINGIaBARA008

HQ%(Xo*'#16"&
[0.#123#4'%123#5"+6

The Bezoutianasseiatedto P(T) and Q(T) is the matrix:

Coo .- Conri N
BeP,Q) = ) -
Cht10 -+ Carint
wherethe ¢; are dePnedby the Cayley quotient:
" n'1
PMQE@) " P@RM _ " iy

T " Z I,J "
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L *

a11(x) ... aun(X) -m _
A(x) =) i, = AX
an1(X) --- ann(X) i=0
' * ' *
0 | o ... O 0 | 0...0 O
0 0 I .. 0 0o * 0l ..0 0%
Co= : : : : ;I Ci=f o : T
0 0 o ... O | ’ 00 | O
"Ag "AL"Ax .. " A2 T At 00 0 Anm

det(Co" XC1) = det(A(x))

uc

f := 07922069123 x°( .3656339596 x° y+ .5498572239 x* y?( .6101111042 x3y*
+ .2960769667 x° y*( .1060122131 x y°+ .01236809153 y°( .2030818995 x? y?
+ 1476959269 x° y( .02769298629 x*+ 1476959269 x y°( .02769298629 y*

04




A very useful strategy:
Numerical Linear Algebra and Clustering
1. Compute the Bezoutian with respect to y: B(x) = Bez(f (x, y),fy(x,y)).
2. Compute the companion matrix pencil (Cy, C,) for B (x): det(B(x)) = det(Cp " XC;).
3. Find all generalizedeigenvaluesfor (Co, C1) and discard nonbrealand non Pnite eigernvalues.
4. For every ! , real eigenalue of the pencil (Cop, Cy):

¥ Compute the nullspace A of B(! ) by performing SVD. Let k be the dimension of the nullspace.
¥ Compute

A+ j X
kT
where" is the unique multiple root (of multiplicit y k + 1) of f (! ,y), by solving the linear system
AX =Y
where A;; is the iDth elemen of the j Bth column vector of the nullspaceand

0 if 1%i %k" 1

YIS k1 i =k

¥ Compute the real roots of every f (! ,y) knowing in advance the only multiple root " of f(!,y)
(together with its multiplicit y).

¥ Choose xPwluesc strictly betweenead two consecutive ! Osand solve f (c,y) = 0.

5. Deducethe topology of f (x, y) = 0. UY(='$+%88(DIBQ"P"$6 9(FY (E%7HEY ()'&*"+%* -%."(,(SO0Z

[=D/ \ (P%" + ' SRR 8(3% . (WRQ(] L#IANOAYER. (#8983 (A<

R.T. Farouki, C.Y. Han and J. Hass
789610:;<2=0>90&?8688:?& @ /8<A?6B8CSBDRB/E?60&7868<D8/F>2.<$2&8$763&8F8>837 0B ; $?7B\it<
7 FDR:=2%

Numerical Algorithms 40, 251-283, 2005

I. Sziltgyi, B. JVYttler and J. Schicho
G8D0xF0:0/28&:?H0& 288 <DIE?D<$9:10D2$
Journal of Symbolic Computation 41, 30-48, 2005

X.-S. Gao and M. Li
10&?8602801:0&?M¥EF:8.7/0&786&8R0>8>32E:07D9:=2%
Computer Aided Geometric Design 21, 805-828 , 2004

X. Song, T. W. Sederberg, J. Zheng, R. T. Farouki and J. Hass
G?620/<2:&9:E0&?3B&@81$K8:<&8F8>83?D0D86$?$&268<2$26&0&?8@<:22(18:/< $9:!0D226&2:$2D&?86%
Computer Aided Geometric Design 21, 303-319, 2004

J. Hass, R. T. Farouki, C. Y. Han, X. Song and T. W. Sederberg
J90:06&221D86$?$&26[B!<$9:10D226&2:$2D & ?EER<&:?//21< $9:10D2$9$?7638<D8IF>2 KB8F8>83;2$8>9& 786
06148/076<12D8/F8%$?&?86R@2/2

Advances in Computational Mathematics, to appear, 2006

Further improvements by B. Mourrain et al (2004, 2005, 2006),Cazals et al (2005), R. Seidel

,,,,,,,,,,,,,,,,,

U C FSP Meeting, Vorau, November 2006




What to do if the polynomial f(x,y) is not available
explicitely?

