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Overview

• Coordinates

• Geometries: Mappings

• Geometries: Invariants

• Bézier Curves



Coordinates (d = 2)

• Affine / Cartesian coordinates

• Barycentric coordinates

• Homogeneous coordinates

• Projective coordinates



Affine Coordinates

x = (x1, x2)
>

Cartesian Coordinates:
• unit lengths
• orthogonal axes
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Barycentric coordinates

v1,v2,v3: basis triangle

x = ξ1v1 + ξ2v2 + ξ3v3

1 = ξ1 + ξ2 + ξ3
0
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det


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1 1 1
x1 vi+1,1 vi+2,1
x2 vi+1,2 vi+2,2




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det
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1 1 1
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vi,2 v2,2 v3,2
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

=
area 4 x,vi+1,vi+2

area 4 v1,v2,v3

(indices counted modulo 3)



Homogeneous coordinates

Points are identified with 1-dim sub-
spaces:

x̃ =̇ (x̃0, x̃1, x̃2)
>

1 : x1 : x2 = x̃0 : x̃1 : x̃2

xi = x̃i/x̃0

x̃i = 0 ⇔ points at infinity
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Homogeneous coordinates of hyperplanes (d = 2)

Lines are identified with 2-dim subspaces:

L̃ = (L̃0, L̃1, L̃2)
>

Equation of a line:

0 = L̃>x̃ = L̃0x̃0 + L̃1x̃1 + L̃2x̃2

Two points p̃, q̃ span the line L̃ = p̃ ∨ q̃.

Two lines L̃, K̃ intersect in the point p̃ = L̃ ∧ K̃

Computation of ∨,∧: usual cross-product



Projective coordinates

x̂ = (x̃0, x̃1, x̃2)
>

x̂ =̇ A


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




, A ∈ R

3×3, constant
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. . . are determined by the d+ 1 basis points b̃i,
b̃1 = (1,0,0)> etc., and the unit point u = (1,1,1)>

Hyperplanes, ∨,∧: as for homogeneous coordinates.



Homogeneous coordinates are special projective coordinates

basis points: origin and infinite points of the axes

unit point: u = (1,1)>

A = identity matrix (or multiple thereof)

B B

B

U

1

2

0



Barycentric coordinates are special projective coordinates

basis points: vertices of the domain triangle

unit point: barycenter of the domain triangle
(

1

3
,
1

3
,
1

3

)>
=̇ (1,1,1)>

+ additional normalization: p̂0 + p̂1 + p̂2 = 1

for finite points

points at infinity satisfy p̂0 + p̂1 + p̂2 = 0
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Mappings

• Projective transformations

• Affine transformations

• Euclidean similarities

• Absolute figures



Projective transformations

Points are transformed according to

π : p̃ 7→ p̃′ = P p̃

p̃, p̃′: homogeneous coordinates

P: non-singular matrix

Hyperplanes are transformed according to

π : L̃ 7→ L̃′ = (P>)−1L̃

L̃, L̃′: homogeneous hyperplane coordinates



Affine transformations

are special projective transformations

α : p̃ 7→ p̃′ = Ap̃ with







a 0 0
av1 ab11 ab12
av2 ab21 ab22







[p̃, p̃′: homogeneous coordinates]

or

α : p 7→ p′ =

(

v1
v2

)

+

(

b11 b12
b21 b22

)

p

[p,p′ affine coordinates]

a 6= 0, b11b22 − b21b12 6= 0

translations, rotations, axial scalings



Euclidean similarities

are special affine transformations

σ : p̃ 7→ p̃′ =







a 0 0
av1 ab11 ab12
av2 ab21 ab22







or

σ : p 7→ p′ =

(

v1
v2

)

+

(

b11 b12
b21 b22

)

p

a 6= 0, (bij) = constant multiple of an orthogonal matrix

uniform scaling ◦ translation ◦ rotation [◦ reflection ]



Absolute figures

• Line (hyperplane) at infinity p̃0 = 0 = collection of all points at infinity

• “circle points at infinity”

c̃1 = (0,1, i), c̃2 = (0,1,−i)

= common intersection of all circles:

(x1 −m1)
2 + (x2 −m2)

2 = r2

(x̃1 − x̃0m1)
2 + (x̃2 − x̃0m2)

2 = x̃20r
2

intersection with line at infinity: x̃0 = 0

x̃21 + x̃22 = 0

⇒ Two conjugate complex points!



