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Geometric Algorithmsin Three Dimensions
Tutorial

FSP Seminar, Strobl, 22.06.2006
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Why Algorithmsin Three and Higher
Dimensions
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Edwin Abbott: Flatland (1884)
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Data Structures
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Divide& Conquer construction of
convex hulls - Merge

Data structure: e.g. circular linked
list
(for each node;
predecessor + SUCCessor)

Dimension: 2

Convex hull of afew pointsin 3D

Data structure for polyhedral boundary
representation:
e.g. winged edges, quad edges, DCELs

Minimum information for each face:
— Indices of vertices (3 items)
— Neighboring information (3 items)
Dimension: 3
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Data Structure: DCEL

Goal: Store topological information about a 2d surface located in 3d

)

\<

}\ =

\‘Nn de

| Facette

—Two halfedges

/ a

Supported operations on DCELs (e.g.):

 Find all halfedges of afacette counterclockwise
« Find all halfedges of a node clockwise

 Find all facettes of a node clockwise

Doubly connected edge list (DCEL):
« Dataelements. nodes, halfedges, facettes
» Storefor each edge:
— origin node
— twin edge
— next halfedge
— Left face
» Store for each node: one of adjacent halfegdes
» Storefor each face: one of adjacent halfedges

Drawbacks:
» Too much overload (too complex)

e Limited domain (only for manifold
meshes)
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1 c=(0,0.1)

Signed Volume and Orientations

Signed area computation

Py 1
D= dr  dy 1=qxry_'rxgy —E +'rxpy+pquy —dy Py

Determinant evaluation for triangle
(Function: counterclockwise)

Dimension: 2
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Tetrahedron at origin

a!}, ﬂx
¥ E:'J.l ‘E:'x

= 6F ol (fetrahedron(a b o d))

3]
]
]

X ¥ -4

d, d, d

¥ i1 -4

S L Ry e

Signed volume and orientation
determination

Dimension: 3
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Volume Overflow

» Exact volume evaluation requires integer arithmetics.

 Hoating-point coordinates => comparison of volume to zero could be
in error for certain nearly coplanar quadruples of points.

* Eveninteger volume computation is not certain — due to overflow.

e Signed integers between -231 and 231-1. Exceeding the bounds =>
integer overflow. Numbers that exceed 231-1 dightly “wrap around” to
negative integers. No program crash.

e Sample critical volume computation

11 11 512 512 512 1
=1 =11 . 512 -512 -512 1
-1 1 -1 _512 512 —512 1|
-1 -1 11 _512 512 512 1

il

V olume computation of
aregular tetrahedron —
Floating point arithmetics

Integer arithmetics resultsin
wrapping around
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Strategies to Managing Volume Overflow

* Report integer overflows. Use C++-classes that report overflow.

* Bignums. Arbitrary precision arithmetic in languages like LISP,
Mathematica. Bignum packages in C/C++ incur heavy overhead.
* Higher precision arithmetic: e.g. 64-bit integer operations.
o Compare with doubles:
— Compute volume with ints and doubles
— When they are close, probably no overflow.

— When they are significantly different, notify the user (or it makes sense to
continue with the double volume).

o Approachin CGAL: Use doubles, in doubt change to unlimited precision
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Delaunay- T etrahedrization

Example for an algorithm in two, three and higher dimensions

IN: Points in R, d=23,...
OUT: Facettes (triangles in R*, tetrahedrons in R”, etc.)

Lifting: project onto  Construct convex Project ssimplices
paraboloid hull in Rd+1 of lower hull into Rd
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MATLAB-Implementation / Tetrahedrization

function t = delaunaynix)
3DELAONAYN N-D Delaunay tessellation.

» Short code (most work is done

if isemptyix), t = []; return; end |n qL"CkhUII)

[%,16,30x] = wnique (x, 'rovs']; » Geometry knowledge results

[u,n] = size(x]; In short, efficient, easy-to-
write program

if m < n+l, error('MNot enough unidgque points to do tezgellation.'): end

% ghull needs the sum of squares
¥ o= [x sumix.*x,2)]:
t = gullm<ix', 'd ', '0J ', 'Pp'):

#xiz,end) = []:

¥ try to get rid of zero wolume simplices. They are generated
% hecauzse of the fuzzy jiggling.

[m, n] = size(t):

v o= truefm,l);

geps = epst (4S5 mad (abs (X (1)) )
for i=l:m
if abs({detci{=xitii,l:n-1),:1-=xicii,n)*onesin-1,1),:11)1 < seps
wiil = 0;
end
end
L= tiv,:]:
L= did=(t):
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Quickhull in 2D

* Find extreme points (2,3 or 4 on the
bounding box)

e Eliminate all points which areinside
the convex hull of the extreme points
(inner elimination)

e Divide remaining points into groups

* Repeat the algorithm for each group

e Build the created hulls together

Inner elimination and grouping remaining points

* Practical, efficient (alsoin MATLAB available)

e O(nlongn) time complexity, O(n?) in worst case,
In practical cases one of the fastest
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Genera Tetrahedrizationsin 3D

Decomposition of polygonsinto triangles (in 2D):
* Always solvable (<=every simple polygon has a diagonal)

o Unique number of triangles

Decomposition of polyheronsinto tetrahedons (in 3D): a

* Not aways solvable
e Number of tetrahedrons is not unique

% %
.
4

Rotate upper triangle No decomposition into
of pyramid tetrahedrons possible

, Ear® of apolygon

- < b E'f b
Two different decompositions into tetrahedrons
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Convex Hulls - Gift Wrapping
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Gift wrapping in two dimensions

1. Start with bottom point p.

2. For each point: compute the angle around ».
3. Point ¢« with smallest angle is on C#.

4. repeat algorithm at «.

