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Introduction

(a) Input data points (b) Reconstructed surface

Figure: Surface lost sharp features
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(a) Input data points (b) Reconstructed surface

Figure: Surface with sharp features
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Outline of our method

I An initial implicitly de�ned surface is generated.
I The surface is augmented by adding edge descriptors and

vertex descriptors.
I The zero set of the augmented function contains the sharp

features.
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Implicitly de�ned surfaces

Z (f ) = f � 1(0) = f x 2 
 j f (x) = 0 g (1)

f (x) =
X

i ;j ;k

drst Mi (x1) Nj (x2) Lk (x3); (2)

The zero level setZ (f ) will be called analgebraic B-spline surface.
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Circular splines

A circular arc inR3:

y(u) =
(1 � u)2b0 + 2u(1 � u)! b1 + u2b2

(1 � u)2 + 2u(1 � u)! + u2 ; u 2 [0; 1]; (3)

kb0 � b1k = kb1 � b2k; ! = cos �; 2� = � � \ (b0; b1; b2): (4)

A circular spline curvec : t 7! c(t ) is a sequence of circular arcs
f yj g

k
j =1 which are pieced together withC1 continuity.
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Circular splines

An important advantage of circular splines:
I Simple and non-iterative closest point computation.

Compute the shortest distance from a data point to the curve as
the minimum of the shortest distances to all arcs.
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Closest point computation

Consider a �xed circular arcyj with its centermj .

(1) Project p orthogonally into the plane which contains the arc
yj (t ). The projected query point is denoted withp0.

(2) If p0 lies inside the sweep angle ofyj (t ), then the parameter is
found as the root(s) of the equation

0 = ( p0 � mj ) � y0
j (t ); (5)

where the prime0 denotes the derivative with respect to the
curve parametert .
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Edge descriptors

For any pointx 2 R3, let t � be the mapping which assigns tox the
parameter value of the closest point onc,

t � (x) = arg min
t 2 I

jj x � c(t )jj : (6)

De�nition
The edge descriptor g which is determined by the edge curvec,
the magnitude functiona and the radius functionr is the function

g : x 7! (a � t � )(x) � (( r � t � )(x)) � jj x � (c � t � )(x)jj )2
+ (7)

where (y)+ = maxf y; 0g for all y 2 R.
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The smoothness of the edge descriptor

Lemma
Let P be the interior of a pipe surface which is de�ned by the
curvec(t ) with a suitable constant radius. The edge descriptor g
is C1 smooth in the interior of the pipe surface, except for the
points on the edge curve, provided that the �rst derivativesof a
and r vanish at the points where the edge curve is not C2.
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Implicitly de�ned edges

By adding an edge descriptor to the functionf which de�nes the
surfaceZ (f ), we obtain a new functionF = f + g.

To do:
Construct the curvec(t ) and choose suitable parametersa and r
for g.
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Implicitly de�ned edges

Lemma
If

a(t ) = �
(f � c)( t )

r2 ; (8)

then the curve t7! c(t ) lies on the surfaceZ (F).

Proof.
Since every pointc0 = c(t ) of the edge curve satis�es
c(t � (c0)) = c0, we get

F(c0) = f (c0) + ( a � t � )(c0) � r2 = f (c0) �
f (c0)

r2 r2 = 0 : (9)

Consequently, the curvec(t ) is contained inZ (F).
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Implicitly de�ned edges

Assume thata is chosen according to (8). LetN (t ) be the normal
plane of the edge curve at the pointc(t ), and

(r N (t ) f )(x) = ( r f )(x) �
(r f )(x) � c0(t )

c0(t ) � c0(t )
c0(t ) (10)

is the gradients of the restriction off to N (t ).
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Implicitly de�ned edges

Proposition
If the radius r of the edge descriptor g satis�es

r (t ) �
2j(f � c)( t )) j

k(r N (t ) f )(c(t ))k
; (11)

then the surfaceZ (F) passes throughc(t ) and the intersection
curve

L (t ) = Z (f ) \ N (t ) (12)

of the surface and the normal plane possesses a corner point with
two tangent directionsT 1(t ) and T 2(t ), which are di�erent
provided that the inequality is strictly satis�ed. Otherwise, if (11)
is violated, thenc(t ) is an isolated point ofL (t ).
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Implicitly de�ned edges

Figure: Intersection
curves ofZ (f )
(green) and
Z (f + g) (red) with
the normal plane
N (t ) at c(t ) for
di�erent values ofr .

Xinghua Song with Bert J•uttler Modeling and 3D Object Reconstruction by Implicitly De�ned Surfaces



Introduction
Preliminaries

Implicitly de�ned edges and vertices
Modeling surfaces with sharp features

Surface reconstruction
Conclusion

Implicitly de�ned edges

(a) Data points (b) Initial surface Z (f )

(c) Edge curve (d) Final surfaceZ (F)
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Implicitly de�ned vertices

We extend the notion of edge descriptors to sharp vertices by
considering the vertex as a point where several edge curves meet.

