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Idea

Regularized segmentation of distorted/noisy/incomplete
image data.
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Prior information from training data.
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The Shape Model

Three instances of the shape model.
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Everyinstanceof the shapemodel is represented
by

1. the skeleton(dark blue lines) and

2. the atoms(light blue circles).

The shape is then obtained by �tting a spline
curve(red) to the atoms.

The topology of the skeleton is the samefor
everyinstanceof the model.
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We providethe following information for everyinstanceof the
shape model:

1. a local coordinate system(i.e. position, orientation
and scaling),

2. length and directionof the vectors correspondingto
the skeletonedges,

3. radii of the atoms in the verticesof the skeleton.
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This meansthat everyshape is an elementof the following product
spaceM:

M � R
�

|{z}
scaling

� R 2 � S1
| {z }

coordinate system

�

�
R

�

� S1� m

| {z }
edgevectors

�

�
R

� � n

| {z }
atom radii

�

The shape manifold M.

Herem denotesthe number of edgesof the skeletonand n the
number of atoms, i.e. the number of verticesof the skeleton. In
the aboveexamplem � 4 and n � 5. Note that M is a product of
Lie groupsand hencea Lie group itself. We call M the shape
manifold. In particular M is a Riemannianmanifoldwith a metric,
which is invariant underthe group action.
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The Simpli�ed Mumford-ShahFunctional

Assumean imagef �

���

R . The following simpli�ed functional
is motivated by the original Mumford-Shahfunctional. Assume
that C �	� 0 
 1�

���

is a di�erentiable Jordan curve. Denotethe
area insideC as I 
 C � and the areaoutsideas O 
 C � . Then

I 
 C �

�

R
I � C �

�
u1 
 C ��� f

� 2
dx �

R
O � C �

�
u2 
 C ��� f

� 2
dx ,

where

u1 
 C �

�

1
�

I 
 C �

�

Z

I � C �

f dx and u2 
 C �

�

1
�

O 
 C �

�

Z

O � C �

f dx

are the averageson the insideand outsideof C respectively.
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Minimizing this functional with respect to C yieldsa segmentation
of the imagef .

Image segmentation with the simpli�ed Mumfo rd-Shah
functional.
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Minimizationoverthe Shape Manifold
We de�ne the functional R��� p0 as

R��� p0 � M
�

C1

�� 0 
 1��


�

�

�

R 


p
|{z}
shape

�

�

C 
 p �

| {z }
shape boundary

�

�

I
�
C 
 p �

�

| {z }
M-S functional

���

2
dM 
 p0


 p �

2

| {z }
regularization




for
�

�

0 and p0 � M.

PSfragreplacements

� R
C 
 p �

TpM

M
The functional R��� p0 maps M to R .
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If f is continuous,then R ��� p0 is di�erentiable.
In this case,for everyp � M, the derivativeof
R

��� p0 in p maps

 

pR��� p0 � TpM
�

R 


v �

� !

 

pR��� p0 
 v " TpM �

Furthermore, if f is di�erentiable, then R ��� p0

is twicedi�erentiable.
We minimize R

��� p0 using a gradient descent
method (CG, steepest descent).

Initial value.
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Segmentation p1 


�#�$�


 p10 of 10 training images (
�

� 0).
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PrincipalGeodesicAnalysisof the TrainingData

Next we perform a PrincipalGeodesicAnalysisof the models
obtainedfrom the training data.
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The MeanShape
We de�ne the meanshape % as an elementof the shape manifold
M suchthat the squared distanceto the data p1 


�#�$�


 pN is
minimal:

%

� argmin
p & M

NX

i ' 1

dM 
 pi 
 p �

2 ( Expp0

� 1
N

NX

i ' 1

Logp0 
 pi �

�
�

The mean shape % .
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PrincipalGeodesics

The principal geodesicsof the data p1 


�$�#�


 pN are 1-dimensional
geodesicsubmanifoldsof M suchthat the variancesof the data
within thesesubmanifoldsare maximal. We computetangent
vectors v1 