Complexity: O(nh), 3<h=|CH|<n
Worst case: O(n")
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Convex Hulls - Gift Wrapping in 3d

Gift wrapping in three dimensions is a generalization of the two dimensional algorithm:

At any step, a connected portion of the hull is constructed.

A face F on the boundary of this partial hull is selected.

An edge e of F is also selected.

Plane ;z containing F is “bent” over e toward the set until the 1
point g is encountered.

e

5. p is characterized by the minimum turning angle from .
6. comv{p. e} is a new triangular face of the hull.
7. Goto 2.
F
Complexity: O(n*), O(n) per face . 2 |

Output sensitivity: O(nh)

ﬁe

Creation of anew face G through edge e and apoint p
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Divide& Conguer for Convex Hulls

CH(A) CH(B)

Two dimensions. Merging step of Divide-and-Conquer

Complexity: Merge with O(»)-complexity results in O(nlog#).




Divide& Conguer for Convex Hullsin 3d

Lower bound for convex hullsin two and in three dimensions; O(nlogn)
Divide-and-Conquer: the only algorithm in three dimensions to achieve the optimum.

Prototypes prior to merge Dark edges show “shadow boundary”: the
boundary of the newly added faces

Merging step of Divide-and-Conquer




Divide& Conguer for Convex Hullsin 3d

Wedge and block before merging | ... after merging  Topology of shadow boundary edge




|ncremental Construction of Convex Hull

» Sort points lexicographically
* |nsert points one after the other into
the partial hull

— Find lower and upper tangential
point: |v,, v,
— Update partia convex hull

Tangential points v, and v,

Incremental construction algorithm in two dimensions




|ncremental Construction of Convex Hull 1n
3D

Before and after adding
apoint in corner

Incremental agorithm, three dimensions
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Complexity of Hull Algorithmsin 2D and 3D

Two dimensional convex hulls;
e Time complexity

— Sorting O(n log n)

— Construction in linear time
o Space complexity: linear

L ower boundary of time complexity
Reduction of sorting to hull

Space complexity in 3D:
 EulersformulaV-E+F=2

e Verify thisfor cube: V=8, E=12, F=6
e In3D,EandF arelinearinn

E<3n-6
F<2n-4
Cube
Consequence: Linearity in space V=8 F=6

complexity of triangulations




Complexity in 4 and higher dimensions

Complexity issues are summarized in the Upper Bound Theorem.

Convex polytopes can have strange behavior:

In 4D, there are n points in general position so that the

edgejoining every pair of pointsison the convex hull.

Consequence: a4D convex hull of n points can have

O(n?) edges. Four pointsin general position
with their connecting lines

Cyclic polytops:

Discovered in 1900's, importance comes from Upper
Bound Theorem (1971)

Normal curves: | ¥ = {£.7....2 )| € R}
A point p= (u:,ujz,...:,ud) is given by the single parameter u.

Consider nvalues: | ¥ <y <...<U, et p<p;<..<p,
be corresponding poiris or norimar curve.

Then any k-tuple of pointswith k < /2 isaface of
their convex hull. Normal curve




4D Example

e« Curve y= {(:,fz,ﬂ,fﬁ = R}
e Fixanytwoi, j. Consider polynomia £(f) = (f—uj)z(f— uj-)z
« Thepolynomia can bewrittenas P(f) =¢' +a.f’ +at’ +at+a,

« P(t) isnonnegative and the only zerosare at | £ =u,, = u,
e But|x, +ax, +ax, +ax +a, =0 isthe equation of a hyperplane.

« Thisequation evaluatesto zero only when x= p,x=p, .

e For all other points, the polynomial evaluates to
nonnegative, the normal curve lies on the same
side of this plane.

e Thisplane showsthat #.7; ison theconvex hull.




Upper Bound Theorem

Among all d-dimensional convex polytopes with n vertices, the cyclic polytope
has the maximum number of faces of each dimension.

i
A d-dimensional convex polytope with n vertices has at most 2[ Y 2} facets.

it
A d-dimensional convex polytope with n vertices has at mo 2‘“1[ ] faces
in total. a2

Asymptotically, a d-dimensional convex polytope has 0{xl*/*)) faces.




An Algorithm that Works in Any Dimension

Smallest enclosing circle

for apoint set
Generalizations:
 Smallest enclosing ellipse
Smallest enclosing ring « Smallest enclosing sphere, €llipsoid in any
for apoint set dimension

Time complexity: linear




