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POLYNOMIAL ALGEBRA BY VALUES

Intersection Problems
and

Closed-Form Solutions
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On the the topology of f(x,y)=0
¥ The algebraic algorithm (after RaimundÕs talk)
¥ The numerical version
¥ The algorithm Òby valuesÓ
¥ Applications: intersections and offsets

Closed form solutions
¥ Interference analysis for conics and quadrics

Conclusions
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Solving intersection problems in CAGD implies: 
dealing with real algebraic plane curves implicitley defined.

S :

!
"""""""#

"""""""$

x =
f 1(s, t)
q(s, t)

y =
f 2(s, t)
q(s, t)

z =
f 3(s, t)
q(s, t)

=! H (x, y, z) = 0

x = A =! H (A, y, z) = 0

!" #$%&' () * #$%&' +,

But many other problems require to analyze f(x,y)=0 but with a certified
topological answer and big degrees.
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g(x, y) = 279756x + 279936xy4 " 559692y2x " 15583x3 + 217x5 + 130218
5 x2 " 23039

10 x4 + 359
10 x6 + 370656y4

" 3726432
5 y2 " 72774y2x2 + 12947

5 y2x4 + 1296y6 + 46728y4x2 + 15588y2x3 + 37333439
100
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The problem of computing the graph (topological) of a 
planar algebraic curve defined implicitely has received 
a special attention from Symbolic Computation: 

¥ subresultants, 
¥ Sturm-Habicht sequences,
¥ real root counting,
¥ real algebraic numbers,
¥ infinitesimal computations,
¥ cylindrical algebraic decomposition,
¥ ÉÉÉÉÉÉÉÉÉÉÉÉÉÉÉÉÉ.
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A curve deÞnedby a squarefreepolynomial f (x, y) # IR[x, y] is in
generalposition

¥ if its yÐleadingcoe!cien t has no real roots, and

¥ if the number of critical points over any ! # IR is 0 or 1.

L. Gonzalez-Vega and I. Necula
Efficient topology determination of implicitely defined algebraic plane curves
Computer Aided Geometric Design 19, 719-743, 2002
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 := P  +  +  +  + a4 x4 a3 x3 a2 x2 a1 x a0  := Q  +  +  + b3 x3 b2 x2 b1 x b0

 := M0

!

"

##################

$

%

&&&&&&&&&&&&&&&&&&

a4 a3 a2 a1 a0 0 0

0 a4 a3 a2 a1 a0 0

0 0 a4 a3 a2 a1 a0

b3 b2 b1 b0 0 0 0

0 b3 b2 b1 b0 0 0

0 0 b3 b2 b1 b0 0

0 0 0 b3 b2 b1 b0

 := M1

!

"

############

$

%

&&&&&&&&&&&&

a4 a3 a2 a1 a0 0

0 a4 a3 a2 a1 a0

b3 b2 b1 b0 0 0

0 b3 b2 b1 b0 0

0 0 b3 b2 b1 b0

 := M2

!

"

######

$

%

&&&&&&

a4 a3 a2 a1 a0

b3 b2 b1 b0 0

0 b3 b2 b1 b0

Resultant:=det(M0)=Sres0(P,Q)

Sres1(P,Q):=det(M11)x+det(M10)

Sres2(P,Q):= det(M22)x2+ det(M21)x+ det(M20)
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If for every k # { 1, . . . , t} and j # { 1, . . . , sk } the following condi-
tion is veriÞed:

Hk(! (k)
j , y) = hk(! (k)

j )(y " " (k)
j )k

then the curve C(f ) is in genericposition.

