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Level Set Methods

GeneralSetting

I � � Rn interfaceof codimension1 (hypersurface).
I 
 � Rn open (in generalmultiply connected)set, suchthat

@
 = � :

I ~v a velocity �eld on Rn, dependingon position, time, the
geometryof � and externalphysics.

"Analyze and computethe subsequentmotion of � with
respect to ~v."
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Level Set Methods

LevelSet Function

Model the moving interfaceas zero levelset of a function
� : Rn � [0; T ] ! R, i.e.

�( t ) := f x 2 Rn : �( x; t ) = 0g; � = �( x; 0)

� is at leastLipschitzand satis�es
I �( x; t ) < 0; x 2 
( t ),
I �( x; t ) > 0; x 62
( t ),
I �( x; t ) = 0; x 2 @
( t ).

[S. Osher,J.A. Sethian1988]
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Level Set Methods

LevelSet Dictionary

Relationsbetweenintrinsic geometricalpropertiesof �( t ) and �:

~n(x; t ) =
r �( x; t )
jr �( x; t )j

; unit normal

� (x; t ) = �r � ~n(x); meancurvature

Feasablechoicefor �( x; 0) is the signeddistancefunction d(x)
w.r.t. �:

d(x) =

8
><

>:

� d(x; �) x 2 
 ;

d(x; �) x 62
 ;

0 x 2 � :
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Level Set Methods

LevelSet Equation

Evolution of levelsetswith respect to ~v

@t � + vnjr � j = 0; (vn = ~v � ~n)

�( x; 0) = d(x; 0):

Example:Identifying the velocity �eld along� with its mean
curvature� gives

@t � = jr � jr �
�

r �
jr � j

�
(MCM)

M eanCurvatureM otion Equation.
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Level Set Methods

Example:MCM
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Variational Techniques

Regularization

InverseProblems:X ; Y Hilbertspaces,F : X ! Y and y � 2 Y
measurementdata. Solvethe ill-posedoperator equation(e.g. F
linear and compact)

F(u) = y � :

Approximation by Tikhonov Regularization

~u = argminu2 X

n
kF(u) � y � k2

Y + � ku � u0k2
X

o

� > 0 and u0 2 X initial guess(a-priori knowledge).

Klaus Frick
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Variational Techniques

ImageProcessing


 � R2 and X = Y = L2(
). Total Variation Regularization

~u = argminu2 L2(
)

� Z



(F(u) � y � )2 + � jr ujdx

�

I y � = noisyimage.
I F(u)(x) = u(x) ) Denoising.
I F(u)(x) =

R

 k(x; y)u(y)dy ) Deblurring.

[S. Osher,L. Rudin, E. Fatemi 1992]
[R. Acar, C.R. Vogel1994]
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Variational Techniques

Example
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Figure: Top: Cleanand noisyimage(20%). Bottom: Minimzer for
� = 0:1; 0:3
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Variational Techniques

VariationalLevelSet Methods

Idea:

"Applying variational methods on levelset functions"

I Surface(image) denoising.
I Iterative regularization , levelset evolution(ScaleSpaces)

Klaus Frick
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Motivation

SamplingError

Considerlevelset function � : Rn ! R and levelsets
� c = f x 2 Rn : �( x) = cg. We assume

I H n� 1(� c) < 1 ; 8c 2 R.
I � c is locally Lipschitz.

For x 2 Rn choosean ON system(� x
1 ; : : : ; � x

n� 1) in Tx � �( x) such
that

(� x
1 ; : : : ; � x

n� 1; � x )

forms an ON basisof Rn.
�

� x unit normal to Tx � �( x)
�
.