Characterization of affine transformations and Euclidean similarities

affine transformations: all projective transformations that map the line (hyper-
plane) at infinity into itself
Euclidean similarities: all affine transformations that map the circle points at
infinity into themselves

PSfrag replacements
Transformation groups

projective transformations

affine transformations

Euclidean similarities

Absolute figures

hyperplane

∅

hyperplane + conic (w/o real points)



Non-Euclidean geometries

correspond to other absolute figures:

Elliptic geometry: x̃2
0 + x̃21 + x̃22 = 0 (empty conic)

Hyperbolic geometry: x̃20 + x̃21 − x̃22 = 0 (real conic)

Pseudo-Euclidean geometry (Minkowsky geometry):

x̃0 = 0 and c̃1 = (0,1,1) c̃2 = (0,1,−1) (line + 2 real points)



Invariants

• Projective transformations: cross ratios

• Affine transformations: ratios

• Euclidean similarities: angles



The cross ratio

Consider 4 collinear points ã, b̃, p̃, q̃

ã = λ0p̃ + λ1q̃, b̃ = µp̃ + µ1q̃

PSfrag replacements

a
b

q
p

The cross ratio cr(a, b, p, q) =
λ0

λ1
:
µ0

µ1

is invariant
1) under projective mappings x̃ 7→ P x̃

2) under renormalizations x̃ ; γx̃ (γ 6= 0)



The ratio

Consider 3 collinear points a,p,q

a = λ0p + λ1q, λ0 + λ1 = 1

PSfrag replacements

a

q

p

The ratio ratio (a,p,q) =
λ0

λ1

is invariant under affine mappings x 7→ v + Ax



The ratio is a special cross ratio:

Consider 4 points on the line p̃2 = 0, b̃ at infinity:

ã =







1
a
0






b̃ =







0
1
0






p̃ =







1
p
0






q̃ =







1
q
0







ã = λ0p̃ + λ1q̃ ⇒ λ0 =
q − a

q − p
, λ1 =

a− p

q − p

b̃ = µ0p̃ + µ1q̃ ⇒ µ0 =
1

p− q
, µ1 = −

1

p− q

cr(ã, b̃, p̃, q̃) = −
q − a

a− p
= −ratio(a,p,q)

holds whenever b̃ is the point at infinity of the line through ã, p̃, q̃



Absolute figure and invariants

• Projective mappings are affine mappings if
and only if they leave the hyperplane at infi-
nity invariant.

• Projective mappings, that leave the hyper-
plane at infinity invariant, preserve the ratio
of three collinear points.

PSfrag replacements

π

∞
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a′
p′
q′

b′



The angle between two lines

L̃1 = (a, cosϕ, sinϕ) L̃2 = (b, cosψ, sinψ)

intersect line at infinity in

l̃1 = (0,− sinϕ, cosϕ) l̃2 = (0,− sinψ, cosψ)

cr(̃l1, l̃2, c̃1, c̃2) =?

Recall: c̃1 = (0, i,1), c̃2 = (0,−i,1) are the circle points at infinity



By Euler’s formula:

2̃l1 = eiϕc̃1 + e−iϕc̃2, 2̃l2 = eiψc̃1 + e−iψc̃2

⇒ cr(̃l1, l̃2, c̃1, c̃2) = ei(2ϕ−2ψ)

⇒ ϕ− ψ = −
1

2
ln cr(̃l1, l̃2, c̃1, c̃2)

PSfrag replacements

∞

c̃1

c̃2

L̃1 L̃2
ω



Invariants and absolute figures

All invariants can be expressed by cross ratios and relations with respect to /
additional points generated by the absolute figures.

invariants = cross ratios + absolute figures



Conic sections

• affine classification

• affine invariants

• Euclidean invariants



Conic sections: affine classification

Ellipse Parabola Hyperbola

PSfrag replacements

line at infinity

... is governed by its position with respect to the line at infinity.