Hj (x, y) = StHa j (f ) = hj (x)yj + hj ,j ! 1(x)yj ! 1 + . . . + hj ,0(x)

r k(x) = "
1
k

hk,k! 1(x)
hk(x)

" (k)
j = r k(! (k)

j )

) %&%$" +(C' 8616' &

D(x) = resultanty

%
f ,

#f
#y

&

f (x, y) = 0

! 1 < ! 2 < . . . < ! m

Fk(! (k)
j , " (k)

j , y) =
f (! (k)

j , y)

(y " " (k)
j )k

f
%

! k + ! k+1

2
, y

&
= 0
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Pol12 = y8 + 25y4x4 + 61y6 + 62x5y4 + x6 " 5x2y5 " 11xy +
1

10000000
y

Digits ! 2 and ! 3

10 0.9090909091á10! 8

0.9090909091á10! 8

20 0.90909090909090909091á10! 8

0.90909090909090909091á10! 8

30 0.909090909090909090909090909091á10! 8

0.909090909090909090909090909091á10! 8

40 0.9090909090909090909090909090909073334909á10! 8

0.9090909090909090909090909090909108483272á10! 8

Table 2: Two real roots of the discriminant very close

Termination: Yap 2006
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¥ Gnuplot
¥ Maple
¥ Mathematica
¥ GraphEq
¥ É É É É É

: TD4 C! :
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W(s, t) = 0

W(s, t(s)) = 0 W(s(t), t) = 0

dt(s)
ds

= "
Ws(s, t)
Wt(s, t)

ds(t)
dt

= "
Wt(s, t)
Ws(s, t)
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y15 + 7y " 5xy4 + 5y6 + 2x5y3 + 7x4y4 " y8 " x7y4 " 2x7y5 + 8x3y9 + 8x2y10

+8 x8y5 + x5y8 + 10x4y9 + 4x8y6 + y10x4 " 4x3y11 " 10xy13

Precision=50, Time= 248 s.

: I " 71(7" 8%(8' +@6&. (W%" P&%88:
¥ Discriminant - #. '  computation

H' ' +8:
¥ Bezout Matrix
¥ Generalized Eigenvalue Problem:

 for computing the real roots of - #. '
¥ SVD [kernel computations]:

 for computing '

U' A#81&%88(F88#%8:
¥ Matrix Perturbation for GEP and SVD
¥ Geometrical clustering

HQ%(&#2%$67"+(@%$86'&('K(1Q%(=D/,+6P%("+.'$61Q2

Manocha&Demmel, 1994, 1995
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The Bezoutian associated to P(T) and Q(T) is the matrix:

Bez(P, Q) =

'

(
)

c0,0 . . . c0,n! 1
...

...
cn! 1,0 . . . cn! 1,n! 1

*

+
,

wherethe ci,j are deÞnedby the Cayley quotient:

P(T)Q(Z) " P(Z )Q(T)
T " Z

=
n! 1-

i,j =0

ci,j T i Z j .

HQ%(X%*'#16"&

/0.#123#4'%123#5''+6
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A(x) =

'

)
a11(x) . . . a1n(x)

... ...
an1(x) . . . ann(x)

*

, =
m-

i=0

Aixi

C0 =

'

(
(
(
(
)

0 I 0 . . . 0 0
0 0 I . . . 0 0
... ... ... ... ...
0 0 0 . . . 0 I

" A0 " A1 " A2 . . . " Am" 2 " Am" 1

*

+
+
+
+
,

C1 =

'

(
(
(
(
)

I 0 . . . 0 0
0 I . . . 0 0
... ... ... ...
0 0 . . . I 0
0 0 . . . 0 Am

*

+
+
+
+
,

det(C0 " xC1) = det(A(x))

Going into a Generalized Eigenvalue Problem

/ 687" $36&. (6&K6&61%(. %&%$" +6*%3(%6. %&@" +#%8

FSP Meeting, Vorau, November 2006

f .07922069123 x6 .3656339596 x5 y .5498572239 x4 y2 .6101111042 x3 y3 (  +  (  := 

.2960769667 x2 y4 .1060122131 x y5 .01236809153 y6 .2030818995 x2 y2 +  (  +  ( 

.1476959269 x3 y .02769298629 x4 .1476959269 x y3 .02769298629 y4 +  (  +  ( 
! 1 = 0.0 + 0.0i
! 2 = 0.0 + 0.0i
! 3 = 0.0 + 0.0i
! 4 = 0.608647688599999958" 2.71326411499999998$ 10! 16i
! 5 = " 0.608647688599999958+ 9.60186461600000019$ 10! 18i
! 6 = 0.0000580590937899999983" 0.0000580591173699999979i
! 7 = 0.0000580591126200000033+ 0.0000580591173699999979i
! 8 = 0.0000410042779899999997" 0.000000000144029060199999987i
! 9 = " 0.0000580591126200000033+ 0.0000580591174500000033i