Intersection with ruled, revolution, ... surfaces

W200S), 4 (g 12y 2)2U08), 4 | 2t2+4 (1( ) 221+ 4)v
S2:= g 3+ )t%o

nT : :
B 1+ & ! o1+ ! 4s ;
Sl:=% ] , 2 2 2

The topology in the v-t domain: H, (S; (v,t))=0 .

Algorithms for polynomials given by values:
Symbolic Computation for polynomials presented,
for example, O la LagrangeO

Joint work with Rob Corless, Azar Shakoori and |-aki de la Rua.

U C FSP Meeting, Vorau, November 2006

Let '# % be a squarefree polynomial such that '# % +,
IS In general position and whose monomial description
IS not available or it is costly to be obtained.

But it is easy to compute the evaluation of '# % and of
Its partial derivatives with respect to;

Assume also 6< <123 .#' and / <123 #'.
={$F <% <... <83 LY ={LY($";y):0%i%n" 1}
B(X) = Bgx%+ ...+ Byx + By
14 K/
$° =S5 <8 < ... <85} L ={L5($;x): 0%i %2m}

U C FSP Meeting, Vorau, November 2006




B(x) = B($2m)L2m($”;X) + &8a+ B($5)Lo (37 ;%)

/ . . 2
o ... s
B($Y) = Bex(f ($5,y). Fy($X.y) = 1 . 3

U.n! 1,0 - Uﬁ! 1n! 1
¥ifi & then
BRI ASINMC A AD R N A ADI M R A
dfj - 5" $Y :

¥ otherwise:
HJ,U = fy($§< ’$iY)2" f($l><(’$iY)fyy($l><<’$iY)-

U C FSP Meeting, Vorau, November 2006

B(X) = B($m)L2m($7;X) + &&+ B($; )Lo (37 :x)

The . -coordinates of the critical points of !# % +,
are determined by computing the real generalized
eigenvalues of the matrix pencil (of size 6# LK
provided by X#"'.

U C FSP Meeting, Vorau, November 2006




Let/ be areal generalized eigenvalue of the pencil of
companion matrices C, , C,: B(/ ) is a singular matrix.
Let' , be the unique multiple root of f(/ ,y)=0.

If dim(Nullspace(B(/ ))=1 and (a,, . . ., a,;) Is a basis of
Nullspace(B(/ )) then:

AT T — (an--,an!)
(Lg (8757 Ly a(8Y37)) =

= SgLo (3T )+ L+ B by o(875)

////////////

If dim(Nullspace(B(/ ))>1 then EEEEEEEEEEEE

uc FSP Meeting, Vorau, November 2006

The rest of the algorithm proceeds in the same way than

before but manipulating the involved polynomials in the
Lagrange Basis:

¥Solving f(/,y)=0 by dividing f(/,y) by (y-',)™.
¥Solving f(Qy)=0 with 0 between two consecutive / .
But with f(/,y) and f(Qy) given by values.
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Intersection with ruled, revolution, ... surfaces

2(1 2(1

#)F +4: 1( u? 2l +4 (212 2

ﬁi‘ 1+s () 23 1+s © 4s S2:=§ 2'[z++14 (11+( ) 3t ti(-zlt +1:1-)V2 J%
1+ u? ) 1+ 2 l+320 V) ( ) (1+ V) B

Sl:=

The topology in the v-t domain: H, (S; (v,t))=0 .