De�nition
The vertex descriptor �g of the common vertex of thev edge
curves with edge descriptorsgj is obtained by blending together
the v edge descriptors,

�g(x) =

8
><

>:

gj (x) if x 2 W p
j

� j (x) gj (x) + 
 j (x) gj +1 (x)
� j (x) + 
 j (x)

if x 2 W b
j

; (13)

wherej = 1 ; : : : ; v.
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Implicitly de�ned vertices

(a) data points

(b) initial surface (c) surface with vertex

Figure: The e�ect of a vertex descriptor for four edge curves meetingin
a vertex.
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Modeling surfaces with sharp features

Given an implicitly de�ned surfaceZ (f ), we model an implicitly
de�ned surface with sharp features by adding edge and vertex
descriptors tof .

(1) De�ne circular splines which approximately lie on o�set
surfaces ofZ (f ).

(2) For the circular splines, de�ne the associated edge and vertex
descriptorsg.

(3) Choose suitable functionsa and r of g and get the augmented
function F = f + g.
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Surface modeling examples

(a) initial surface V(f) (b) surface with twist feature

Figure: Adding a twist feature.
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Surface modeling examples

(a) initial surface (b) surface with features

Figure: Edge and vertex descriptors for \dead ends" and vertices with
two incoming edges
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Surface reconstruction

Given unorganized data points, we reconstruct an algebraic
B-spline surface with sharp features.

I Construct the initial implicitly de�ned surfaceZ (f ) and
generate a triangular meshT0 representingZ (f ).

I Select the data pointsf ps
i g

N
i =1 which represent the sharp

features.
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Surface reconstruction

I Generate the initial circular splinesc0
i and the associated edge

descriptorsg0
i . Fit the sharp pointsf ps

i gN
i =1 with edge

descriptors.

I Generate the augmented scalar �eldF by adding the edge and
vertex descriptors tof .
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Initial surface triangulation

Use the marching triangulation method to generate the mesh
representationT0 of the initial implicit surfaceZ (f ).

(a) Input data points (b) Initial surface

(c) Close-up view of (b)

Figure: Initial surface
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Edge detection

Generate triangle strips representing the sharp features on the
initial meshT0 as follows:

(1) Project all the data pointsf pi g
N
i =1 to the initial meshT0.

(2) Select the \sharp" triangles which have three edges with large
dihedral angles and the distance of the data points to these
triangles are larger than a given threshold. LetT1 be the mesh
which consists of all sharp triangles.
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Edge detection

(a) Strips of sharp triangles (b) Close-up view

Figure: The meshT1 of \sharp" triangles
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Edge decimation

Generate skeletons of the meshT0.

(1) Mark the edges with at most one neighbouring triangle inT1

as boundary edges.

(2) For every boundary edge inT1, if it has exactly neighbouring
triangle in T1 or one of its end points is not adjacent to any
other boundary edge, then delete this edge.If no boundary
edges can be deleted, then the algorithm stops, the triangle
strips have been decimated to polygonsT2; otherwise continue
with (1).
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Edge decimation

(a) Skeletons of sharp triangle strips (b) Close-up view.

Figure: Skeletonization of the triangle stripsT1
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Edge curve �tting

A point pi is said to be \sharp", if

(1) the Sampson distancef (pi )=jj (r f )(pi )jj exceeds a
user{de�ned threshold, and

(2) the dihedral angle of the closest edge topi in T0 exceeds
another user{de�ned threshold.
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Edge curve �tting

We use a collection of circular splines to approximate the \sharp"
data points.

The topology of this spline network is determined by the skeleton
T2.
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Edge curve �tting

I Split the skeletonT2 into simple open polygons at the vertices
with a valency other than two.

I For each open polygon we generate a circular spline using an
adaptive method for least-squares �tting of circular splines.

I Choose suitable functionsa and r to de�ne edge descriptors.
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Triangulation of the augmented surface

De�ne the augmented scalar �eldF.

Generate a polygonalization using the marching triangulation
method.

Xinghua Song with Bert J•uttler Modeling and 3D Object Reconstruction by Implicitly De�ned Surfaces



Introduction
Preliminaries

Implicitly de�ned edges and vertices
Modeling surfaces with sharp features

Surface reconstruction
Conclusion

Triangulation of the augmented surface

(a) Final surface (b) Close-up view of (a)

Figure: Final surface with sharp features
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Example

(a) Input data points (b) Initial surface (c) Final surface

Figure:
Reconstruction of
the fandisk model
from 6,475 sample
points (a). Initial
surface (b,d) and
�nal result (c,e).

(d) Close-up view of (b) (e) Close-up view of (c)
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Conclusion

(1) De�ned the new concept of edge and vertex descriptors.

(2) Proposed a technique for modeling implicitly de�ned surfaces
with sharp features, and for reconstructing them from
unorganized point cloud data.

The future work to do:

(1) Use other geometric primitives as edge curves, preferably with
higher order of di�erentiability thanC1 smoothness

(2) The speed up of the algorithm for closest point computation.
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