! 10 = 4.45490245299999993$ 10! 13 + 0.0000410044217699999974i
! 11 = 3.68786832399999987$ 10! 17 + 6.53447183599999984$ 10! 16i
! 12 = " 0.0000410042788800000011" 0.000000000144038914500000004i
! 13 = 4.35733562699999982$ 10! 13 " 0.0000410041336899999976i
! 14 = " 0.0000580590938099999980" 0.0000580591174200000004i

Geometric Clustering: Najman et al
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1. Compute the Bezoutian with respect to y: B (x) = Bez(f (x, y), f y (x, y)).

2. Compute the companion matrix pencil (C0, C1) for B (x): det (B (x)) = det (C0 " xC1).

3. Find all generalizedeigenvalues for (C0, C1) and discard nonÐrealand non Þnite eigenvalues.

4. For every ! , real eigenvalue of the pencil (C0, C1):

¥ Compute the nullspaceA of B (! ) by performing SVD. Let k be the dimension of the nullspace.

¥ Compute

" =

k-

j =1

A k+1 ,j X j

k!
,

where " is the unique multiple root (of multiplicit y k + 1) of f (! , y), by solving the linear system

A X = Y

where A i,j is the iÐth element of the j Ðth column vector of the nullspaceand

Yi =
.

0 if 1 % i % k " 1
(k " 1)! if i = k.

¥ Compute the real roots of every f (! , y) knowing in advance the only multiple root " of f (! , y)
(together with its multiplicit y).

¥ ChoosexÐvaluesc strictly betweeneach two consecutive ! Õs,and solve f (c,y) = 0.

5. Deducethe topology of f (x, y) = 0.

A very useful strategy:
Numerical Linear Algebra and Clustering

UY(='$+%889(DY(BQ"P''$6 9(FY(E%7#+"9(!Y()'&*"+%*,-%."(,(SOOZ
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R.T. Farouki, C.Y. Han and J. Hass
789610:;<2=0>90&?86<0>38:?&@/$<!8:<A?6B8C$B?<D8/E?60&?86$<8!<D8/F>2.<$2&$<9$?63<&8F8>83?D0><060>;$?$<8!<
?/ F>?D?&<D9:=2$
Numerical Algorithms 40, 251-283, 2005

I. Szil‡gyi, B. JŸttler and J. Schicho
G8D0><F0:0/2&:?H0&?86<8!<D9E?D<$9:!0D2$
Journal of Symbolic Computation 41, 30-48, 2005

X.-S. Gao and M. Li 
I0&?860><*901:0&?D<0FF:8.?/0&?86<&8<:20><0>32E:0?D<D9:=2$
Computer Aided Geometric Design 21, 805-828 , 2004

X. Song, T. W. Sederberg, J. Zheng, R. T. Farouki  and J. Hass
G?620:<F2:&9:E0&?86</2&@81$<!8:<&8F8>83?D0>>;<D86$?$&26&<:2F:2$26&0&?86$<8!<!:22(!8:/< $9:!0D2<?6&2:$2D&?86$
Computer Aided Geometric Design 21, 303-319, 2004

J. Hass, R. T. Farouki, C. Y. Han, X. Song and T. W. Sederberg
J90:06&221<D86$?$&26D;<8!<$9:!0D2<?6&2:$2D&?86$<061<&:?//21< $9:!0D2$<9$?63<0<<D89F>21<&8F8>83;<:2$8>9&?86
061<18/0?6<12D8/F8$?&?86<$D@2/2
Advances in Computational Mathematics, to appear, 2006

Further improvements by B. Mourrain et al (2004, 2005, 2006),Cazals et al (2005), R. Seidel
& N. Wolpert (2005), M. KerberÕs PhD Thesis (2006), É É É É É É É É É É É É É É É É É .