\ \

-"r\_'__l— i—

The intersection curve
in the 3D space

uc

G] ] B: HB(

U%PBY&1' 16 &(B8#YB

- Ofi<( KIV&(#89B(B(=D/ "=D4 (&R( BYHI (3%&BY%
1$" %71'$696§6"K%1406.6'&8Y

RGBT 1B &S(R@ +@BR. ( HBYAS(" PAB0YT6 +H<(#8Y4 +
"&3(620'$1"&1(680%$"7167%Y
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Set of points whose euclidean distance from a corresponding point
on the curveis 1

). e ) .
dfiv(t); dF—u(t):
x(t)=u(t)+ y(t)=v(t)(
2 2 2 2
)¢1 (t). +gpl v(t): gpl u(t): +%tl v(t):
S Ol X = R Sl :
*1t Ioo*at = *1t Io*at =
)1 ,
d*—V(t) d¥uD):
x(t) =u(t) ( y()=v(t)+ = =
+ .+ :
u(t) V(t) FLu®): +FEoV(D):
f(u,v)=0

Mu vy =0 ] X u)*+ (y( v)?’( d*=0
(x( u)aiff (u,v) ( (y( V)}ff (U v)=0

Vi ) (u(t)( x)2+ (v(t)( y)?( d*>=0

v=vo) [T umn) d ut o+ v v B vim=o

Similar formulation for surfaces

uc FSP Meeting, Vorau, November 2006

HQA' K8%(T (3@1'&7%d( K" (0" $' A" +(

_ 8p(s*+ 4p?ds® " 16ptds" 16p*)
- 32p3(s2 + 4p?)s?
+KF. K
SO 4pPsht 128ptdsPt 16pts? " 256°
LV Y * qRaaSM = 320%(s2 + 4pP)S?
d<1/p d>1/p




] + WB(" &3(/ $' WA" 7P8
¥ Ofsets are used very often in practice in CAD CAM

¥ (Jfsets of rational curves/surfaces are not in
general rational curves/surfaces.

¥ Ofset inplicit equations are usual |y huge.

¥ Ofset conputations produces al gebrai c extraneous
factors in nany cases [easy to renove].

¥ (fset conputations produces geonetric extraneous
conponents [difficult to renove].

¥ Ofsets provides natural exanpl es of self-
intersections [difficult to handl €].

¥ (fsets produce shape changes even to snal | di stances

U C FSP Meeting, Vorau, November 2006

H 0" +.<( K K88

Let x(t) and y(t) be polynomials in R[t] with degreesn and m
respectively, d = max{n, m} and %> 0. A point (X,y) # R? isin
the olset O- to distance %of (x(t), y(t)) if there existst # R sudh
that

o

(X(H)" X)2+ (y()" y)°" B
X®XA) " x)+ YOO " y)

F(x,y;t):
G(x,y;t) :

i1
o

The topology of the offset is determined by analyzing
sl 00 g < 287 2HINGD ' < <

without computing such determinant.
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4'$%(0$'A+%28)

¥Topology of offsets of curves
¥Topology of # &Y

¥Intersection between parametric curves
¥Intersection involving offset of curves

¥Surface intersections involving offsets

IIIIIIIIIIIIIIIIII

¥EEEEEEEEEEEEEEEEEE.

but attention to geometric extraneous components

uc P L Y e 2505
) + A"+
34t )%'2%1567(:11$"&%'#8(
XESEE t+1 ='20'&%&18
(e
Y=t t+1

5+11y+8y2+y x+2y3( x?+xy?=0
02y?+6y+5

B: 4!) : XUDRE(B: HB




) + A"+
) % 2 YASE(: | 15 896 #8(=' 2 0' &Y&I8(
K HGHBYAS(WQ/E(POPBYELB (R 06 68

 HRAEL&
1 RAE(&
F(x,y) = x*" 3xy" 2y*" " 2y" y*°=0
:'_fh‘u. i
o LS -
The offset to a distance 1/2 =
uc , , ;

