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Regularized segmentation of distorted/noisy/incomplete
image data. wF Gl
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The Shape Model

Three instances of the shape model.
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Everyinstanceof the shape modelis represented
by

1. the skeleton(dark bluelines)and

2. the atoms (light blue circles).

The shage is then obtained by tting a spline
curve(red) to the atoms.

The topology of the skeleton is the same for
everyinstanceof the model.
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We providethe following information for everyinstanceof the
shape model:

1. alocal coordinate system(i.e. position, orientation
and scaling),

2. length and direction of the vectas carespndingto
the skeletonedges,

3. radii of the atomsin the verticesof the skeleton.
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This meansthat everyshage is an elementof the following product
spaceM:

2 1 1 m n
Ml RS (RS, Ry,

edge vectors atom radii

scaling  coordinate system

The shape manifold M.

Herem denotesthe number of edgesof the skeletonand n the
number of atoms, i.e. the number of verticesof the skeleton. In
the aboveexamplem 4andn 5. Notethat M is a product of
Lie groupsand hencea Lie groupitself. We call M the shape
manifold In particular M is a Riemannianmanifold with a metric,
which is invariant underthe group action.
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The Simpli ed Mumfard-ShahFunctional

Assumean imagef R. The following simpli ed functional
is motivated by the original Mumford-Shahfunctional. Assume
that C 01 is a di erentiable Jordan curve. Denotethe
areainsideC asl C andthe areaoutsideasO C . Then

1 1

T|Cfdx and U2C Wocfdx

are the averageon the insideand outsideof C resgectively
WwrF
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Minimizing this functional with resgect to C yieldsa segmentation
of the imagef.

Image segmentation with the simplied Mumfo rd-Shah
functional.
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Minimizationoverthe Shape Manifold

We de ne the functional R po as

Ry M cto1 R
C _d 0 2
2} E{£} |—{Zp—} 2 M{E p}
shape shape boundary M-S functional regularization

for Oandp® M.

M

— Cp—’R

The functional R 0 maps M to R.
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If f is continuous,then R po is di erentiable.
In this case,for everyp M, the derivativeof
R oo in p maps

Vv pR po Vv ToM

Furthermare, if f is di erentiable, then R 0
is twice di erentiable.

We minimize R, using a gradient descent
methad (CG, steemest descent).

Initial value.
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PrincipalGealesicAnalysisof the TrainingData

Next we perfam a Principal GealesicAnalysisof the models
obtainedfrom the training data.
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The MeanShape

We de ne the meanshape asan elementof the shape manifold

M suchthat the squaed distanceto the data p; PN IS
minimal:
X 5 1 X
arpgnl\}ln- dv pi P EXpyo N Logyo pi
i1 i1
The mean shape . WIF
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PrincipalGealesics

The principal gealesicsof the data p; pn are 1-dimensional
gedesicsubmanifoldsof M suchthat the variancesof the data
within thesesubmanifoldsare maximal. We computetangent
vectas vy V¢ T M (d isthe dimensionof M), whichde ne
the principal gealesics,by the following recursion:

X , X ,
V1 argmax dM Hy v Pi argmax \Y LOg Pi

v TM i1 v T M i1

v 1 v 1
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Vi

X 2
argmax  dw Hev P
VVTR" i1
XK1
argmax v Log pp 2 v Llog p 2
VVTR" i1 1

Here ,, , denotesthe projectiononto the submanifoldspanned

by Vi

Vk 1 andv.
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Modes 1 { 5 of the training data.

|nns!mc!

Matthias Fuchs



Shape Manifold

Simplied Mumford-Shah Functional
Principal Geadesic Analysis
Regulaized Segmentation

Implementation with M-Reps

Segmentatiorwith Shape Prior

To segmentincompleteimagedata usingthe a-priori knowledgeof
the meanshape we minimizeR  for 0. l.e. segmentation
without shage prior can be formulated as

Ro min
and segmentationwith prior as

R min
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Implementation with M-Reps

Segmentationwithout shape prior (left column) and with shape

prior (right column). In both caseswe chose asinitial valuefor
the gradientdescent.
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Summary and Outlook

Summay

(We segmentedraining imagesby minimizingthe simpli ed
Mumford-Shahfunctional over a shapge manifold).

We perfamed a PGA on the segmentationof the training set.
We usedthe meanshape as a prior to segmentincomplete
imagedata.
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Summary and Outlook

Outlook

Usenot only the meanshape but alsothe knowledgeof the
signi cant principal geadesicsto reconstructperturbed image
data (model basedon probability?)

The metric on M is not unique. Try to improvethe
segmentationprocessby choosingmare sophisticateddistance
measures.

Apply the sameideasto the 3-dimensionatase.

Matthias Fuchs Mumford-Shah Segmentation with Shape Models



Theoretical Results

Regulaization Functionalson Manifolds

Let M be a completeRiemannianmanifold of nite dimension.

Assume
F M R R F

We introducea regulaization term
R M R p dw p po

wherepy M.
De ne the regulaization functional

I M R p Fp R p
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Theoretical Results

Theaem
Assumethat F is continuousand boundedfrom below. Then there
existsp G suchthat

I p in
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Theoretical Results

Theaem

Let F be asin Theaem 1. Assumethat a minimizerof F existsin
M. For 0 denotethe set of all minimizersof | as

argmin, I p . Thenfor everysequence k k n,

lim k 0, thereexistsp M satisfying

F inf F
p [!nG p
and a sequence

P« k N Px agminl , p
p M

suchthat (up to a selectionof a subsequence)

limpc p
k wrF
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Theoretical Results

Shape Models

De nition
Let M beacomplete,Ck RiemanniammanifoldandU M an
open subsetof M. Assumea C¢ map

u ctoz1

If for everyp U the curve p isa Jordancurve,then we call
U  aC* shame model
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Theoretical Results

Shape Models
Example
LetM R ¢ the multiplicative group of positive numbersand
de ne
M cto1 rot rcos2 t rsin2 t

Then M isaC shape model. The shagesare circlesof
di erent radii.
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Theoretical Results

SplineShape Models

Theaem
Fix N 0. Let U an open subsetof M and
XN
u ctoi p k P Ni
k 0

be suchthat p isa Jordancurvefor everyp U. If the map
k M  R?isC<forevery0 k N,then U isaC¥
shape model.
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