[ =D/ \ (+6P%(" +. ' $61Q2 8(3%" +6&. (W61Q(] L#9@MNO(A%6&. (#8%3(A<
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What to do if the polynomial f(x,y) is not available 
explicitely?

Algorithms for polynomials given by values:
Symbolic Computation for polynomials presented,
for example, Ò̂  la LagrangeÓ

Joint work with Rob Corless, Azar Shakoori and I–aki de la Rua.

 := S1
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"
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&&&&&&, ,

)

*
+++

,

-
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2 ( ) ( 1 s2

 + 1 s2
4 ( ) ( 1 u2

 + 1 u2

2 )

*
+++

,

-
... + 

2 ( ) ( 1 s2

 + 1 s2
4 u

 + 1 u2

4 s

 + 1 s2

 := S2
!

"
###

$

%
&&&, ,

( ) + 2 t2 4 ( ) ( 1 v2

( ) + t2 1 ( ) + 1 v2  + 3
2 ( ) + 2 t2 4 v

( ) + t2 1 ( ) + 1 v2 t

Intersection with ruled, revolution, … surfaces

The topology in the v-t domain: H2 (S1 (v,t))=0 .
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$Y := { $Y
0 < $Y

1 < . . . < $Y
n! 1}

$X := { $X
0 < $X

1 < . . . < $X
2m}

L Y = { LY
i ($Y ; y) : 0 % i % n " 1}

L X = { LX
i ($X ; x) : 0 % i % 2m}

B(x) = B dxd + . . . + B 1x + B 0

1<! <K/

Let !#. %; '  be a squarefree polynomial such that !#. %; ' +,
is in general position and whose monomial description
is not available or it is costly to be obtained.

But it is easy  to compute the evaluation of !#. %; '  and of 
its partial derivatives with respect to ; .

Assume also 6<" <123; #!'  and / <" <123. #!' .
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¥ if i &= j then

bk
i,j =

f ($X
k , $Y

i )f y($X
k , $Y

j ) " f ($X
k , $Y

j )f y($X
k , $Y

i )

$Y
i " $Y

j
,

¥ otherwise:

bi
u,u = f y($X

k , $Y
i )2 " f ($X

k , $Y
i )f yy($X

k , $Y
i ).

B ($X
k ) = Bez(f ($X

k , y), f y($X
k , y)) =

/

0
1

bi
0,0 . . . bi

0,n ! 1
...

...
bi

n! 1,0 . . . bi
n! 1,n ! 1

2

3
4

B (x) = B ($X
2m)LX

2m($X ; x) + ááá+ B($X
0 )L X

0 ($X ; x)
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B (x) = B ($X
2m)LX

2m($X ; x) + ááá+ B($X
0 )L X

0 ($X ; x)

The . -coordinates of the critical points of !#. %; ' +,  
are determined by computing the real generalized 
eigenvalues of the matrix pencil (of size 6#/ LK' '  
provided by X#. ' .
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Let /  be a real generalized eigenvalue of  the pencil of 

companion matrices C0 , C1: B(/ ) is a singular matrix. 

Let '  /  be the unique multiple root of f(/ ,y)=0.

If dim(Nullspace(B(/ ))=1 and (a0 , . . . , an-1) is a basis of 

Nullspace(B(/ )) then:

(L Y
0 ($Y ; " ! ), . . . , LY

n! 1($
Y ; " ! )) =

(a0, . . . , an! 1)
a0 + . . . + an! 1

" ! = $Y
0 LY

0 ($Y ; " ! ) + . . . + $Y
n! 1L

Y
n! 1($Y ; " ! )

If dim(Nullspace(B(/ ))>1 then ÉÉÉÉÉÉÉÉÉÉÉÉ
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The rest of the algorithm proceeds in the same way than
before but manipulating the involved polynomials in the
Lagrange Basis:

¥ Solving  f(/ ,y)=0  by dividing  f(/ ,y)  by  (y- ' / )m .

¥ Solving  f(0,y)=0  with  0  between two consecutive / Õs.

But with f(/ ,y)  and  f(0,y)  given by values.
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( ) + t2 1 ( ) + 1 v2  + 3
2 ( ) + 2 t2 4 v

( ) + t2 1 ( ) + 1 v2 t

Intersection with ruled, revolution, … surfaces

The topology in the v-t domain: H2 (S1 (v,t))=0 .