Klaus Frick
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Motivation

Error Model
� x multi dimensionalnoiseprocesson Rn, i.e. for all x a random
vector on Rn (e.g. � x = � = N(0; �) ). If � 2 Rn is a
representationof � x we model

� � (x) := �( x + � ); � �
�( x) := � � � (x) :
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Figure: Original and noisycontour. Noiselevel: � = 3
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Motivation

Approximation

Taylor seriesexpansionyields

� � (x) � �( x) +
n� 1X

i =1

@�
@� x

i
(x)h� ; � x

i i +
@�
@� x (x)h� ; � x i

= �( x) +
@�
@� x (x)� � : (a.e. in Rn)

Approximation of errors in normal direction:

j� � j �
j� � (x) � �( x)j

j @�
@� x (x)j

=
j� � (x) � �( x)j

jr �( x)j
:

Klaus Frick
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Motivation

CumulatedError

Measureof cumulatedsamplingerror on Rn by co area formula:

Z

R

" Z

�( c)
� 2

� dH n� 1

#

dc =
Z

R

" Z

�( c)

(� � (x) � �( x))2

jr �( x)j2
dH n� 1

#

dc

=
Z

Rn

(� � (x) � �( x))2

jr �( x)j
dx

Measurethe distancebetweenall levelsetsof � � and � .
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Iterative Regularization

GeneralSetting

I 
 � Rn domainwith Lipschitzboundary.
I X Banachspaceof real valuedfunctionsde�ned on 
,

F : X ! R [ f1g and � � 2 X .
I Regularization parameter� > 0.
I S : X � X ! R+ [ f1g

De�ne
I (�; � � ; � ) := S(� ; � � )(x) + � F(�) :

Klaus Frick
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Iterative Regularization

IterativeRegularization

Let t > 0, n 2 N and � t = t =n. For k = 1; : : : ; n

� n
0 := � delta

� n
k := argminI (�; � n

k� 1; � t ); (if exists)

De�ne time dependentfunction � n(t ) := � n
n

Question:
lim

n!1
� n(t ) =?

Klaus Frick
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Iterative Regularization

ConvexCase

X Hilbertspace,� � 2 X and F : X ! R [ f1g is proper, convex
and lower semicontinuous.

S(�; � � ) = k� � � � k2
X

Then
I �( t ) := limn!1 � n(t ) exists8t > 0
I �( t ) solves

0 2
d
dt

�( t ) + @F(�) :

[M. G. Crandall,T. M. Ligett (1971)]
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Iterative Regularization

SpecialCase

X = L2(
) and

F(�) :=
Z



jr �( x)jdx:

Total Variation (TV) Regularization. Associated PDE

d
dt

�( t ) = r �
r �
jr � j

:

Total Variation Flow Equation.

Klaus Frick
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Iterative Regularization

GeometricalSetting

Insteadof k � k2
L2 useweightedcumulativelevelset distance

S(� ; � � ) =
Z




(� � � � )2(x)
2a � jr �( x)j

dx; a 2 L1 (
)

and genericregularization term

F(�) =
Z



b � jr �( x)j + c � �( x)dx; b; c; 2 L1 (
)

Problem: No theory for limn!1 � n(t )!

Klaus Frick
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Iterative Regularization

Optimality Condition

Assume,that I (� n
k ) = inf � 2 X I (� ; � t ; � n

k� 1) satis�es

� n(t ) � � n(t � � t )
� t

2 � A(� n(t ); � t ; � n(t � � t )) =

(formally via EulerLagrangeequationof I )

= ajr � n(t )j
�

r �
��

b �
(� n(t ) � � n(t � � t ))2

2� t jr � n(t )j2a

�
r � n(t )
jr � n(t )j

�
+ c

�
:

Klaus Frick
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Iterative Regularization

Takingthe Limit

If
lim

n!1
� n(t ) = �( t )

exists,we get

(G) @t � = ajr � j
�

r �
�
b

r �
jr � j

�
+ c

�
;

�(0 ; x) = � � (x):

providedthat

lim
n!1

(� n(t ) � � n(t � � t ))2

2� t jr � n(t )j2
= lim

n!1
(@t �) 2 � t

2jr � n(t )j2
= 0:

Klaus Frick
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Relaxation over BV(
)

