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Level Set Methods

GeneralSetting

[ R" interfaceof codimensionl (hypersurfacg.
[ R" open (in generalmultiply connected)set, suchthat

@ =

I » avelccity eld on R", dependingon position, time, the
geometryof and externalphysics.

"Analyze and computethe subsequeninotion of with
resgect to v."
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Level Set Methods

LevelSet Function

Model the movinginterfaceas zerolevelset of a function
R" [0;T]! R,ie.

(t):=fx2R": ( x;t) = Og; = ( x;0)

is at leastLipschitzand satis es
I (x;t) < 0;x2 (1),

I (x;t) > 0; x62( 1),

o (x;t)=0;x2 @ t).

[S. Osher,J.A. Sethian1988]
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Level Set Methods

LevelSet Dictionay

Relationsbetweenintrinsic geometricalpropertiesof (t) and :

r ( x;t) .
A(x;t) = ——=; unit namal
(xit) jr ( x;t)]
(x;t) = r A(x); meancurvature

Feasablechoicefor ( x;0) is the signeddistancefunction d(x)

w.r.t. 8
2 dx;) x2
d(x) = S d(x;) X 62 ;
"0 X 2
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Level Set Methods

LevelSet Equation

Evolution of levelsetswith respect to »

@ +wvjr j = 0 (va=v n)
( x;0) d(x; 0):

Example:ldentifying the velccity eld along with its mean
curvature gives

r
@ =jr jr — MCM
irj ] ( )

M ean Curvature M otion Equation.
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Level Set Methods

Example:MCM
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Variational Techniques

Regulaization

InverseProblems: X ;Y HilbertspacesF : X! Y andy 2Y
measurementata. Solvethe ill-posedoperata equation(e.g. F
linea and compact)

Fuy=y:

Approximation by Tikhonov Regulaization

n 0
&= agming,y, kF(u) y ki + ku u’k%

> 0 andu® 2 X initial guess(a-priori knowledge).
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Variational Techniques

ImageProcessing

RZandX = Y = L?(). Total Variation Regulaization
VA
b = argminy; 2y (F(u) y)%+ jr ujdx

Iy = noisyimage.
I F(u)(x) = lFle(X) ) Denoising
I Fu)(x) = k(x;y)u(y)dy ) Deblurring

[S. Osher,L. Rudin, E. Fatemi 1992]
[R. Acar, C.R.Vogel 1994]
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Variational Techniques

Example

Figure: Top: Cleanand noisyimage(20%). Bottom: Minimzer for
= 0:1;0:3
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Variational Techniques

Variational LevelSet Methods

Idea:

"Applying variational methads on levelset functions”

I Surface(image) denoising.
I Iterative regulaization, levelset evolution(ScaleSpaces)
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Motivation

SamplingErrar

Considerevelsetfunction :R"! R andlevelsets
c=fx2R": ( x) = cg. Weassume
I H" 1()<1; 8c2R.
I ¢ islocally Lipschitz.

For x 2 R" choosean ON system( 1;:::; X 1) in Ty (4 such
that

forms an ON basisof R".  * unit namalto Ty ( y)
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Motivation

Erra Model

« multi dimensionahoiseprocesson R", i.e. for all x a random
vecta onR" (e.g. x= =N(0;) ). If 2R"isa
representationof  we model

(x)= (x+ ) (%)~ )"

%0 F) E) 0 e %0

Figure: Original and noisy contour. Noiselevel: = 3
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Motivation

Approximation

Taylor seriesexpansioryields

@ i, @k
(x) (x)+ B @iX(X)h, i @(X)h, i
= (x)+ gx (x) : (ae.inR")

Approximation of erras in normal direction:
P ) (i1 () (X))
19 ()] ir (i
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Motivation

CumulatedError

Measureof cumulatedsamplingerra on R" by co areaformula:

z "'z # z "z #
2gH" 1 dc = () (.ZX))ZdH” L dc
R (¢ R (¢ Ir (X))
I G N EOEN
rn U (X))

Measurethe distancebetweenall level setsof and
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Iterative Regulaization

GeneralSetting

[ R" domainwith Lipschitzbounday.

I X Banachspaceof real valuedfunctionsde ned on
F:X! R[flg and 2 X.