Conic sections: affine invariants

PSfrag replacements
center

∞

ellipse / hyperbola

PSfrag replacementsaxes

parabola

The center of an ellipse or hyperbola and the axes direction of a parabola are
affine invariants.



Conic sections: Euclidean invariants

PSfrag replacements

foci

∞

circle points

The foci of an ellipse / hyperbola are Euclidean invariants.



Bézier curves

• Polynomial case and affine geometry

• Rational case and projective geometry



Bézier curves: The polynomial case

• Definition by repeated convex combinations

• Definition by repeated ratios

• Properties



Definition by repeated convex combinations

Control points b0, . . . ,bn, parameter t ∈ [0,1]

b0
0 = b0

for i from 1 to n do

for j from 0 to n− i do

bij = (1 − t)bi−1
j + tbi−1

j+1

od

od

x(t) = bn0

de Casteljau’s ( ) algorithm for Bézier ( ) curves.



Definition by repeated ratios

b1
0

b2
0

b3
0

b0
0

b0
1

b1
1

b2
1

b0
3 =p(t)

b-a
t-a

b-a
b-t +a b=t

b2
0

b1
2

ba

Find b
j
i from ratio (b

j
i ,b

j−1
i ,b

j−1
i+1) = t

1−t



Properties

• x(t) =
n
∑

i=0

(n

i

)

ti(1 − t)n−ibi

• All polynomial curves are Bézier curves.

• Affine invariance:

α{bi}
n
i=0 → {b′

i}
n
i=0

Evaluation ↓ ↓ Evaluation

x(t) → x′(t)α



• Convex hull property

• Variation diminishing property

#{x(t) ∩ g} ≤ #{[bi]
n
i=0 ∧ g}



Limitations

Polynomial curves
- cannot describe conic sections (except parabolas)
- cannot represent offset curves (except offsets to straight lines)
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Bézier curves: The rational case

• Definition by repeated linear combinations

• Definition by repeated cross ratios

• Properties



Definition by repeated linear combinations

Control points b̃0, . . . , b̃n, Parameter t ∈ [0,1]

b̃0
0 = b̃0

for i from 1 to n do

for j from 0 to n− i do

b̃ij = (1 − t)b̃i−1
j + tb̃i−1

j+1
od

od

x̃(t) = b̃n0



A Problem ?

The result depends not only on the points, but also on the choice of the homoge-
neous coordinates. More precisely, a renormalization

b̃i → λib̃i

changes the curve !

A common notation

b̃i = (wi, wixi, wiyi)
>

(xi, yi) Cartesian coordinates, wi “weight”



Interpretation in Rd+1

Polynomial curve in Rd+1 ◦ central projection

x0

x1

x2

b0

b1

b2

a2

a1

a0



Definition by repeated cross ratios

Define auxiliary points f̃0i = b̃0
i − b̃0

i+1

• Find b̃
j
i from cr(b̃ji , f̃

j−1
i , b̃

j−1
i , b̃

j−1
i+1) = t

t−1

• f̃
j
i = (̃f

j−1
i ∨ f̃

j−1
i+1) ∧ (b̃

j
i ∨ b̃

j
i+1)

PSfrag replacements
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f̃01

f̃02



Properties

• x̃(t) =
n
∑

i=0

(n

i

)

ti(1 − t)n−ib̃i

• All rational curves are rational Bézier curves (J.C.F. Haase 1869)



X



X



Properties

• If all auxiliary points are at infinity: All cross ratios become ratios, and the
rational curve becomes a polynomial one.

• Projective invariance

π
{b̃i}

n
i=0, {f̃i}

n−1
i=0 → {b̃′

i}
n
i=0, {f̃i}

n−1
i=0

Evaluation ↓ ↓ Evaluation

x̃(t) → x̃′(t)π

• Convex hull property, variation diminishing property: as before, provided that
the weights are all positive.



Summary and Outlook

The hierarchy of geometries provides a useful framework for CAGD.

Non-Euclidean geometries (elliptic, pseudo-Euclidean) are sub-geometries of pro-
jective geometries. Bézier curves correspond to other objects (motions, canal
surfaces).

More information on curve / surface representation will follow tomorrow.