�#�$�


 vd
� T ) M (d is the dimensionof M), which de�ne

the principal geodesics,by the following recursion:

v1
� argmax

v & T * M
+

v
+

' 1

NX

i ' 1

dM
�

%,
.- H1 � v �


 pi �

� 2
( argmax

v & T * M
+

v
+

' 1

NX

i ' 1

!

v 
 Log
)


 pi �/"

2
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vk
� argmax

v & T * M
+

v
+

' 1

NX

i ' 1

dM
�

%0
�- Hk � v �


 pi �

� 2

( argmax
v & T * M

+

v
+

' 1

NX

i ' 1

� k 1 1X

j ' 1

!

vj 
 Log
)


 pi ��"

2
�

!

v 
 Log
)


 pi �/"

2
�

�

Here - Hk � v �

denotesthe projection onto the submanifoldspanned
by v1 


�$�#�


 vk 1 1 and v.
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Mo des 1 { 5 of the training data.
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Segmentationwith Shape Prior

To segmentincompleteimagedata usingthe a-priori knowledgeof
the meanshape % we minimizeR���

) for
�

2 0. I.e. segmentation
without shape prior can be formulatedas

R0 �

1

�

min 


and segmentationwith prior as

R���

)

�

min �
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Segmentationwithout shape prior (left column) and with shape
prior (right column). In both caseswe chose% as initial valuefor
the gradientdescent.
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Summary

3 (We segmentedtraining imagesby minimizingthe simpli�ed
Mumford-Shahfunctional overa shape manifold).

3 We performed a PGA on the segmentationof the training set.
3 We usedthe meanshape as a prior to segmentincomplete

imagedata.
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3 Usenot only the meanshape but alsothe knowledgeof the
signi�cant principal geodesicsto reconstructperturbed image
data (model basedon probability?)

3 The metric on M is not unique. Try to improvethe
segmentationprocessby choosingmore sophisticateddistance
measures.

3 Apply the sameideasto the 3-dimensionalcase.
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Let M be a completeRiemannianmanifoldof �nite dimension.
Assume

F � M
� 4

R � R 5768�:9<;,
 F =

�

�:9

�

We introducea regularization term

R�

� M
� 4

R 
 p �

�

�

dM 
 p 
 p0 �

2



wherep0
� M.

De�ne the regularization functional

I �

� M
� 4

R 
 p �

�

F 
 p �>� R�


 p �

�
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Theorem
Assumethat F is continuousand boundedfrom below. Then there
existsp ?

� G suchthat

I �


 p ?

�

� inf
p & G

I �


 p �

�
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Theorem
Let F be as in Theorem 1. Assumethat a minimizerof F existsin
M. For

�

2 0 denotethe set of all minimizersof I � as
argminp & M I �


 p � . Then for everysequence


�

k � k & N ,
lim �A@:B

�

k
� 0, there existsp ?

� M satisfying

F 
 p ?

�

� inf
p & G

F 
 p �>


and a sequence


 pk � k & N 
 pk
� argmin

p & M
I �

k 
 p �>


suchthat (up to a selectionof a subsequence)

lim
k @:B

pk
� p ?

�
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De�nition
Let M be a complete,Ck Riemannianmanifold and U C M an
open subsetof M. Assumea Ck map

D

� U
�

C1

�� 0 
 1��


�

�

�

If for everyp � U the curve D


 p � is a Jordan curve,then we call

 U 


D

� a Ck shape model.
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Example
Let M � R E 0 the multiplicative group of positivenumbersand
de�ne

D

� M
�

C1

�� 0 
 1��


�

�>


D


 r �F
 t �

�

�
r cos
 2- t �$
 r sin
 2- t �

�
�

Then 
 M 


D

� is a C
B

shape model. The shapesare circlesof
di�erent radii.
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SplineShape Models

Theorem
Fix N 2 0. Let U an open subsetof M and

D

� U
�

C1

G� 0 
 1�.


�

�H


D


 p �

�

NX

k ' 0
�

k 
 p � Nk 


be suchthat D


 p � is a Jordan curvefor everyp � U. If the map

�

k � M
�

R 2 is Ck for every0 I k I N, then 
 U 


D

� is a Ck

shape model.
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