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Scale Space: Decomp ose an image at decreasing scales of

detail.
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P a rabolic PDE's

Realization of Scale Space operato r: e.g. P erona Malik model

@

t

u = r �

�
g ( jr u j )

r u

jr u j

�
=: � A ( u ) in 
 ;

u ( 0 ) = f ;

r u � � = 0 on @ 
 :

9
>>>=

>>>;

(S)

If u ( t ) is a solution of (S) at time t de�ne T

t

( f ) = u ( t ) .

lim

t ! 0 +
T

t

( f ) = f lim

t !1

T

t

( f ) = �
f ; "Fidelit y"

(c.f. Anisotropic Di�usion in Image Processing [W eick ert 1998].)



Semi Group Theo ry

Iterative Tikhonov regula rization: F o r

^
g : [ 0 ; 1 ) ! [ 0 ; 1 ) de�ne

u

0

= f

u

k + 1

= a rgmin

�
k u � u

k

k

2

L

2 (
) + �

Z



^

g ( jr u j ) d x

�
:

F o r every k 2 N w e have u

k + 1

= ( Id + � A ) � 1 ( u

k

) and fo r all

t > 0 the limit

u ( t ) = lim

N !1

�
Id +

t

N

A

�
� N

( f ) :

exists and solves (S) with g = ^
g

0

.

(Semi group generation theo rem [Crandall & Liggett 1971].)



Inverse Scale Space: Decomp ose an image at increasing

scales of detail
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Motivation

Evaluate a linea r, closed and unbounded operato r

L : D ( L ) � H

1

! H

2

at an unkno wn element u

y

2 D ( L ) from given noisy data

f 2 H

1

n D ( L ) .

App roach: Iterative Tikhonov - Mo rozov regula rization:

u

0

= 0

u

k + 1

= a rgmin

u 2 H

1

�
k u � f k

2

H

1

+ � k L ( u � u

k

) k

2

H

2

	
:

( � > 0).



3

rd

o rder equation

Iterative TM regula rization can be considered as time

discretization of a third o rder PDE

L

�

L

�
@ u

@ t

�
= f � u in 
 ;

u ( 0 ) = 0 ;

r u � � = 0 on @ 
 :

9
>>>=

>>>;

( IS )

Solutions u ( t ) of (IS) satisfy inverse �delit y

lim

t ! 0

+
u ( t ) = 0 ; lim

t !1

u ( t ) = f :

[Groetsch & Scherzer 2000]



Summa rizing Example

Scale Space Inverse Scale Space

^
g ( x ) = 1

p

x

p

in (S) L = r : W

1 ; p (
) !
[

L

p (
) ] n

in

(IS)

@

t

u = 4

p

u ;

u ( 0 ) = f :

4

p

( @

t

^
u ) = f �

^
u ;

^
u ( 0 ) = 0 :

The p -Laplacian is de�ned as 4

p

= r �

�
jrj

p � 2

r

�
.



Iterative Procedure

Let f 2 X ( X re
exive and smooth BS), 1 < p < 1 and � > 0 .

Assume that

J : X ! R

is convex and lo w er semicontinuous.

I

Set u

0

= 0 and v

0

= 0.

I

F o r k = 1 ; 2 ; : : :

u

k

= a rgmin

u 2 X

�
1

p

k u � f k

p + � D

v

k � 1

J

( u ; u

k � 1

)
�

| {z }
=: I ( �; u

k � 1

; u )

� v

k

= � v

k � 1

+ J
p

( f � u

k

) 2 @ J ( u

k

)(
) :



Bregman Distance

PSfrag replacements

0

X

J

uv

h s ; u � v i

u � v

J

(u

)

�

J

(v
)

D

J

( u ; v )

Bregman Distance with respect to J .

D

s

J

( u ; v ) := J ( u ) � J ( v ) � h s ; u � v i ; s 2 @ J ( v ) :



Discrete Inverse Scale Space

Theo rem

1. Iterative Bregman regula rization is w ell de�ned, i.e. fo r all

k 2 N w e have that u

k

2 X and that there exists

v

k

2 @ J ( u

k

) � X

�

such that

� v

k

+ J
p

( u

k

� f ) = � v

k � 1

:

2. F o r all k 2 N the element v

k

is cha racterized via the dual

F unctional

v

k

= a rgmin

v 2 X

�

�
1

p

�

k v � v

k � 1

k

p

� + �

1 � p

� (
J

� ( v ) � h f ; v i
)
�

| {z }
= I

� ( �; v

k � 1

; v )

:



Discrete to Continuous

Scale Space metho dology

Discrete p rimal p roblem

(e.g. Tikhonov/ROF regula rization)
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Discrete to Continuous

Inverse Scale Space metho dology

Discrete dual p roblem
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Dual Problem

Sequence of pa rtitions P

n

= f t

k

n

g

k 2 N

of [ 0 ; 1 ) such that

sup

k

( �

k

n

) ! 0 as n ! 1 and de�ne V

0

n

= v

0

and

V

k

n

= a rgmin

v 2 X

�

I

�

�
1

�

k

n

; V

k � 1

n

; v

�
:

De�ne the piecewise constant function

V

n

( t ) = V

k

n

; t 2

�
t

k � 1

n

; t

k

n

�
:
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Then

lim

n !1

V

n

( t ) = v ( t ) ;

exists fo r all t 2 [ 0 ; 1 ) such that v : [ 0 ; 1 ) ! R is absolutely

continuous (ev. after extracting a subsequence).
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V
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( t )

v ( t )

(Amb rosio, Gigli & Sava r � e [2005]).



