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Summary

In this project pattern and shape recognition have been investigated from partial differential
equations (PDEs) and inverse problems points of view.

In the fundamental and inspiring book of Y. Meyer [Mey01] patterns are characterized
as oscillating functions, which in turn are considered elements of dual Sobolev spaces. The
concept of oscillating patterns can be used for pattern recognition and edge enhancing
techniques with regularization methods exploiting the Bregman distance, a concept which
has been established by Burger et al. Recently, we have extended this approach to texture
enhancing.

Manay et al. have introduced the research area of signatures a few years ago. Since
then integral invariants and according signatures have been identified to be useful for shape
classification, which is an important research topic in computer vision, artificial intelligence
and pattern recognition. Integral invariants and signatures are transformations of shapes.
In general, the invariants are constructed in such a way that they are invariant under
geometric transformations and allow for a compact representation of shapes. Our joint
collaboration with H. Pottmann was to identify the inverse problems point of view of
integral invariants, which is a core research area of the Infmath Imaging group.

Filtering of high-dimensional data, such as color data, is an active research area in
PDEs. In the computer vision areas research is heavily driven by modeling of such dif-
ferential equations for high-dimensional data. We emphasize that there are much less
publications concerned with variational filtering methods. Our work is concerned with
generalizing morphological partial differential equations for analysis of intensity data to
high-dimensional data. The challenging task is to establish a solution concept with a rigor-
ous mathematical analysis. The difficulty is that the concept of viscosity solutions, which
applies to morphological differential equations, does not generalize to high-dimensional
data.
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Scientific Background / State of the Art

The modeling of integral invariants and signatures for shape analysis has not attracted
attention in the inverse problems community so far. In the beginning our joint work
with H. Pottmann was dedicated to identifying a novel research area in inverse problems.
Thereby, we addressed the inverse problem point of view of integral invariants and sig-
natures and highlighted some fundamental mathematical question. Extremely challenging
and interesting mathematical problems could be raised. The inverse problems point of
view added some novel perspectives to this research area, in particular novel designs of
shape invariants.

Concerning the analysis and modeling of morphological partial differential equations
and variational principles for data analysis on manifolds and in high-dimensional spaces,
we have developed the concept of non-convex semigroups. Morphological partial differen-
tial equations for intensity data are commonly analyzed for viscosity solutions. For the
morphological partial differential equations studied in image processing the concept of non-
convex semigroups applies and gives generalized solutions. The advantage of our approach
is that it also applies to high-dimensional data.

Results and Discussion

Integral Invariants

For shape matching and classification, an object, given by its shape, is compared with
representative shapes of classes within a database. These problems are addressed in many
areas of applied sciences such as computer vision, artificial intelligence, and pattern recog-
nition.

The problems are tackled by a-priori assigning each object class within a database one
or more typical representatives that capture the dominant features of the class. Then, the
object under investigation is compared with the representative shapes using an appropriate
notion of similarity. Common distance measures, such as the Hausdorff distance, are not
appropriate, since they do not take into account the significance of dominant features.
Additional shortcomings of global distance measures result from the fact that they are not
invariant with respect to rigid motions.

We consider descriptors of shapes which emphasize on peaks, edges, or ridges. These
features can be expressed by differentials of the shape boundary (and thus are invariant
under rigid body transformations). Differentials have been used successfully for shape
matching and classification, but are difficult to handle numerically, since they are unstable
with respect to noise. Alternatively, integral invariants have been proposed by Manay et
al. [MHYS04]. In comparison with differential invariants, a significant advantage of integral
invariants is that by adopting the integration kernel they can be used selectively to capture
dominating scales (features).

In this NRN the groups of Pottmann and Wallner have contributed to the geometrical
point of view of integral invariants and signatures. Moreover, in geometry, integral invari-
ants have proven to be practically relevant for object classification and shape matching.
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However, from an inverse problem point of view, important questions have not been ad-
dressed so far. We have pointed out open questions and related this area to the problem
of inverting spherical means.

The first question – from an inverse problems point of view probably the most impor-
tant one – is the theoretical possibility to uniquely reconstruct a shape from its integral
invariant. A positive answer implies that an integral invariant uniquely determines a shape,
and thus can be considered as a token. This question is even more involved when only par-
tial data of integral invariants of an object are available; such a handicap can be observed
if the object is partially occluded during data acquisition or the data of integral invariants
has been damaged. The second question concerns stability and the effect of noise on the
shape matching and classification process. For this purpose appropriate distance measures
of integral invariants have to be determined. Recently, we have developed novel variants of
integral invariants for which partial answers to these questions could be derived. However,
in the general framework these questions could not be solved.