The intersection curve
in the 3D space
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G] ] B: HB(

U%0$%8%&1" 16' &(688#%8

- %$<(' K1%&(#8%3(6&(=D/ =̂D4 (6&(' $3%$(1' (3%K6&%
1$"_%71'$6%8('$( 8"K%1<($%.6'&8Y

F&1%$8%716' &8(6&@' +@6&. (' KK8%18(" $%(80%76" ++<(#8%K#+
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)
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Set of points whose euclidean distance from a corresponding point
on the curve is 1

 = ( )f ,u v 0

 =  +  ( ( ) ( x u 2 ( ) ( y v 2 d2 0
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1
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1
u

f ,u v 0
 := ( )f ,u v 0
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1
t
u t ( ) ( y ( )v t ( )
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*
++

,
-
..1

1
t
v t 0

 =  +  ( ( ) ( ( )u t x 2 ( ) ( ( )v t y 2 d2 0
 = u ( )u t

 = v ( )v t

Similar formulation for surfaces
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x =
8p(s4 + 4p2ds3 " 16p4ds " 16p4)

32p3(s2 + 4p2)s2

y =
s6 " 4p2s4 " 128p4ds3 " 16p4s2 " 256p6

32p3(s2 + 4p2)s2

;+KF. K

HQ%(' KK8%1(1' (3681" &7%(d(' K(" (0" $" A' +" (

d > 1/pd< 1/p

LV Y(! ` 9(RaaSM
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] +" W8(" &3(/ $" WA" 7P8
¥ Of f set s ar e used ver y of t en i n pr act i ce i n CAD/ CAM.

¥ Of f set s of  r at i onal  cur ves/ sur f aces ar e not  i n 
  gener al  r at i onal  cur ves/ sur f aces.

¥ Of f set  i mpl i ci t  equat i ons ar e usual l y huge.

¥ Of f set  comput at i ons pr oduces al gebr ai c ext r aneous
  f act or s i n many cases [ easy t o r emove] .

¥ Of f set  comput at i ons pr oduces geomet r i c ext r aneous
  component s [ di f f i cul t  t o r emove] .
 
¥ Of f set s pr ovi des nat ur al  exampl es of  sel f -
  i nt er sect i ons [ di f f i cul t  t o handl e] .

¥ Of f set s pr oduce shape changes even t o smal l  di st ances

FSP Meeting, Vorau, November 2006

Let x(t) and y(t) be polynomials in R[t] with degreesn and m
respectively, d = max{ n, m} and %> 0. A point (x, y) # R2 is in
the o!set O" to distance%of (x(t), y(t)) if there exists t # R such
that

F (x, y; t) := (x(t) " x)2 + (y(t) " y)2 " %2 = 0
G(x, y; t) := x"(t)(x(t) " x) + y"(t)(y(t) " y) = 0

The topology of the offset is determined by analyzing
<<<<<<<<<<<<<<<<<<<<<<M#. %; ' <+<- 2&#72H&#N%J ' ' <+<,
without computing such determinant.

H' 0' +' . <(' K(' KK8%18
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4'$%(0$'A+%28J

¥ Topology of offsets of curves
¥ Topology of #. #&' %; #&' '
¥ Intersection between parametric curves
¥ Intersection involving offset of curves

¥ Surface intersections involving offsets
¥ É É É É É É É É É É É É É É É É É É ..

but attention to geometric extraneous components
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 =  +  +  +  +  (  + 5 11 y 8 y2 y x 2 y3 x2 x y2 0

 2 0  +  + y2 6 y 5

 := x  3  t
 + t3 t

 + t 1

 := y  3  t
 (  ( t2 t 1

 + t 1

) +' A" +) +' A" +
)%'2%1$67(:I1$"&%'#8()%'2%1$67(:I1$"&%'#8(

='20'&%&18='20'&%&18

B: 4 FD! ) : XUDF= (B: HB
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) +' A" +
) %' 2 %1$67(: I 1$" &%' #8(= ' 2 0' &%&18(