=IGB:/( [GU4( BG!?HFGEB(

F&1%SKY$Y8T%("&"+<868(K S(BLUETBE678

The classical theory:

a1X? + apy? + 281Xy + 2a53X + 233y + ag3 = 0

[ 2 / 2
5 6 X A1 a2 A3
Xy 1A 1 y4 =0 with A= 1 djp Ao 8234
1 A2 A3z Azs

Given two conicsA : XTAX = 0and B : XTBX = 0, their
characteristic polynomial is debnedas

f (&) = det(8A + B)

which is a cubic polynomial in & with real coe'cien ts

uc FSP Meeting, Vorau, November 2006




uc

i Relative positions of two ellipses
1 transversal in d points
= | transversal in 2 points
3 | separated
4 | one contained o the other one
5 | transversal in 2 paims and liuu.';nl'ul in other |;::-::-i|:l:
(] T -;.‘:'q.l:.l:'l'llrl”_'- lﬁzl.u.l.-:ll'i
gl internally t HII,I_.'.'t'Jl.'i [0 one .|h:.lirili
B | internally tangent in two poinis
B | transversal in one point and tangent in obher point | -
i | coincidemt
L
 November 2006

uc

f(A) == det(AA + B)

Let A and B be two ellipseswith characteristic polynomial f (&).
Then:

(1) The product of the three roots of the characteristic polyno-
mial esnegative.

(2) The characteristic polynomial f (& has always, at least, one
negative real root, and f (O) & O.

(3) The characteristic polynomial f (& hastwo distinct positive
real roots if and only if the two ellipsesare separatedby a
line (case3d).

(4) The characteristic polynomial f (& = 0 hasa positive double
root if and only if the two ellipsestouch eachother externally
(caseb).

(5) A and B have a commoninterior point if and only if all the
real roots of the characteristicpolynomial f (&) areno positive
(cases], 2, 4,5, 7, 8, 9 and 10).




Similar results exists for the separation by a plane of:
¢ Ellipsoid & Ellipsoid (later).
¢ Ellipsoid & Elliptic Cylinder.
¢ Elliptic Cylinder & Elliptic Cylinder.

E. Briand
The configuration of two real projective conics
To appear in the J. AAECC (2006)

F. Etayo, L. Gonzalez-Vega, N. Del Rio
A new solution characterizing the relative solution of two ellipses
Computer Aided Geometric Design Sz, 324-350, 2006

W. Wang, R. Krasauskas:
B&:12:262<060> $B<8!<B6 TH061< 901: Th.
Contemporary Mathematics ZZd, 25-36, AMS (2003).

W. Wang, J. Wang, M.-Soo Kim:
) 6082E:0D{B61'EB648: IR $2F0:08B6<8!EC82>F$821$.
Computer Aided Geometric Design Re 531-539 (2001).
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Let A: XTAX = 0andB : X "BX = 0 betwo ellipsesand
f(& = det(&A + B) = & + a& + b&+ ¢

their characteristic polynomial (onceturned monic).

A and B are separatedif and only if:

a' 0 !

# a<0
" 3b+ a.2>o n 2
3ac+ b@" 4F < 0 or g *3b+at>0

n 2 n 3An
" 27¢ + 18cab+ a’? " 4adc" 4p*> 0 206 % Teealt GHT defe” A €
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Vf:EMVG(!!FCBGF B(DU: (B: CDUDH: / (g

Let A: XTAX = 0andB : XTBX = 0 betwo ellipsoidsand
f(& = det(&A + B) = & + a& + & + c&+ d

their characteristic polynomial (onceturned monic).

They are separated if and only if '#4' has two positive
different real roots.

And for being the characteristic polynomial of a 4) L7,

I#' always has, at least, two negative real roots counting
multiplicities).

uc FSP Meeting, Vorau, November 2006

Hf : (CG! hEG4 D! B

2

P i=(8b+3a° P := (4b3+a®b%+16bd+14cab( 6a2d(3cas(18c2

P, = (27 d2a%+18a%dch(4a c3(4a2 b3 d+144a2 b d%+a? c2 b2
(6a2c?d(80abcd(192ad?c+18acs b+144c2bd( 27c*+16db?

