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3D - Approximating Solids by Balls

Application is the Minkowski-Sum:

While the Minkowski-Sum of general objects in 3D is hard
to compute, the Minkowski-Sum of two balls requires only
to add their centers and radii.
If we can replace 3D objects by balls, the Minkowski-Sum of
the objects can be approximated very quickly.
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3D - Approximating Solids by Balls

Application is the Minkowski-Sum:

While the Minkowski-Sum of general objects in 3D is hard
to compute, the Minkowski-Sum of two balls requires only
to add their centers and radii.
If we can replace 3D objects by balls, the Minkowski-Sum of
the objects can be approximated very quickly.

As shown in St. Martin, 2005: The Powercrust software [1] has
the solid-to-ball calculation as an intermediate result.

But as powercrust wasn't originally written for this purpose
this intermediate result suffers from many problems and is
far from being optimal.

Powercrust is also very time and memory consuming.
Therefore we planned our own implementation.
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Progress in 3D
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Our Implementation in 3D

We implemented the software from scratch using CGAL [2].
Features are:

Our algorithm runs in O(n log(n)) time.

Memory is no problem anymore. While Powercrust needed
512 MB of RAM for 30 000 input points our software can
process more than 300 000 points with the same amount of
memory.

While Powercrust requires a dense sampling of the object as
input, our software takes an arbitrary surface triangulation.
Therefore it does not suffer from inner/outer labeling
problems.

We have a postprocessing step that stabilizes the medial axis
of the object.
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The Algorithm - Step 1

Get a 3D surface triangulation as input. If triangles are toolarge,
re�ne them automatically. Rearrange the triangles such that all
normal vectors point outside.
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The Algorithm - Step 2

Compute the Delaunay tetrahedralization of the vertices.
This �lls the whole space inside and outside the object with
tetrahedra. Problem: Is a tetrahedron inside inside or
outside?

Powercrust solved the problem by utilizing the fact that inner
and outer polar balls do not intersect deeply. But thus the
correctness of the result is vulnerable to a bad sampling of
the input points.

As we require a surface triangulation as input we can use the
normal vectors of the triangles in order to determine if the
tetrahedra are inside or outside.
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The Algorithm - Step 3

The Voronoi cells are computed
from the Delaunay tetrahedral-
ization.

Drop all outside Voronoi ver-
tices. The inner/outer labeling
of the tetrahedra is used for this
purpose.

For each cell determine the
innerPolewhich is the Voronoi
vertex that is farthest from the
sample point.
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The Algorithm - Step 4

Each cell contributes a pole to the medial
axis. But the medial axis is extremely un-
stable. Even this very smooth CAD model
does not have a small, thin medial axis as one
would expect.

A postprocessing step is required that approx-
imates the medial axis with a few points.
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The Algorithm - Step 5

Postprocessing: A big number of poles approximates the medial
axis. We assign these poles to a small number of clusters and
�nally represent these clusters by just one point.

Generate a small setC of cluster-objects. Initialize:
8c 2 C : c:members:empty();
8c 2 C : c:center = random_pole;

do
{

Assign each pole to thecluster with the nearestcenter.
For each clusterc:
c:center = centerOfGravity (c:members).

} while(Membership_changes_occured)
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The Algorithm - Step 5

The medial axis before and after the postprocessing step:
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3D - Results

While this was Powercrusts (intermediate) result:
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3D - Results

This is the result of our software:

Nevertheless the software is not ready yet. Some kind of error
measure must be de�ned and implemented.
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A new application for the same in 2D
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A new application for the same in 2D

Modelling Bearing Slackness
"Error workspace analysis of planar mechanisms" [3]

Bearings that suffer from manufacturing tolerance
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A new application for the same in 2D

Modelling Bearing Slackness
"Error workspace analysis of planar mechanisms" [3]

Pins of a rigid machine part are mounted at the bearings. A planar
system with joint clearance.
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A new application for the same in 2D

Modelling Bearing Slackness
"Error workspace analysis of planar mechanisms" [3]

The error workspace (the unconstrained motion) of the system is
to be computed.
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A new application for the same in 2D

Modelling Bearing Slackness
"Error workspace analysis of planar mechanisms" [3]

The shapes of the three inaccurate bearings are given as polygons.
For fast computation of the error workspace, the polygons are
replaced by circles!
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Implementation
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Implementation Details - The Error "

Input: Polygon and maximum error" . Theerror " is the
distance (relative to the size of the polygon) a circle may
overlap.
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Implementation Details - The Error "

Input: Polygon and maximum error" . Theerror " is the
distance (relative to the size of the polygon) a circle may
overlap.

Output: A postscript visualization and a list of circles that
guarantees:

The polygon is completely covered by the circles
No circle exceeds the maximum error
The result is nearly optimal for small errors
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Implementation Details - Medial Axis

The optimal result can only have circles at the medial axis ofthe
polygon.

The medial axis within the polygon is part of the Segment Voronoi
Diagram which can be computed inO(n log(n)) time. It consists
of:

Line segments

Parabolas
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The 2D Algorithm - Step 1

Compute the medial axis. Find all points (the black crosses in the
�gure below) where the medial axis elements touch in their
endpoints. Determine the smallest distanced from there to one of
the associated segments of the polygon.
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The 2D Algorithm - Step 2

Draw circles withr = d + " around these points. It is guaranteed
that the error" is kept because the centers of the circles are at the
medial axis.

This step subdivides the polygon into independent uncovered parts
which have just one medial axis element. Two kinds of uncovered
parts arise: Either the associated medial axis element is a line
segment or it is a parabola.
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The 2D Algorithm - Step 3

Iteratively �ll all gaps with circles whose associated medial axis
elements are line segments. The formula needed to place the
circles follows from trigonometry:

x =
" tan 2(� )�

p
" 2 tan 4(� )+ tan 2(� )(2 " l + " 2)

sin (� )
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The 2D Algorithm - Step 4

If a partially uncovered segments has a parabolaa as medial axis
element, we generate a second parabolab. The focus ofb is the
�rst uncovered pointp1 of s and its directrix is a linet parallel to
and" belows. The intersection pointp2 of the parabolasa andb is
the center of the circle to be drawn. The radius is the distance
betweenp1 andp2.
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Results

" = 10� 2, 25 circles
" = 10� 4, 234 circles
" = 10� 10, 232 852 circles

Asymtotic time complexity:
O( 1

" ) or O(nlog(n)) in the
numbern of input points.
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Results

" = 10� 2, 25 circles
" = 10� 4, 234 circles
" = 10� 10, 232 852 circles

Asymtotic time complexity:
O( 1

" ) or O(nlog(n)) in the
numbern of input points.

A "Filtered Kernel" provides exact and ef�cient predicatesand
prevents stability issues.
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Results

A polgon that is approximated by 210 circles. The Error" is
0.0001 of the polygons range.

The polygon and one of its corners, magni�ed by factor 4096
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