K' $(GKK8%18(WQ%&($%0$%8%&1%3(62 0+6761%+<

. #&' +&OL&
; #&' +&K(&

F (x, y) = x2 " 3xy " 2y2 " 2x " 2y " y3 = 0

The offset to a distance 1/2
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The classical theory:
a11x2 + a22y2 + 2a12xy + 2a13x + 2a23y + a33 = 0

5
x y 1

6
A

/

1
x
y
1

2

4 = 0 with A =

/

1
a11 a12 a13

a12 a22 a23

a12 a23 a33

2

4

Given two conics A : X T AX = 0 and B : X T BX = 0, their
characteristic polynomial is deÞnedas

f (&) = det(&A + B)

which is a cubic polynomial in & with real coe"cien ts

F&1%$K%$%&7%("&"+<868(K'$(7'&678(F&1%$K%$%&7%("&"+<868(K'$(7'&678(b(b( c#"3$678c#"3$678

=!GB:/( ]GU4( BG!?HFGEB(
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Let A and B be two ellipseswith characteristic polynomial f (&).
Then:

(1) The product of the three roots of the characteristic polyno-
mial esnegative.

(2) The characteristic polynomial f (&) has always, at least, one
negative real root, and f (0) &= 0.

(3) The characteristic polynomial f (&) has two distinct positive
real roots if and only if the two ellipsesare separatedby a
line (case3).

(4) The characteristic polynomial f (&) = 0 hasa positive double
root if and only if the two ellipsestouch eachother externally
(case6).

(5) A and B have a commoninterior point if and only if all the
real roots of the characteristicpolynomial f (&) areno positive
(cases1, 2, 4, 5, 7, 8, 9 and 10).
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E. Briand
The configuration of two real projective conics
To appear in the J. AAECC (2006)

F. Etayo, L. Gonzalez-Vega, N. Del Rio
A new solution characterizing the relative solution of two ellipses
Computer Aided Geometric Design SZ, 324-350, 2006

W. Wang, R. Krasauskas:
P6&2:!2:26D2<060>; $?$<8!<D86?D$<061<* 901:?D$.
Contemporary Mathematics ZZd, 25-36, AMS (2003).

W. Wang, J. Wang, M.-Soo Kim:
) 6<0>32E:0?D<D861?&?86<!8:<&@2<$2F0:0&?86<8!<&C8<2>>?F$8?1$.
Computer Aided Geometric Design Re, 531-539 (2001).

Similar results exists for the separation by a plane of:
 Ellipsoid & Ellipsoid (later).
 Ellipsoid & Elliptic Cylinder.
 Elliptic Cylinder & Elliptic Cylinder.
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Let A : X T AX = 0 and B : X T BX = 0 be two ellipsesand

f (&) = det(&A + B) = &3 + a&2 + b&+ c

their characteristic polynomial (onceturned monic).

A and B are separatedif and only if:
!
""#

""$

a ' 0
" 3b+ a2 > 0
3ac+ ba2 " 4b2 < 0
" 27c2 + 18cab+ a2b2 " 4a3c " 4b3 > 0

or

!
#

$

a < 0
" 3b+ a2 > 0
" 27c2 + 18cab+ a2b2 " 4a3c " 4b3 > 0
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V f : E(HV G(: ! ! FCBGF/ B(DU: (B: CDUDH: / (g

Let A : X T AX = 0 and B : X T BX = 0 be two ellipsoidsand

f (&) = det(&A + B) = &4 + a&3 + b&2 + c&+ d

their characteristicpolynomial (onceturned monic).

They are separated if and only if !#4'  has two positive

different real roots.

