
1

0.0.1 Report of project part 2

Title: Coupling evolving level sets with curves and surfaces

Principal investigator: Univ.-Prof. Dr. B. J•uttler
Institute of Applied Geometry
Johannes Kepler University Linz
Phone/Fax: +43 732 2468 9178 / 29162
URL: www.ag.jku.at , E-mail: bert.juettler@jku.at

Co{investigator(s): Univ.-Prof. Dr. O. Scherzer (Innsbruck)

Summary

This subproject focuses on active contour methods for curves and surfaces. In particular,
we studied the interaction between di�erent possible representations of geometric objects.
The main results have been obtained in a close cooperation between the groups in Linz
and Innsbruck. The activities can roughly be organized in four groups.

First, we studied evolution processes of T-spline level sets and applications to geometry
reconstruction and image segmentation. Second, we explored the framework of coupled evo-
lution and used it for dealing with geometric constraints and image segmentation. Third,
we studied the relation between Gau�-Newton-type methods for orthogonal distance re-
gression and evolution processes. Fourth, in a cooperationwith Subproject 03, M. Fuchs
has worked on the modeling, analysis and implementation of variational techniques on
M-reps shape manifolds.

In addition to these core activities, we cooperated intensively with the Computational
Geometry group (Subproject 05) on questions related the useof higher order geometric
primitives, in particular addressing the computation of the medial axis of planar domains
which are bounded by general free-form curves. We also cooperated with M. Peternell
(Subproject 01) on rational surfaces with special o�setting-related properties.

Scienti�c Background / State of the art

The reconstruction of geometric information from pixel or voxel data, or from unstruc-
tured point clouds, has various applications, including Computer Vision, Image Processing,
Shape Optimization and Computer Aided Design. Two competing approaches for solving
this problem have been developed.

Level set methods(see [OF03] and the references cited therein) describe the unknown
geometry as the zero contourf � 1(0) of a bivariate or trivariate function f . Typically, this
function is computed by numerically solving a partial di�erential equation on a su�ciently
dense regular grid. The evolution of the zero contour is governed by the local geometry of
the level set, and by forces derived from the data. Regularization techniques, which are a
fundamental tool for solving inverse problems [EHN96], have been introduced in order to
deal with noise and uncertainties which may be present in thedata.
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On the other hand, evolving parametric curves and surfaces(see [BI98, WPL06] and
the references cited therein) have been used for applications such as image segmentation
and surface �tting. Their evolution is again governed by a di�erential equation. Gen-
erally, equivalent formulations for evolving level sets and evolving parametric curves and
surfaces are available, since both approaches are based on intrinsic geometric properties
and additional forces derived from the data.

If both the implicit (level set) and the parametric representation of curves and surfaces
are simultaneously available, many computational problems get much simpler. In the static
case, this has been used for developing intersection algorithms [PM02]. During the last
few years, there is also an increasing interest in implicit representations for applications in
Computer Graphics, often based on functions de�ned using radial basis functions [C+ 01a] or
using other constructive approaches [OBA+ 03]. T-splines [SZBN03a] o�er a novel paradigm
to de�ne spline spaces with local re�nability. We chose themas the mathematical basis of
our framework for evolution of implicitly de�ned curves andsurfaces.

Results and Discussion

We now describe the results of the subproject in more detail.

Evolution of T-spline Level sets, 3D Geometry Reconstructi on. As one of the
starting points of the work in this subproject, we studied evolution processes of curves and
surfaces which are de�ned as the zero-sets of T-spline functions, and applied it to geometry
reconstruction and image segmentation. The results are described in the conference paper
[P2-B01].

The use of T-splines leads to a sparse representation of the geometry and allows for an
adaptation to the given data, which can be unorganized points or images. The evolution
process is governed by a combination of prescribed, data-driven normal velocities, and
additional distance �eld constraints. By incorporating the distance �eld constraints we
are able to avoid additional branches and singularities of the T-spline level sets without
having to use re-initialization steps. The paper includes several experimental examples
which demonstrate the e�ectiveness of our approach.