I Regulaization parameter > 0.
I S:X X! R'J[ flg

De ne

IG; 5 )=S(; XX+ F():
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Iterative Regulaization

Iterative Regulaization

Lett>0,n2Nand t=t=n. Fork=1;::::n

no= delta
ko= agminl(; @ o4 t);  (if exists)
De ne time dependentfunction "(t) := ]
Question:
i n =7
im0
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Iterative Regulaization

ConvexCase

X Hilbertspace, 2 X andF :X ! R][ flg is proper, convex
and lower semicontinuous.

S(; )=k k&

Then
I(t) = limpy N(t) exists8t > 0
I ( t) solves

d :
02 - (O)+@():

[M. G. Crandall, T. M. Ligett (1971)]
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Iterative Regulaization

SpecialCase

X = L?() and 7
F() = jr ( x)jdx:
Total Variation (TV) Regulaization. Assaiated PDE

d ro

Total Variation Flow Equation

Klaus Frick
Variational Level Set Methods



Variational Principles and Level Sets

[o]e]e]e] Tele}

Iterative Regulaization

Geometricabetting

Insteadof k kfz useweighted cumulativelevel set distance
Z

oy )2(X) . 1
S(; )= 22t (%] dx; a2L" ()
and genericregulaization term
z
F(O) = bjr (xj+c (xdx; bic;2 L ()

Problem: No theay for limp1 ()
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Iterative Regulaization

Optimality Condition

Assumethat I( ) =inf >x I( ; t; g ;) satises

"t Mt )
t

20 AC ()t "t )=
(formally via Euler Lagrangeequationof |)

p (MM e ) v ()

—_ H n H
=ar O 2 G "OFa  r (0]
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Iterative Regulaization

Takingthe Limit

If
H n —
dim () = (1)
exists,we get
G @ =& jr b— +c;
ro
©O:x) = (X
providedthat
N G (O T (O ) 2 t o _
N G e (@) e T ©
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Relaxation over BV()

Non-convexBV Regulaization

Suitablefunction space:BV() with L'() topology Rede ne
I :BV() ! RJ fig

1() =S(C; )+ FQO;

wherewe set
Z Z

F() := c(x) ( x)dx+ b(x)djD j(x):

and
jD j=jr jdx+jD® j:
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Relaxation over BV()

RelaxationoverBV()

Major Problem:

I() isnot lower semicontinuous(l.s.c.) w.r.t. L1() topology of
BV().

Idea: Replacel by largestl.s.c. functional R(l), suchthat
R() .

R() = inffliminf1( ) :f kgen  BV() ik k! 0g:

R(l) ... relaxationof | overBV().
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Relaxation over BV()

Propertiesof R(I)

Sofar:
I R(l) is L lower semicontinuous.
I R(l) is proper (i.e. R(1) 6 1 ).
Problems:
1. For existenceof a minimizerwe additionally needcoercivity of
R(I).
2. De nition of R(l) is inconvenientfor numerical
implementation.
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Relaxation over BV()

IntegralRepesentation

Let %ac2L!() andb2 C(). IfthereexistC > 0, suchthat

é faybg C
then we havethe integral regresentation
Z Z
R(IN() = fe(x; ;r) + ¢ dx+ bdiD® j(x):

fc is the convexhull of

(o0,
2a jAj
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Relaxation over BV()

Existenceof Minimizer

R(1) is coerciveon BV(), if
S

b(x) .
2 a(x)’

je(x)j <

Thenthereexits 2 BV(), suchthat
R(N() =inffR)() : 2BV() g
is a generalizedninimizerof I, i.e.

= argmin(l) ) = argminR(l):
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Surface/lmage Denoising

ParameterSetting
Settinga;b 1andc 0. Energyfunctional:

Z
g = L0000 ip i) ; (es)

r (X))

[Grasmair,Lenzen,Obereder,Scherzerand Fuchs (2005)]
Assciated PDE:

@ =jr j (MCM)

[Evans,Spruck (1991)]
I SurfaceDenoising.
I Image= Union of its levelsets) ImageDenoising.
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Surface/lmage Denoising

SurfaceDenoising

250) 250) 250)
200) 200) 200)
150 150) 150
100 100) 100
50 50 50
E) 100 =0 20 0 E] 00 0 20 20 E 100 =0 20 0

Figure: Original data, noisydata and argmin(R(l)) for = 10

Klaus Frick

Variational Level Set Methods



Numerical Simulations and Outlook
ooe

Surface/lmage Denoising

ImageDenoising

Figure: Originalimage,noisyImageand argmin(R(1)) for = 10
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Numerical Simulations and Outlook
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Segmentation

Preliminaies

Gray levelimagel : R"! R.