Vector Valued Denoising

This work is concerned with variational methods and partial differential equations for
denoising of vector (tensor and matrix) valued data ~u0 : Ω ⊆ Rn → Rm. Tensors and
matrix valued data are considered as vectors, where matrix constraints – such as symmetry
– are imposed as constraints on the function space setting.

The existing literature on diffusion filtering for denoising and enhancing of vector valued
data is vast, in particular filtering of color images has attracted much attention. Much less
publications are concerned with variational methods for filtering of high-dimensional data.

Following literature, we differ between three concepts based on evolutionary partial
differential equations for filtering of tensor valued data ~u0.

The evolution equation for data filtering is defined by the steepest descent direction of
a convex energy functional J(·) on a suitable function space. In general, denoting by ∂J

the subdifferential (i.e., the descent direction) of J , these evolution equations are inclusion
equations, and read as follows:

∂~u

∂t
(~x, t) ∈ ∂J(~u)(~x, t) , (~x, t) ∈ Ω × (0, T ) ,

~u(~x, 0) = ~u0(~x) , ~x ∈ Ω .

(1)

This approach has been considered by Blomgren & Chan [BC96], with the total variation
seminorm functional J . For intensity data u0 (that is if m = 1), mean curvature motion
(MCM) reads as follows

∂u

∂t
(~x, t) = |∇u|∇ ·

(

∇u

|∇u|

)

(~x, t) , (~x, t) ∈ Ω × (0, T ) ,

u(~x, 0) = u0(~x) , ~x ∈ Ω .

(2)



4

This can be interpreted as a diffusion process along the direction orthogonal to the gradient:
Let ζ be a normalized vector normal to ∇u, then the MCM reads as follows

∂u

∂t
(~x, t) = ∂ζζu(~x, t) , (~x, t) ∈ Ω × (0, T ) ,

u(~x, 0) = u0(~x) , ~x ∈ Ω ,

(3)

where ∂ζζu denotes the second derivative of u in direction ζ . This idea was extended for
filtering of vector valued data ~u0 by defining ζ as an eigenvector corresponding to the
smallest eigenvalue of ∇~u and defining

∂~u

∂t
(~x, t) = ∂ζζ~u(~x, t) , (~x, t) ∈ Ω × (0, T ) ,

~u(~x, 0) = ~u0(~x) , ~x ∈ Ω .

(4)

Chambolle [Cha94] probably has been the first to publish this idea and many authors
have followed and extended this idea (see for instance Sapiro & Ringach [GR96], Kimmel,
Malladi & Sochen [KMS00], Weickert [Wei98], Whitacker & Gerig [WG94], Tang, Sapiro
& Caselles [TSC00], Feddern, Weickert, Burgeth & Welk [FWBW06], to name but a few).
Inspired by diffusion tensor medical imaging Burgeth [BBD+06] derived morphological
evolution filtering methods for matrix valued data, which preserve matrix structures like
symmetry and positive definiteness. Constrained preserving vector valued data filtering has
also been considered by Tschumperle & Deriche [TD01, TD02] who considered diffusion
filtering of vector valued data on the unit sphere. In the latter approach the designed
filtering techniques are to preserve this feature by implementing two step algorithms with
a descent algorithm and projection on the admissible data.

The goal of this work has been to derive evolutionary partial differential equations for
filtering of vector valued data as asymptotical limits of non-convex variational principles.
In principle we proceed as in Blomgren & Chan [BC96] and derive an evolution equa-
tion from an energy minimization principle. However, the difference is that our energy
functional is non-convex, and therefore semigroup theory (see [CL71]) as a mathematical
foundation for the diffusion filtering method does not apply. We propose a concept of
non-convex semigroups which generalizes the notion of convex semigroup theory, and dis-
cuss some of the paradox which are inherent in this solution concept. This concept is also
considered in Subproject 03, but there we concentrate on level set evolutions and inten-
sity data. Although in many perspectives the mathematical analysis is similar, there exist
fundamental differences which have to do with generalizing the concept of convexification
to high-dimensional data. The derived evolution equations for vector valued data can be
considered generalizations of the MCM equation for filtering of intensity data.

National and International Cooperation

Cooperations have been performed with H. Pottmann on integral invariants and a new
area for inverse problems has been discovered. Together with P. Elbau (Radon Linz) and
G. Dziuk (Freiburg) we collaborated on high-dimensional data filtering.
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Figure 1: Top: One slice of artificially distorted tensor data ~u : R
2 → R

9 ∼= R
3×3 of the

human brain. Bottom: Filtered data.
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