Non-convexBV Regularization

Suitablefunction space:BV(
) with L1(
) topology. Rede�ne
I : BV(
) ! R [ f1g

I (�) = S(� ; � � ) + � F(�) ;

wherewe set

F(�) :=
Z



c(x) � �( x)dx +

Z



b(x)djD� j(x):

and
jD� j = jr � jdx + jDs� j:

Klaus Frick
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Relaxation over BV(
)

RelaxationoverBV(
)

Major Problem:

I (�) is not lower semicontinuous(l.s.c.) w.r.t. L1(
) topologyof
BV(
).

Idea: ReplaceI by largest l.s.c. functional R(I ), suchthat
R(I ) � I .

R(I ) = inff lim inf
k!1

I (� k ) : f � kgk2 N � BV(
) ; k� � � kkL1 ! 0g:

R(I ) ... relaxationof I over BV(
).

Klaus Frick

Variational Level Set Methods



Preliminaries Variational Principles and Level Sets Numerical Simulations and Outlook

Relaxation over BV(
)

Propertiesof R(I )

So far:
I R(I ) is L1 lower semicontinuous.
I R(I ) is proper (i.e. R(I ) 6� 1 ).

Problems:

1. For existenceof a minimizerwe additionallyneedcoercivity of
R(I ).

2. De�nition of R(I ) is inconvenientfor numerical
implementation.

Klaus Frick
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Relaxation over BV(
)

IntegralRepresentation

Let � 0; a; c 2 L1 (
) and b 2 C(
). If thereexistC > 0, suchthat

1
C

� f a; bg � C

then we havethe integral representation

R(I )(�) =
Z

fc(x; � ; r �) + � c � �d x + �
Z



b djDs� j(x):

fc is the convexhull of

f (x; � ; �) : A !
(� � � � (x))2

2a � jAj
+ � b � jAj:

Klaus Frick
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Relaxation over BV(
)

Existenceof Minimizer

R(I ) is coerciveon BV(
), if

jc(x)j <

s
b(x)

2� a(x)
; x 2 
 :

Then there exits 	 2 BV(
), suchthat

R(I )(	) = inff R(I )(�) : � 2 BV(
) g:

	 is a generalizedminimizerof I , i.e.

	 = argmin(I ) ) 	 = argminR(I ):

Klaus Frick
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Surface/Image Denoising

ParameterSetting

Setting a; b � 1 and c � 0. Energyfunctional:

I (�) =
Z




(� � (x) � �( x))2

jr �( x)j
dx + � jD� j(
) ; (NCBV)

[Grasmair,Lenzen,Obereder,Scherzerand Fuchs(2005)]
Associated PDE:

@t � = �jr � j� (MCM)

[Evans,Spruck (1991)]
I SurfaceDenoising.
I Image= Union of its levelsets) ImageDenoising.

Klaus Frick
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Surface/Image Denoising

SurfaceDenoising
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Figure: Original data, noisydata and argmin(R(I )) for � = 10
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Surface/Image Denoising

ImageDenoising

Figure: Original image,noisyImageand argmin(R(I )) for � = 10
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Segmentation

Preliminaries

I Gray level imageI : 
 � Rn ! R.
I Aim: Determineinterfacesbetweenobjectsin I .
I "Objects" in I = subsetsof 
 with low contrast change.
I "Interfaces" = strong variation of gray values/discontinuities

in I .
I Smoothed imageI � K� hashigh gradientsalongobject

boundaries.
I Idea: Usepropagatingcurveswith appropriate stoping

function (dependenton I ), e.g.

g(x) =
1

1 + jr I � K� jp
; p = 1; 2:

Klaus Frick
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Segmentation

ParameterSetting

Setting a; b = g and � c = � > 0. Energyfunctional:

Z




(� � � � )2(x)
2g(x) � jr �( x)j

� � � �( x)dx +
Z



g(x)djD� j(
)

