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Motivation

Sho rtest Distance Computation / Collision Detection

Algo rithms a re based on (hiera rchies of ) b ounding p rimitives:

AABBs

OBBs

k -DOPS

ellipsoids (Choi, W ang, Kim 2003)

Collision detection via ellipsoids ma y need a smaller numb er of

b ounding p rimitives than via OBB (Lu, Choi, W ang, Kim 2007).
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Collision Detection

Computational costs dep end on

numb er of p rimitives

(linea r p rimitives a re not w ell suited fo r free-fo rm geometries),

costs fo r analyzing a pair of p rimitives

costs fo r adapting the p rimitives to moving/dynamic objects

(AABBs and k -DOPS need frequent recomputation)
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Bounding Ellipsoids

+ collision detection is computationally e�cient

� distance computation b et w een t w o ellipsoids is exp ensive

(p olynomial of degree 24)

?

Geometric p rimitive with

simila r �exibilit y

smaller costs fo r sho rtest

distance computation

) surfaces with quadratic p olynomial supp o rt functions!
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Supp o rt F unction Rep resentation I

consider a surface patch

x : 
 ! R3 : (u; v) 7! x(u; v)

unit no rmals de�ne spherical pa rameterization

N : 
 ! S2 : (u; v) 7! N (u; v)

assume: Gauss map is injective

N � x � 1 : R3 ! S2 : x(u; v) 7! N (u; v)
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Supp o rt F unction Rep resentation

PSfrag replacements

H (u; v)
= h(n)h

x

(u; v)

S2

n = N (u; v)

n = N (u; v)

N

H



o rigin

x(u; v)

tangent

plane

8 / 26



Intro duction

The Supp o rt F unction

Quadratically Supp o rted Surfaces

Minimum Distance Computation

Supp o rt F unction Rep resentation I I

distance b et w een tangent plane and o rigin

H : 
 ! R : (u; v) 7! x(u; v) � N (u; v)

supp o rt function

h = H � (N )� 1 : S2 ! R

assigns to each unit no rmal the distance b et w een the

co rresp onding tangent plane and the o rigin

Main advantage: no rmals easily accessible
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Supp o rted Surfaces

given:

supp o rt function h

PSfrag replacements

hx h

S2

n

n

h(n)

tangent pl.

surface patch xh = envelop e of the tangent planes

xh(n) = h(n)n + r S2hjn (1)

intrinsic gradient:

r S2hjn = r hjn � ( r hjn � n)n . (2)
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Sp ecial T yp e

Quadratic p olynomial supp o rt functions

h(n) = n> An + a> n + a0

Simpli�ed envelop e fo rmula

xh(n) = � (n> An )n + 2An + a + a0n

Shap e? Classi�cation?
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No rmal F o rm

T ranslations co rresp ond to linea r terms

Constant terms can b e multiplied b y

n> n = 1

Matrix A can b e diagonalized b y rotations

h� (n) = n> Nn

with N = diag (1; k1; : : : ; kd� 1) , where jki j � 1
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Quadratically Supp o rted Surfaces (QSS)

n = ( x; y; z)>

no rmal fo rm h� (n) = x2 + k1y2 + k2z2

dep end on t w o pa rameters k1; k2

QSS in no rmal fo rm

xh � (n) =

0

@
� x(x2 + k1y2 + k2z2 � 2)

� y(x2 + k1y2 + k2z2 � 2k1)
� z(x2 + k1y2 + k2z2 � 2k2)

1

A

w e ma y assume jk1j � 1; jk2 � 1j and k2 � k1

14 / 26



Intro duction

The Supp o rt F unction

Quadratically Supp o rted Surfaces

Minimum Distance Computation

Singula rities of QSS

qh �
. . . rational pa rameterization of the unit sphere

) singula rities fo rm a curve of degree 8 in the (u; v) �plane

f (k1; k2; u; v) =

�
�
�
�

�
�
�
�

@
@u

qh � �
@
@v

qh �

�
�
�
�

�
�
�
�

2

= 0

The numb er of singula rities changes if additionally

@f
@u

= 0 and

@f
@v

= 0 :

� eliminate (u; v)
) p olynomial of bidegree (839; 973) with only 5 relevant facto rs.
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Classi�cation

(0,0)

(2,2)

(2,1)

(2,0)

(4,4)

(4,3)

(4,2)(2,0)

±1

±0.5

0.5

1

±1 ±0.5 0.5 1

PSfrag replacements

7 generic t yp es of QSS

determined b y regions (b ounded b y �relevant facto rs�)
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k1 = 31
16 , k2 = 3

2
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9 , k2 = 1

4 k1 = 4
7 , k2 = 6

35
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3
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Consider 2 QSS

x f (n) = � (n> Bn )n + 2Bn + b and

xg(n) = � (n> Cn )n + 2Cn + c

A p oint-pair with sho rtest distance:

�
x f (n) � xg(n)

�
� n = 0

) system of 4 quadratic equations

(2(B � C)n + b � c) � n = 0
n> n = 1
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Computation of Common No rmals

3 quadrics intersect in a cubic space curve

intersection with unit sphere co rresp onds to common no rmals

) at most 6 common no rmals at regula r p oints p er o rientation!

Quadrics: p olynomial of degree 24!!
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Implementation and Timing

Cubic space curve can b e pa rameterized �easily�.

Ro ots of degree 6 p olynomial a re found b y a b rute-fo rce global

metho d (Jenkins-T raub algo rithm)

Computation time p er QSS pair: ab out 30.5 �s on a 2 GHz PC

Compa rison:

distance b et w een quadrics: 56.25 �s on a 1.7 GHz PC

� 47.81 �s on a 2 GHz PC

acco rding to Chen, Y ong, Zheng, P aul, Sun (CAD 2006).
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Examples

Extension to move complex objects requires valid enclosures.
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V alid Enclosure

De�nition

A covering F of an object O b y a collection of k simple QSS Fi

with supp o rt functions f i

F =
k[

i =1

Fi

is called a valid enclosure with out w a rd�p ointing no rmals if

1

the object is contained in the interio r, that is O � F ,

2

all singula rities of the b ounding QSS a re contained in the

interio r of F and

3

all no rmals of the outermost b ounda ry of F p oint out w a rds.
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V alid enclosure

2D�sk etch of a valid enclosure

b y QSS with out w a rd-p ointing no rmals.
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Final Example

A moving object and an obstacle,

each b ounded b y valid enclosures

of 3 QSS.

compute distances b et w een

3 � 3 pairs of QSS

= 275 �s p er time-step
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P ossible F uture W o rk

Exploitation of temp o ral / spatical coherence?

Automatic generation of valid enclosures??

Algeb raic condition fo r (non-) interference of t w o QSS???
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