We continued the investigation of T-spline level set evolution and its application to 3D
geometry reconstruction. This led to a new method for constructing a piecewise smooth
mesh from a set of unorganized data points, which may be non-uniformly sampled, noisy,
and even containing holes, see Fig. 1. The results were presented in another conference
paper [P2-B05].

Here, an initial mesh with high quality is obtained from the implicit T-spline function
through the marching triangulation method. Then we projecteach data point to the
initial mesh, and get a scalar displacement �eld. Detailed features will be captured by
the displaced mesh. We also propose an additional evolutionprocess, which combines
data-driven velocities and feature-preserving bilateral�lters, in order to reproduce sharp
features.
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Figure 1: 3D Geometry reconstruction. Left and center: the data and reconstructed mesh
with sharp features. Right: reconstructed model for a data set from General Motors.

Coupled evolution. By simultaneously considering evolution processes for parametric
spline curves and implicitly de�ned curves, we formulated the framework of coupled evo-
lution. This allows us to combine the advantages of both representations. On the one
hand, the implicit representation is used to guide the topology of the parametric curve and
to formulate additional constraints, such as range constraints, convexity constraints and
volume constraints, see Fig. 2. On the other hand, the parametric representation helps to
detect and to eliminate unwanted branches of the implicitlyde�ned curves. Moreover, it
is required for many applications, e.g., in Geometric Modeling. These results have been
accepted for publication in Computer-Aided Design [P2-J08] and will appear shortly.

Figure 2: Approximation with area constraint. The area equals 0.4, 0.5 and 0.6.

We have also applied this framework to 2D image segmentationusing active contours,
where the implicit representation is now a discretized one.The level set approach allows
for topological changes of the evolving curves. The evolution of the explicit B-spline curve
is driven by the Mumford-Shah functional. To get satisfactory results from the implicit
evolution, the optimal stopping time and the correct level of the evolving function have to
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be estimated. We overcome this problem by using the combinedevolution.
The ongoing work of R. Feichtinger is devoted to range and other constraints for 3D

coupled evolution. It is expected that he can �nish his PhD thesis during the next year.

Gau�{Newton-type methods for orthogonal distance regress ion. In a third ac-
tivity we studied certain theoretical aspects of the geometrically motivated evolution pro-
cesses. In particular we analyzed the relation to Gauss-Newton-type methods for orthog-
onal distance regression.

First we formulated a method for the data{driven evolution of general objects [P2-J03].
In the special case of planar spline curves, this was shown tobe equivalent to the method of
normal distance minimization (also called tangent distance minimization) [BI98, WPL06].

This result was later generalized to arbitrary classes of geometric objects described by a
collection of shape parameters. It was shown that the evolution process always corresponds
to a Gauss-Newton-type iteration for orthogonal distance regression. In particular, this was
demonstrated at the class of Pythagorean Hodograph (PH) curves. This paper received
the best paper award at GMP 2008 and was selected for the corresponding special issue of
Computer-Aided Geometric Design [P2-B02, P2-J04].

We also analyzed the dependency of the evolution path on the particular choice of the
system of shape parameters [P2-B04]. A change between two system can be seen as a
coordinate transformation in a shape manifold, and the evolution induced by orthogonal
distance regression was shown to de�ne a 
ow on this manifold. Consequently, the result
of the evolution is independent of the particular choice of the shape parameters / of the
chart.

Finally we established a link between iteratively re-weighted least-squares (IRLS) and
Gauss-Newton-type methods for the minimization of generalfunctions of the residuals
[P2-J11]. The on-going work of M. Aigner deals with the extension of IRLS to implicitly
de�ned curves and surfaces.

