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Parametric Curves

u € [0, 1]

n
x(u) 1= ) pi(u)b; w; Basis functions
= b, coefficients (€ R2)

N

N
min Z HC—P-H =m| Z
U,

]:1 J? Z]:]_

> wi(uj)b; — P

1=0

Non-linear optimization problem in N 4+ 2(n 4 1) unknowns!



Parametric Curves

e Gauss-Newton for u, b; (Speer, Kuppe, Hoschek, 1998)

e Alternating method: Fix {u;}jzl..N solve for {b;};—0.n
update the {u;f}jzl._N.(Hoschek, 1993, Rogers 1989)

N 2
e TDM min 3 ||(C - PH)Ny|
j=1
(Blake & Isard, 1998)

e SDM: using quadratic approximant of distance function (Pottmann,
2004)



Abstract Curve Fitting as an Evolution

Cto(pl(t0)7p2(t0)7 s ,pm(t0)>

t: time
p1(tg),...pm(tg): shape parameters



Abstract Curve Fitting as an Evolution

Ct,(p1(t1),p2(t1), ..., pm(t1))



Abstract Curve Fitting as an Evolution

Ctr(p1(t2),p2(t2), ..., Pm(t2))



Abstract Curve Fitting as an Evolution

Ctoo(pl(tOO)aPQ(too)a e 7pm(t00))



Abstract Curve Fitting as an Evolution

Fix a number of points F; on the curve



Abstract Curve Fitting as an Evolution

and velocities V ; in these points



Abstract Curve Fitting as an Evolution
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Abstract Curve Fitting as an Evolution

e ;i footpoints of P;

e V,;. same magnitude in normal directionas P; — F; =: D;



Abstract Curve Fitting as an Evolution

min H(Vj -D)TN;



Abstract Curve Fitting as an Evolution

I

N
min Y ||(V; - DTN,
j=1
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Parametric Curves Revisited

Vi =%¢(uj) 1= > @i(uj)b;(t)
i=0

min g: H(Vj — Dj)TNjHQ
j=1



Parametric Curves Revisited

Vi =%¢(uj) 1= > @i(uj)b;(t)
i=0

N
min Z
j=1

. T
(Z pi(u;)b;(t) — Dj) N
i—0




Parametric Curves Revisited

Vi =%¢(uj) 1= > @i(uj)b;(t)
i=0

. T
min 3° (zgoi(uﬁbi(t)—Dj) N,
) = 1=0

linear in b;(t)

_ _ = solve with Euler-Cauchy
nonlinear in b;(t)

ODE {



Implicit Curves

F = {x e R?|f (x) =0},



Implicit Curves

F = {x e R?|f (x) =0},

with

n 1; Basis functions
f ()= ZO hi(x)e; ¢; coefficients (€ R)
1=



Implicit Curves

Fi = {x € R?|fi(x) = 0},

with

n 1; Basis functions
fi(x) = Z:o Pi(x)ci(t) c; coefficients (€ R)
1=



Implicit Curves

Vi

VT i=—f. .
/ TV £5112

min 3 [[(v, - D,)" |
j=1



Implicit Curves

Vi

V7= —f. .
’ IV £5112

N 2

min )

¢;(t) j=1

( 13V 1 D,>T Vi
_ D,
IV £l IV £l

linear in ¢;(t)

. . = solve with Euler-Cauchy
nonlinear in ¢;(t)

ODE {



Hybrid Curves

N T 2 *%Ur 3
. * |
min > V.—-D;) N *
J J J :
J— 1 L2
N +
.
+ Fbooq,
) 3 2 1 0 g
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Hybrid Curves
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circles lie on implicit curve



Hybrid Curves
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circles lie on implicit curve
crosses on parametric curve



Hybrid Curves

fi
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solve for ¢;, b; crosses on parametric curve



Hybrid Curves

fi
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circles lie on implicit curve
solve for ¢;, b; crosses on parametric curve



Hybrid Curves
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Hybrid Curves

+++ +, ;
o4
+ +
+ +
+ +
+
+
+
+ + Lo
. +
+
+ +
+
+
* + + toboog
o,
+
o0
+
+




Hybrid Curves




Hybrid Curves

bo = (z¢ + rcos(p1),yc + rsin(e1))
b1 = (b§ — A1 sin(p1),bg + A1 cos(p1))



Hybrid Curves

bo = (z¢ + rcos(p1),yc + rsin(e1))
b1 = (b§ — A1 sin(p1),bg + A1 cos(p1))



Hybrid Curves

(b27 b37 SR 7bn—37 bn—Qa LYo, T, P1y P2, >‘17 )‘2>



Hybrid Curves

thin: old iterate
thick: new one
footpoint distances to old iterate
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Gl continuity

o

A B

f(X) L= E : CZ]sz]k(ua v, ’U))
i,7,k€EN
i+j+k=n

with Bwk(u,v,w) = nlkluv wk i+ 5+ k=n.



Gl continuity

]
o

A B

Control points in A and B set to O.



Gl continuity

First control point of parametric curve fixed in A.



Gl continuity




Example
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Cross-section of an airfoil and initial values
red / blue: parametric branches (G° junction)
green: implicit curve of degree 2 (G1 junction)




Conclusion

We introduced a curve fitting method that may be applied to curves in
different representations. For parametric and implicit curves this was
explicitely shown. Moreover, this method allows the construction of Hybrid
Curves that consist of branches in different representations, as shown in
some examples.



Gl continuity, revisited

]
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A B

Triangular Bezier patch, the defining polynomial.
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Triangular Bezier patch, the defining polynomial.



Euler-Cauchy

) T
min > (Z piu;)bi(t) — Dj) N;
(1) j=1 | \i=0

bo

A(bg,by,....bn) ( ; ) — T(bg,by,....bn)

n

solve for (bg, by,...,bn),

update (bg 4+ hbg, by + hbq,...,bn + hbn).