And for being the characteristic polynomial of a 4) L7, 

!#4'  always has, at least, two negative real roots counting 

multiplicities).
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 := P
1

(  + 8 b 3 a2  := P
2

(  +  +  +  (  (  ( 4 b3 a2 b2 16 b d 14 c a b 6 a2 d 3 c a3 18 c2

P
3

27 d2 a4 18 a3 d c b 4 a3 c3 4 a2 b3 d 144a2 b d2 a2 c2 b2(  +  (  (  +  +  := 

6 a2 c2 d 80 a b2 c d 192a d2 c 18 a c3 b 144c2 b d 27 c4 16 d b4 (  (  (  +  +  (  + 

128d2 b2 4 b3 c2 256d3 (  (  + 

 := P
4

a  := P
5

 +  ( b a2 3 a c 4 b2

P
6

4 a3 c2 3 d a3 b b2 c a2 7 d c a2 16 a d2 12 d a b2 18 a c2 b 27 c3 (  (  +  +  +  (  +  := 

48 d c b 4 b3 c (  + 

Hf : (CG! hEG4 FD! B
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Hf : (BF) E(=GE/ FHFGEB

CRi O9(CSi O9(CZNO9(Cdj O9(CkNO

CRi O9(CSi O9(CZi O9(((((((((((Ckj O

CRi O9(CSi O9(CZNO9(((((((((((Ckj O9(Cl j O

CRi O9(CSi O9(CZi O9(Cdi O9(Ck! O9(Cl i O

CRi O9(CSi O9(CZi O9(Cdj O9(Cki O9(Cl j O

CRi O9(CSi O9(CZNO9(Cdj O9(Cki O9(Cl j O
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Where these polynomials in 0, E and D come from?

Standard techniques in Computer Algebra:
 Sturm-Habicht sequence / Subresultants
 Sign determination scheme
 Approach applicable to any degree
 No use at all of radical description of the roots

Laureano Gonzalez-Vega
) <Q8/ E?60&8:?0><) >38:?&@/ <$8>=?63<$8/ 2<5 906&?!?2:<R>?/ ?60&?86<4:8E>2/ $
Quantifier Elimination and Cylindrical Algebraic Decomposition, Texts
and Monographs in Symbolic Computation, 365-375, Springer-Verlag, 1998

These formulas are specially useful when the involved ellipses
or ellipsoids depend on one or more parameters (for instance,
the ellipses or ellipsoids moving problem).



FSP Meeting, Vorau, November 2006

 = (  +  +  (  (  + B t1
3

t2
2

B t1
2

t2
3

A t1
3

t2
3

A t1
2

t2
2

0

 = (  +  +  (  (  (  +  +  +  ( D t1
3

t2
2

D t1
2

t2
3

D t1
3

t2 D t1 t2
3

t1
3

D t1
2

t2 D t1 t2
2

C t2
3

t1
2

C t2
2

0

 =  (  + 
1

t1
2

( ) ( 1 t1

A

t2
2

( ) ( 1 t2

B ( ) ( t2 t1

( ) ( 1 t1 ( ) ( 1 t2
0  = (  +  + 

C

t1
2

( ) ( 1 t1

1

t2
2

( ) ( 1 t2

D ( ) ( t2 t1

t1 t2
0

 = (  +  +  +  (  +  (  + D B t1
2

t2 D B t1 t2
2

( ) + B D A t1
2

( )(  ( C B D t2
2

D A t1 D t2 1 C A 0

DEGHf:U( CUGX!:4J( DK1%$(4Y(m$"&_7(1"+P

plus , <S<&" <S<&K<S<"  , É É ..

FSP Meeting, Vorau, November 2006

El espaciovectorial:

IB =
7 -

i

ai wi : ai # Q
8

f # Q[x1, . . . , xn]:

Mf : IB " ( IB

g )" ( Normalf [f ág]

esuna aplicaci«on lineal.

La aplicaci«on

Tr: IB $ IB " ( Q

(f , g) )" ( Traza(Mf g)

es una forma bilineal sim«etrica donde Traza
denota la traza de una aplicaci«on lineal.

HermiteÕs Method

:06B#T:' +$

$?360&9:2#T:' +:
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=GE= ! ? BFGEB

Polynomial algebra by values can be very useful to deal with
Intersection problems in Computer Aided Geometric Design
when the involved geometrical entities are represented by
very complicated polynomials.

Closed form solutions for geometric problems derived by
applying symbolic computation to the underlying polynomial
algebra provide easy to use solutions in practice.

Bezoutian description is available in Hermite and Birkhoff
Basis (univariate case) and in Lagrange Basis (multivariate
case).