Aim: Determineinterfacesbetweenobjectsin I.

"Objects" in | = subsetsof  with low contrastchange.
"Interfaces" = strong variation of gray values/discontinuities
inl.

Smoothedimagel K hashigh gradientsalong object
boundaies.

Idea: Usepropagatingcurveswith appropriate stoping
function (dependenton 1), e.g.

1

g(x) = m; p=12
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Segmentation

ParameterSetting

Settinga;b= g and c= > 0. Energyfunctional:

z z
() o
200x) it ( X)i (x)dx+  g(x)diD j()

[Frick, Scherzer(2005)]
Assciated PDE:

@ =g J( + )+ rgXxr

[CasellesCatte, Coll, Dibos (1992)]
[CasellesKimmel, Sapiro, Sbert (1997)]
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Segmentation

Example
Solution of PDE at time t=0* Dt Oth minimizer witha =Dt
300 300
250 250
200 200
150 150
100 100
50 50
00 100 200 300 o0 100 200 300
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Outlook: Inverse Scale Spaces

Smamthed Normals

Let 2L () beanoisyimage/surface.Denoisingin 2 steps

(formally)
1. Calculatesmaoothed function
n z 0
1= agmin , 2, K KZzy + jr o jdx

andsetn; = jrr L.

2. Calculate
n Z 0
2= agmin , 2y Kk kfz() + ir j mr o dx
| —fz—} z }

Fitting of data Fitting of normals
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Outlook: Inverse Scale Spaces

lterative Procedurel

EquivalentAlgarithm: J() = R jrjdx
I Set o= 0andpy = 0.
I Fork=01,2;:::
o]

n
dx+ Dy( ; «)

1 = agmin iz Kk K22
Psr 2 @(Uk+1)

Where
Do( 5 W)=30) +3( «)+ Mo ki; P2 @(uk)

is the BregmanDistanceof and | w.r.t. J
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Outlook: Inverse Scale Spaces

Iterative Procedure2

EquivalentAlgorithm:
I Set g=0and o= 0.
I Fork=0;1,2;:::
n Z 0
agmin 120 ko ( + )kl jr o jdx

k+1
k#l = kKt k+1 -

Conjecture:
K ! pask! 1:

) "InverseScaleSpace".
[Osher,Burger, Goldfab, Xu and Yin (2004)]
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Outlook: Inverse Scale Spaces

Example
Figure: Original and noisy contour. Reconstructionfor = 20 and
k=19
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Example
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Outlook: Inverse Scale Spaces

Adaptionfor LevelSet Distance

I Set o= 0and o= 0.

I Fork=0;1,2;:::
Z
. : + 02, . 0
kvl = argmin , 2 [ (jr j Kl + jr jdx
k+el = kKt k+1 -

Not equivalentto regulaization using BregmanDistance(i.e.
narmal smaothing process). Open Questions

I Interpretation.
| Iimk!]_ Kk = ?.
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Outlook: Inverse Scale Spaces

Example:Bregman

250f 1 2s0F T |
200 4 2000 4
150 1501
100F 4 1000 4
50 4 sof 4
50 100 150 200 250 50 100 150 200 250

Figure: Left: = 50;k = 8, right: = 200k = 45
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Outlook: Inverse Scale Spaces

Example:Bregman

50 100 1‘50 2(;0 250
Figure: Movie: = 200
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Outlook: Inverse Scale Spaces

Example:AddedNoise

Figure: Left: = 50;k = 5, right: = 200k = 14
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Outlook: Inverse Scale Spaces

Example:AddedNoise

L L
50 100 150 200 250

Figure: Movie: = 200
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Outlook: Inverse Scale Spaces

Conclusion

Feasablemodel for surfaceprocessingasks (denoising,
segmentation,... ). levelset methad

I Globaldescriptionof a surface

| Topology changegmergingand splitting) are handled
automatically

Combinationwith variational techniques:Measureof the
cumulateddistanceof all levelsetsof and noisymeasurement
data  insteadof L? norm.

v
oy (x) ()2 . .
D(: ):= a0
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Outlook: Inverse Scale Spaces

The End

Questions ??
Remarks ?7?
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