(128d%b2( 4b3 c2+256d°

P,=a P5::ba2+3ac(4b2

P6 =43 02( 3da’ b( b%ca’+7dca’+16ad’+12d abz( 18ac®b+27¢°

(48dch+4bSc
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Hf : (BF E(=GE/ FHFSEB

CH CHC4i OYC,NCHC,j CYC,NO

Cr G AACH AA((((((((((Ca O

C CCg AACNA((((((((CJ /G, ) O
Cd CHC4 CHC,i CHC,i C4C,! CHC,i O
Cd CAC4 CHC,i CAC,j CHC,i C4C;j O

Cd CHC4i CHC,NOIC,j CHC,i CHC;j O

U C FSP Meeting, Vorau, November 2006

Where these polynomials in 0, E and Dcome from?

Standard techniques in Computer Algebra:
s Sturm-Habicht sequence / Subresultants
% Sign determination scheme
*» Approach applicable to any degree
*» No use at all of radical description of the roots

Laureano Gonzalez-Vega

) Q8/ EB0&S: DX 38: %D $8=B3$8/ 26 906&82:R¥ B0&B6<4:8E2/ $
Quantifier Elimination and Cylindrical Algebraic Decomposition, Texts

and Monographs in Symbolic Computation, 365-375, Springer-Verlag, 1998

These formulas are specially useful when the involved ellipses
or ellipsoids depend on one or more parameters (for instance,
the ellipses or ellipsoids moving problem).
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1 A B(t,(t) C 1 D (t,(t)
2 ( 2 " =0 ( 2 T " =0
£t t (1) )AL £y t, (1) b

plus , S SES<L ,EE ..

3 2 2 3 3 3 2 2
(Bt, t, +Bt, t, +At, (t, (At, +t, =0

3 2 2 3 3 3 3 2 2 3 2 2
(Dt, t, +Dt, t, +Dt, t,(Dtt, (t, (Dt, t,+Dt t, +Ct, +t, (Ct, =0

(DD B2 CRD-C B (DD A-C BBy,
D{-DF-C R -DE C43 - -1 8 C-A-5ADCR+3D--5D A -i1:l-H-I‘.H‘--ﬁn"'ﬁ'tl-'n'-lll'l-_n_:
H-30 B3I F+e CEIMDEF C-3 0O FA-DEF CA-GC BADID+ 3D -3 D" A-3D" B+3 CFD -3 L .‘ul.}"'-.’lll'.'.'l.ﬁlr.‘
ACE-IFPA-SDE- 2R C A+ CED+AD CE- A C BAD-DEC A4S RO A+ DD P A B+ C A TP CAD T+ B AP+ B 4-'I|'_I
HID-D° A-3D F-3D° B+3CH-6 CAD—6 C BA+3 O BA+5ADCE-1DFC 442D BCA+3F+CA D43 O A D-3 CAD*+RAD b e,

-1+ C AN B A-S D AR5 B+ B A B2 CHBA-ICALI O A=

2 2 2 2
(DBt, t,+D Bt t, +(B+DA)t, +((CB(D)t, (DAt +Dt,(1+CA=0
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El espaciovectorial:

7 - 8
B = aw; @ a # Q
HermiteOs Method
f # Q[Xq,...,Xn]: -06BAT:' +$
M¢: 1B " ( B
g J( Normalf[f &g] $’860&2#|_ +:

esuna aplicacian lineal.

La aplicacien

Tr: B$IB "( Q
(f.9) J( Traza(Msg)

esuna forma bilineal simetrica donde Traza
denota la traza de una aplicacian lineal.
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Polynomial algebra by values can be very useful to deal with
Intersection problems in Computer Aided Geometric Design
when the involved geometrical entities are represented by
very complicated polynomials.

Closed form solutions for geometric problems derived by
applying symbolic computation to the underlying polynomial
algebra provide easy to use solutions in practice.

Bezoutian description is available in Hermite and Birkhoff
Basis (univariate case) and in Lagrange Basis (multivariate
case).
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