[Frick, Scherzer(2005)]
Associated PDE:

@t � = g(x)jr � j(� + � ) + r g(x)r �

[Caselles,Catt�e, Coll, Dibos (1992)]
[Caselles,Kimmel, Sapiro,Sbert (1997)]

Klaus Frick
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Segmentation

Example
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Outlook: InverseScale Spaces

SmoothedNormals
Let � � 2 L1 (
) be a noisyimage/surface.Denoisingin 2 steps
(formally)

1. Calculatesmoothed function

� 1 = argmin� 2 L2(
)

n
k� � � � k2

L2(
) + �
Z



jr � jdx

o

and set n1 = r � 1
jr � 1j .

2. Calculate

� 2 = argmin� 2 L2(
)

n
k� � � � k2

L2(
)| {z }
Fitting of data

+ �
Z



jr � j � n1r �d x

| {z }
Fitting of normals

o

Klaus Frick
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Outlook: InverseScale Spaces

IterativeProcedure1

EquivalentAlgorithm: J(�) =
R


 jr � jdx
I Set � 0 = 0 and p0 = 0.
I For k = 0; 1; 2; : : :

� k+1 = argmin� 2 L2(
)

n
k� � � � k2

L2(
) dx + � DJ (� ; � k )
o

pk+1 2 @J(uk+1 )

Where

DJ(� ; � k ) = J(�) + J(� k ) + hp; � � � k i ; p 2 @J(uk )

is the BregmanDistanceof � and � k w.r.t. J

Klaus Frick
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Outlook: InverseScale Spaces

IterativeProcedure2

EquivalentAlgorithm:
I Set � 0 = 0 and 	 0 = 0.
I For k = 0; 1; 2; : : :

� k+1 = argmin� 2 L2(
)

n
k� � (� � + 	 k )k2

L2(
) + �
Z



jr � jdx

o

	 k+1 = 	 k + � � � � k+1 :

Conjecture:
� k ! � � ; as k ! 1 :

) "InverseScaleSpace".
[Osher,Burger,Goldfarb, Xu and Yin (2004)]

Klaus Frick
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Outlook: InverseScale Spaces

Example
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Figure: Original and noisycontour. Reconstructionfor � = 20 and
k = 19
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Outlook: InverseScale Spaces

Example
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Figure: Movie: � = 20
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Outlook: InverseScale Spaces

Adaptionfor LevelSet Distance

I Set � 0 = 0 and 	 0 = 0.
I For k = 0; 1; 2; : : :

� k+1 = argmin� 2 L2(
)

n Z




[� � (� � + 	 k )]2

jr � j
+ � jr � jdx

o

	 k+1 = 	 k + � � � � k+1 :

Not equivalentto regularization usingBregmanDistance(i.e.
normal smoothing process).Open Questions

I Interpretation.
I limk!1 � k = ?.

Klaus Frick
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Outlook: InverseScale Spaces

Example:Bregman
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Figure: Left: � = 50; k = 8, right: � = 200; k = 45
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Outlook: InverseScale Spaces

Example:Bregman
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Figure: Movie: � = 200
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Outlook: InverseScale Spaces

Example:AddedNoise
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Figure: Left: � = 50; k = 5, right: � = 200; k = 14
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Outlook: InverseScale Spaces

Example:AddedNoise
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Figure: Movie: � = 200
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Outlook: InverseScale Spaces

Conclusion

Feasablemodel for surfaceprocessingtasks(denoising,
segmentation,... ): levelset method

I Globaldescriptionof a surface
I Topology changes(mergingand splitting) are handled

automatically.

Combinationwith variational techniques:Measureof the
cumulateddistanceof all levelsetsof � and noisymeasurement
data � � insteadof L2 norm.

D(� ; � � ) :=
Z




(�( x) � � � (x))2

2jr �( x)j
dx:

Klaus Frick
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Outlook: InverseScale Spaces

The End

Questions ??
Remarks ??

Klaus Frick
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