Image Analysis. The reconstruction of geometry or, in particular, the shapeof objects
is a common issue in image analysis. Together with O. Scherzer (Subproject 03), M. Fuchs
has worked on modeling, analysis, and implementation of variational techniques on M-reps
shape manifolds [?, ?]. In particular we have modeled regularization terms whichallows
incorporating statistical shape knowledge. The key idea isto consider a Riemannian metric
on the shape manifold which re
ects the statistics of a giventraining set.

The statistics is determined from a given set of known training shapes in this metric
space, from which we compute a mean shape and the principal directions of the variances
on the manifold.

We have applied the regularization functional for region-based and edge-based seg-
mentation of image data. The method also is useful in reconstructing shapes of partially
occluded objects.

In contrast to previous works our framework can be considered on arbitrary �nite-di-
mensional shape manifolds and allows the use of Riemannian metrics for regularization of
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Figure 3: Medial axis computation using spiral biarc approximation (Cooperation with
Subproject 05). The computation time was 13.25 seconds, where 13830 arcs have been
used to describe the shape.

a wide class of variational problems in image processing.
The theoretical results have been tested for automatic detection of cells in microscopic

data. For the numerical realization we currently use a simple Monte Carlo optimization
technique which allows for adaptation to the statistical data.

Currently, M. Fuchs is working on more sophisticated metrics in shape manifolds, which
are based on the elastic deformation energy.

Other results. We cooperated actively with the Computational Geometry group (Sub-
project 05) on algorithms for higher order primitives for geometric computations. In par-
ticular we studied medial axis computation and other problems for domains bounded by
a collection of circular arcs. Among other results, it was shown that spiral biarcs [MW99]
provide approximation of domain boundaries that lead to convergent approximations of
the associated medial axis [P2-B06, P2-J12]. Based on the divide-and-conquer-paradigm
we formulated an e�cient algorithm for computing the medial axis. An example is shown
in Figure 3.

The on-going work of M. Oberneder aims at continuing this cooperation, by further
completing the results on medial axis computations and by studying other geometric prob-
lems, including 3D convex hull computation for free-form objects.
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Figure 4: A rational spline manifold.

In a cooperation with M. Peternell (Subproject 01) and M. Sampoli (Siena, Italy),
convolution surfaces of a special class of rational surfaces were studied in [P2-J01]. An
existence questions for polynomial solutions of the biharmonic equation was addressed in
[P2-J02].

In his on-going work, G. Della Vecchia works on a new construction for rational spline
manifolds. These can describe smooth objects with a small number of shape parameters.
The �rst results will be available in November 2007, see Fig.4 for a �rst example.

National and international cooperation

In addition to the close cooperations within the frame of this NRN, we collaborated with
several national and international partners.

� Together with Laureano Gonzalez-Vega (Santander, Spain) we studied the use of
evolution processes for parameterization of implicitly de�ned curves [P2-J10].

� In a cooperation with the group of Wenping Wang (Hongkong) weinvestigated e�-
cient geometric methods for the numerical computation of rotation-minimizing frames
in Computer Graphics [P2-J06].

� We cooperated with Andr�e Galligo and the project GALAAD (Nice and Sophia An-
tipolis, France) on intersection algorithms for biquadratic surface patches [P2-B09].

� In the frame of the special research area (SFB) on Numerical and Symbolic Scienti�c
Computing we cooperate with the the groups of Josef Schicho (RICAM Linz) and
Ulrich Langer (Linz university) [P2-J02, P2-J05].
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� We cooperated with Falai Chen (University of Science and Technology of China) on
topics related to the use of algebraic geometry in geometricmodelling. Starting in
September 2007, one of his PhD students shall spend two yearswith the Linz group,
funded by a grant of the Chinese government [?] (see CV of B. J•uttler).

� Throughout the project we collaborated with various industrial partners: VA Tech
Hydro, Linz (Turbine blade design and numerical analysis);ProCom, Aachen (tool
path planning); Holometric Technologies, Aalen (3D geometry reconstruction); Gen-
eral Motors Research (reverse engineering) [?].
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