Theo rem

1. There exists a function u 2 L

p ( 0 ; 1 ; X ) such that ( u ; v )
solve

J
p

�

( @

t

v ) = f � u ( t ) v ( t ) 2 @ J ( u ( t ))

u ( 0 ) = u

0

v ( 0 ) = v

0

2. Inverse �delit y

lim

t !1

@

t

v ( t ) = 0 ; lim

t !1

u ( t ) = f :

3. F o r p = p

�

= 2 the solution is unique.



Connection to the p rimal Problem

Let U

0

n

= u

0

and

U

k

n

= a rgmin

u 2 X

I

�
1

�

k

n

; U

k � 1

n

; u

�
:

De�ne the piecewise constant function

U

n

( t ) = U

k

n

; t 2

�
t

k � 1

n

; t

k

n

�
:

Theo rem

F o r all T > 0 exists a subsequence f �

k

n

0

g such that






U

n

0 ( t ) � u ( t )





! 0 ; a.e. in [ 0 ; T ] :



An Example

W e choose X = X

� = L

2 (
) and

J : x !

(
j D u j (
) if u 2 BV (
)

+ 1 else

(total va riation semino rm). Additional result (discrete inverse

�delit y):

Theo rem

F o r f 2 L

2 (
) w e have that

lim

k !1

k u

k

� f k

L

2 (
) = 0 :

P ossible applications: image and surface denoising.



Erro r Model

Let C � 
 be such that

1. j @ C j (
) < 1 (bounded perimeter),

2. there is u 2 BV (
) such that

C = f x 2 
 : u ( x ) > 0 g :

F o r x 2 
 let � ( x ) be a realization of a random va riable �( x ) .

Noisy level set function

f ( x ) = u ( x ) + � ( x ) 2 L

2 (
) :

Disturbed surface

C

� = f x 2 
 : f ( x ) > 0 g :



Smoothing Isosurfaces

F o r u

1

2 BV (
) in the iterative Bregman p rocedure the value

1

2

k f � u

1

k

2

2

+ �

Z
1

�1

j @ f x 2 
 : u

1

( x ) > c gj (
) d c

| {z }
average a rea of level surfaces

is minimal (application of Co-a rea fo rmula in BV (
) ).

La rge � : Average of level surface a rea is reduced (smoothing)

Dra wback: Level sets ma y be severely displaced ) co rrection

step



Co rrection Step

F o r all u 2 BV (
) there exists an element c

u

2 L

1 (
 ; j D u j ) such

that j c ( x ) j � 1 and that u

2

minimizes

1

2

k f � u k

2

2

+ �
(

j D u j (
) � h v

1

; u i
)

=
1

2

k f � u k

2

2

+ �

Z



( 1 � c

u

) d j D u j :

I

c

u

= cos 


u

... 


u

2 [ 0 ; � ) angle bet w een the generalized unit

no rmals at the level sets of u and u

1

.

I

Co rrection step � simultaneously minimizing k f � u k

2

2

and




u

(no rmal �tting).

I

Method is consistent: u

k

! f .
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Implemented Algo rithm

Assume �

0

is an estimate fo r k � ( x ) k

2

.

1. w

0

= 0 ; u

0

= 0 ; k = 0.

2. while k u

k + 1

� f k

2

� �

0

:

u

k + 1

= a rgmin

u 2 L

2 (
)

�
1

2

k u � ( f + w

k

) k

2

L

2 (
) + � j D u j (
)
�

;

w

k + 1

= w

k

+ ( f � u

k + 1

) ;

k  k + 1 :

The ROF minimization in step (2) is solved with a standa rd (semi

implicit) FE Method ( n -linea r elements on regula r grid).



A Medical Example


 � R

3

and u : 
 ! [ 0 ; 255 ] computerized tomography image.

I

u ( x ) denotes the abso rbtions coe�cient of tissue at x 2 
 .

I

Level sets @ f u ( x ) > c g co rrespond to tissue with constant

abso rbtion.
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Figure: Original an noisy data

Next: Reconstructions u

k

of noisy data f fo r k = 5, 15, 25, 35,

45 and 55 and � = 20 : 0.
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Figure: Reconstructions u

k

of noisy data f fo r k = 5 ; 15 ; 29 and � = 5 : 0



Conclusion/Summa ry

Iterative regula rization using the Bregman distance has turned

out to be useful in image/surface denoising. Theo retical results:

I

W ell posedness of regula rization algo rithm and asymptotic

behavio r of minimizers ( u

k

k !1

� ! f ).

I

P assage to continuous fo rmulation: existence and uniqueness

of inverse total va riation 
o w via dualit y .

I

Inverse �delit y ( u ( t )
t !1

� ! f ).


	Introduction
	Scale Space Method & Image Processing
	Inverse Scale Spaces

	Inverse Total Variation Flow
	Iterative Regularization using Bregman Distance
	A Dual Problem


